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PREFACE

As discussed at different fora, | consider that Pakistan is almost a statistically
advanced country as it meets most of the well-defined criteria of advancement in
statistics. The only deficiencies we have; are delayed holding of population censuses, not
many statistics journals, not many statistical societies, and lack of research activities in
government establishments. The main objective of this publication is to show that
Pakistan is trying to fill in these gaps.

This book is an indication that academia has recently been very active and many
academic professionals are publishing research papers and is having a good deal of share
in the statistical literature otherwise unknown to the world.

Contribution to Statistics contains publication, in theoretical and applied statistics.
These publications are papers published in Pakistan Journal.of Statistics (PJS) from 1985
till 2016.

There are two main reasons for writhing this'look. The first is my opinion that
students in particular and researchers in general willthave,a familiarity with the recent
areas of research. The second is my maxim_and precept that students and researchers
would know the specific areas of research being conductedrin Pakistan.

This book is a blend of my work and'should be studied properly. | hope this work will
trigger further theoretical researchand offershandy tools that may generate further fruitful
research. The work has shortages of applications and students and researchers may pick
up more new areas of applications.

I am indebted to Mr. Muhammad Iftikhar, Mr. Muhammad Imtiaz and
Mr. Ahsan Qureshi for compiling.and typesetting of the material as many papers have to
be retyped. Almost.all retyping has been done by Mr. M. Imtiaz for which | am grateful
to him.

Dr. Munir Ahmad
April, 2017
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ON THE MOMENTS OF BERNSTEIN RELIABILITY MODELS"

Munir Ahmad, M.H. Kazi and A.K. Sheikh
University of Petroleum & Minerals
Dhahran, Saudi Arabia

ABSTRACT

Exact expressions are obtained for the moments of the positive integral powers of a
normal random variable in terms of Hermite polynomials. The saddle point method has
been employed to obtain the asymptotic expressions for moments of the positive integral

powers of the reciprocals of the normal variates with mean p and variance o?. The

method is used to derive the asymptotic expressions for the higher moments of the
maximum likelihood estimator of the reciprocal of mean u and compared with the

approximate moments obtained by Srivastava and Bhatnagar" and Zellner?,

KEYWORDS

Consistent estimator, diffuse prior, efficiency, Hermite ‘polynemials, moments of
inverse of mean, relative bias, saddle points and steepest descent method.

I. INTRODUCTION

The problems of estimation of the reciprocals aften arise in many situations, for

instance, in econometrics, biological sciences and engineering sciences 123 Moments of
the powers of reciprocals have not‘been investigated in the literature, though expectation
and variance of the reciprocals have.been approximated by Srivastava and Bhatnagar®
and Zellner®. The moments ©f the reciprocals of normal random variable do not exist®.
However, Srivastava and Bhatnagar'shave given some estimators which possess finite
moments. In this paper, we obtain exact expressions for the moments of the positive
integral powers of a normal random variable in terms of Hermite polynomials and use
saddle point method_to obtain asymptotic expressions for moments of the positive
integral powers of the reciprocals of the normal variates. The saddle point method is also
used to derive asymptotic expressions for higher moments of the maximum likelihood
estimator of the reciprocal of mean and the results are compared with those obtained by
Srivastava and Bhatnagar® and Zellner®.

2. EXACT MOMENTS OF THE POSITIVE INTEGRAL POWERS
OF ANORMAL RANDOM VARIABLE

Gusev and Roshchin® have obtained the following expressions for the exact moments
of order r for positive odd integral powers of a normal random variable X in terms of
Hermite polynomials

“Published in Pak. J. Statist. (1987), Vol. 3(1).



2 Chapter 1: Continuous Distribution

ey

2

where p and o“ are the mean and variance of the normal random variable, m is a

positive odd integer, i=+-1, and H, () is a Hermite polynomial of degree k. These

moments are required to evaluate the life and the scatter of lives of machine components
with random loading. These evaluations are used in solving important practical problems
such as the number of spare parts needed in any particular time, and the optimal machine
overhaul periods.

It will be of some interest to find the expression for moments of even powers of
normal random variable in terms of Hermite polynomials.

Consider m=2n(n > 0). The probability density function of Y = X" is— 22_1
n
1 2
1y 1) y" -
=———exp|-——= ,y>0 2.2
g(y) =" 73 y (22)
The rth moments about origin is
2n-1 -~ f
1 @ peh= 1 y2n -1
P = N explE=| ———| |dy.
Hy 2nnc£ y PES| 7 y
Let
1
yan —pu 2n 2n-1
=t,then y=(pn+ot)™ and dy =2nc(pn+ot)™ ~dt,
o
whence
, 2 « 2nr —%tz
pp=—= [ (n+ot)” e 2 dt (2.3)

\/ﬁ—u/c

Introducing i =ﬁ in (2.3), we have

2nr . 2nr 1,
© s
W = 3(3) [ (it+'—“j e 2 dt
Tl —u/c o

2nr . 2nr 1, _ . 2nr 1,
® —t /o =t
=2 /i[ﬁj {j(iu'—“] e? di— | (it+|—uj e ? dt]
2 i o c o c
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2nr [ . coN2r—f s L
c in 2 2r(2nr (ij woe i ot
=202 H, |— |-—=— - it) e 2 dt
(ij Zn{cj JZREOLJ'J c ,{O()

onr [ . 20 (2nr 2nr—ji?"™ 1 2
:2[3] Hm('—“j— ! z( ) J[ﬂj [ the 2 gt
| (¢ 2m j=o0\ J o u/c

After integration and simplification, we obtain
2nr . j-1 .
, o i 2 2nr 2nr) =~ i 2nr—j ] +1
=2 = H R Y 22 (— r,|— 2.4
=2 2] (2] BE [ (o) (1] s

2
1 bl
a=5(§) T, (0) =] x* e dx

where

and
1 2

Hy ()= \/_j (it+x) e 2 gt

We note that if X is normal with mean p and variance &2, then X2/c? is a non-

central chi-square distribution with one degree of,freedom’and uz / o? is non-centrality

parameter. The equation (2.4) also gives rth moment of'the nth power of non-central chi-
square random variate.

3. ASYMPTOTIC EXPRESSIONS FOR MOMENTS
OF THE POWERS/OF RECIPROCALS

Consider a randomgvariable Y = X™™ where X is N(p,cz) and m is any positive

integer. The probability density function of Y and its properties are discussed by Gusev
and Roshchin®. The rthirmoment about origin of the random variable Y is

W= [ u(x)dx (3.1)
216 o
where
—mr _% X—uy ?
p(x)=x"e ( . j (3.2)

The function u(x) appears to have a singularity at x=0 and the integral (3.1) is

divergent as such, but we can find asymptotic expression for the integral for small values
of o using the steepest descent method which enables us to pick up the dominant
contribution to the integral from the neighborhood of the saddle point. For the details of
the saddle point method with applications to statistics, reference may be made to Daniel®.
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We confine ourselves to describe only the salient features of the method.

Consider the integral
1=[g(z)™@dz, (3.3)
Cc

where c is the path of integration in the complex z - plane along the real axis and the
functions g(z) and h(z) are functions of the complex variables z not necessarily

analytic, which as a special case may involve only real values of z . In order to evaluate
the integral asymptotically for large values of p, the path of integration is deformed to

satisfy the following conditions:
i) the path passes through a zero z, (called saddle point) of h‘(z).

i) the imaginary part of h(z) is constant on the path.

If we write h(z)=h, +ih, where h, and h, are real functions, h, is constant on a

path of steepest descent, then the dominant part of the asymptotic expansion arises from
the part of the path near the highest saddle-point.«ifithe path, c 4s deformed to pass
through the saddle point, then the integral will belobtained\in the neighborhood of the

saddle point. The saddle point is obtained by.solving % =0 and the path of integration
z
(3.3) will be the locus of the points determined by the equation
h(z)=h(z,)-5° -w<s&o. (3.4)

The saddle point corresponds,to the value s=0. The integral (3.3) taken over ¢ is
now replaced by the integral of the same integrand over the new path of integration given

by the equation (3.4)»which transforms z to s given by (I)(S)EQ(Z)% and the
s

dominant contribution to theiintegral now stems from the vicinity of the saddle point.

The integral (3.3)uis written as
1= 7 ey s)s

—eP(0) | o5 g (s)ds (3.5)

—00

For large values of p, only small values of s will contribute significantly to the
integral. Expanding ¢(s) in a series of powers of s, substituting in (3.5), and integrating
over s and using the formula
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0, Whenm is odd
0 -m-1
[ sMeds = m '(ﬁ)
—0 \/zn/—a
2 (my)

We obtain the following asymptotic expansion of the integral for large values of p:

When m iseven

1

I=exp[ph(zo)](%)2{¢(0)+4—1p¢(2)(0)+ ...... } (3.6)
where
o) dsk [¢ )., k=012..

and

For small values of ,p isdarge. The saddle pointis z, = and also h(z,)=0
The path of integration is (3.4) is given by

z=(n++29),

and the function ‘() is:given by

¢(S) \/—G(PH“\/_S) "

Using the saddle point method and substituting these values in (3.6) we have
o (Mr),. ()2
pp=p ™1+ Y ,—2’(—} (3.7)
a2 (jnlu

(a), =a(a+1)...(a+k-1).

4. ESTIMATION OF THE INVERSE OF MEAN
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As an illustration of the usage of the method we consider the estimation of the inverse
of mean and compare our results with those obtained by Srivastava and Bhatnagar' who
consider a similar problem.

The maximum likelihood estimate of % is }/y which does not possess finite

moments. Srivastava and Bhatnagar', Zellner? and others have recently discussed the
estimation of % . Srivastava and Bhatnagar' considered the estimator

t, = nY/(niZ +k32) for k >0 (4.1)

where X and s® are unbiased estimators of population mean p and variance o2

respectively of a normal population. They obtained E(tk) and E(tf). The moments of
t,, exist for k >0 and for small values of k or large values of, n. t, is an approximate
estimate of . Zellner? obtained a minimum expected los§ (MELO) estimation of

% peced s MELO) %

using the relative squared loss function and “the observation model
yi =pu+,i=12,....n where y; is the ith observation, ..is the‘common mean of the

observations and y; is the ith disturbance or error term. The MELO estimate for }{1 is

given by
2 -1
é“—vs = . vEn-1>2 (4.2)
y n(v-2)y

which is identical to the S-B estimator (4.1) whenk :LZ Zellner? showed that the
V_

MELO estimator has finite ‘mements but has not found their explicit expressions.
Srivastava and «Bhatnagar’s found the first two moments of their estimators. If

k =v/(v—2), we have the first two moments for the Zellner’ MELO estimator of}{L .

Following Srivastava and Bhatnagar' notations, we find explicit expressions for the rth
moment of S-B and Zellner estimators, when (i) r =2m and (ii) r =2m-1

> 3 =
2m l/l2m r n-1 a0 j=0 r J+£ j! 20
2
where
. n . 3 n 1
a=j-2m+—,b=j+2m+—-andc=0+—--= (4.3
2 2 2
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’ 1 (n/20)" e

Hom1 = H2m+l F( n _1j
2

g i (2m+0c—2](1_ k jf* r(a—l)[s(b—z,c)[nJj (4.4)

o n-1 F(J'+:2;)J'! 20

If m=1, we obtain S- B expressions for E(t,) and E(t,f) and if k =v/(v— 2), we

have the first two moments of the Zeillner MELO estimator of }{l .

The asymptotic expressions for the first two moments of the S- B estimator for a
normal population are

1 0 0
E(tk)—g{1+(l—k)ﬁ+(k2_6k +3)n—2} (4.5)
16 6’
Var(tk)lu—{ﬁ+(k2—8k+9)n—2:| (46)

It is possible to find asymptotic expressions for thexsmoments of the MLE estimator of

}{1 for a normal population when®'c?\ is a known quantity. Similar results can be

2 2

obtained when the variance o? is unknown. If o is unknown then o is replaced by its

—\—1
unbiased estimator s?. The rth moment of the random variable (X) can be

evaluated asymptotically for large n using the formula (3.6).

Here
(%)
X)= ,
g( ) 2162
_ 1 _ 2
h(X)Z—g(X—H) ;
and
p=n.

The saddle point is X, = and also h(X;)=0, The transformation from X to s is
given by

i=(u+\/§s)

and the function ¢(s) is given by
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o(s) = %(u+ﬁs)r

Now we have for large n

o0 (I’) i 2]
wo=pliey 22 @)
' i 2n! {p

where (a), =a(a+1).....(a+k-1). The rth moment about origin is not finite unless n
is large. Using the first two terms of (4.7), we have

N {1+M(E]2 L) (r+2)(r+3) [Eﬂ 48)

2n (p 8n? n

If r=1 and 2, the results are identical to the S-B estimator when k =0.
If u and o? are unknown, % can be replaced either bytheir unbiased estimators or

by the consistent estimator of © f which is ther coefficient of variation of the

observations.
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A NOTE ON THE ESTIMATION OF VARIANCE
OF A NORMAL POPULATION"

Munir Ahmad
Department of Mathematical Sciences, University of Petroleum and Minerals
Dhahran, Saudi Arabia
ABSTRACT

In this paper we obtain analytical expressions for the exact moments of a larger class
of estimators of variance of a normal population than that of Pandey and Singh (1981)
and derive formulae for their efficiency and relative bias.
KEYWORDS

Consistent estimator, efficiency, mean square error and relative bias.

1. INTRODUCTION

Pandey and Singh (1981) proposed the following two estimators of variance of a
normal population with unknown mean p and unknown variance o?:

2.2
2 nx<s . A
&% = — andc 2 =ké&? @
nX<+s
-1
2s* 4s* gy > . . .
where k = ————;+—;+1| ", Xands%are‘unbiased estimators of population mean
n(n-1)x* nx

2 respectively. Pandey and Singh (1981) have developed these

p and variance o
estimators from the estimators of p suggested by Govindarajuln and Sahai (1972) and
Das (1975) and have shown. for large n that the estimators in (1) are more efficient than

s?. They have studied the'efficiency and relative bias of these estimators numerically.

In this paper, we generalize the Pandey and Singh (1981) estimator and obtain
analytical expressions of exact moments of these estimators and find their relative bias
and efficiency.

2. EXACT EXPRESSIONS FOR. MOMENTS

Consider the following class of estimators characterized by a scalar t
2.2
22 nx-s *) )
6 =———(t>0), o, =ké )
b X2 4182 (t>0). o ‘

“Published in Pak. J. Statist. (1993), Vol. 9(2).
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We note that fort =1, we obtain the Pandey and Singh (1981) estimators in (1) which
have shown to be more efficient than usual estimator of s?

The, mth moment about origin of the estimator in (2) is, by definition

nx2s2 )
(-:5--75J f(x;sz)dszdx 3)

Pandey and Singh (1981) evaluated the integral (3)<numerically for t=1 and
computed the relative bias and efficiency by generating 1200 random samples of size 5
from N(10, 4), N(10,64) and N(10, 100) by employing the 9-poifit Gauss-Laguerre
quadrature formula on the inner integral and the 9-point Gauss-Hermite quadrature
formula on the outer integral.

In this paper, we obtain analytical expressions, for exact'moments of these estimators
and evaluate their relative bias and efficiency.

Jnx

,92672 and
c n

_ 2
\% :(n 1)5/2 . The random variable Zfollows a normal distribution with mean \E
(&)

Following Srivastava and 13 Bhatnagar(1981), we write Z =

and variance 1, while the,random variable V follows a chi-square distribution with n—1
degrees of freedom. The random variables Z and V are independent.
The integral in (3) can bewritten as

m

dvdz (4)

where

A m
We now rewrite (6?) as
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and

Substituting these values in (4), we get

E(ég)m s (m+a—1j(1_ ) ja : (%)%

a=0 o

®)

For odd integral values of j the integrand in (5) vanishes and the equation (5)
reduces to

SCIRCh e PR LU

a=0j=0l < o n=1) (2j)
Ao o 2me2j u+m+n—;3 1( ) )
—=(z°+v
XI IZV—MG 2 dvdz
0 (22+v)

Applying thedransformation
2 =yy, 0<y, <oo
and
v=y;(1-y,) O0<y,<1
and the duplication formula \/;(Zj)! =2 j!l"(j +%j

We get after some effort
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X(%e)j F[j+m+2jﬁ[m+j+;,a+m+nz_lJ

. 1
r -
J £J+2j

where B(a,b) and I'(c) are the Beta and Gamma functions respectively.

(6)

A similar procedure is followed for &;2

is obtained by writing k as

and an exact expression for the mth moment

E(éﬁz)m =[2(02 )]m Fe*%e % (%e) J (m+a—1j£m+ﬁ—1j

n-1 ( n—l)a,ﬁ,y,,eo j! o B
2

x(m+l3y+v—1j(1_ nt_lja [1_ (n_21)3 T (2(nn_—13)JY FE(E)B(TJC) .

1
"2

where

a:k+m+g+%, b=m+vy+j+1and
c:m+a+25+y+g—% and Y is the summation over all o,f3,yand j.

When we use m =1 and 2 in (6), the results are
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A 202 e_nQG ) t o
il s
n

EPEET

2
.n .3 n 1

r —+1 —a+—+—= -
(J+2+jﬁ(j+2a+2+2j(ljj

.1, 20
r = J!
(JJFZJJ

X

and
2 n
Axn \2 262 e_ée ) t a
E 5.2 = l 1_
6 %) e S R
2
..n .5 n 3
r —+2 = —+— -
) (j+2+ )B(j+2,a+2+2j(L]J
o1y, 20
ryj+=|in
(i+3):
29 A22
E(&t) E(&t)
If  we define Iy =— and I, = . the efficiency

() (¢
-1

eff (82) =2[(n-1)(1,-21,+1)] " anduwelativedias & = 1, —1cab be evaluated.
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ESTIMATION OF PARAMETERS OF BURR PROBABILITY
MODEL USING FRACTIONAL MOMENTS®

A.M. Al-Marzoug and Munir Ahmad
Department of Mathematical Sciences, University of Petroleum and Minerals
Dhahran, Saudi Arabia

ABSTRACT

In this paper, we define fractional moments of a random variable and use lower
fractional moments to estimate the parameters of Burr probability model. We compare it
with the maximum likelihood and moment methods of estimation.

KEY WORDS

Maximum likelihood, moment method, Pearson system of distributions, fractional
moments.

1. INTRODUCTION

Burr (1942) introduced a family of distributions with ‘the" basic properties of
cumulative functions covering the curve-shape characteristics, for three main Pearson
System Types I, IV and VI, as well as many transitional types such as the Type 111 or
gamma distributions. The Burr cumulative function.defined by

-1

F(x)= [1+ o g(x)ﬂ . (1.1)

where g(x) is a positive functiemfor 0 < F(x).< 1, appeared in a book by Bierens de Haan
(1939) but no statistical properties were discussed. Burr (1942, 1968), Burr and Cislak
(1968), Khalique (1971, 1983), Austin (1973), and Ahmad (1983, 1984) derived many
properties of a special cumulative probability function

F(x):l—;, X >0; a,p>0. (1.2)

(1+ x2 )ﬁ

and estimated its parameters. Hatke (1949) showed that the Burr function could be used
to graduate several observed distributions classified as Pearson types including the three
main types I, IV, and VI by using one symbolic form whereas the Pearson curves
required several different expressions of various complexity and involved approximate
integrations.

In this paper we use a fractional moment method to estimate Burr parameters and
compare its biases with moment and maximum likelihood estimates.

“Published in Pak. J. Statist. (1985), 1(1).
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2. MAXIMUM LIKELIHOOD AND MOMENT ESTIMATION

Consider a random sample (x,, ..., X, ) of size n from a Burr probability model
-1
f (x):an“‘l(1+x“) " o, B, x> 0.
The maximum likelihood estimates of a and B are given by

n A -1
B= n[aln(u X; )}

and

> 3 LY 3 o\t .
EllnXi :(B+l)_zl[xi Inx; (1+xi ) }—n(a) _

These MLEs can be solved numerically. The asymptotic variance-covariance matrix
of & and B can also be easily derived

V(@):E[“O‘z +(B+1)A(aB) (l+ocB)/(1+[3)J_1
Plonl (1+aB)/(1+B) 1/ '
where
A(cuf)=E x*(In x)2 (1+ x“)z—(x“ln x)2
(1+ x“)
and
B=E(In x).

The rth moment of Burr randomgvariable is given by

r[;+1jr(s—;j
F(p)

By equating sample‘moments and population moments, (if these exist) and replacing

= E(XG)=

(a,B) by (d,B), the moment estimators of o and B are given by

my = Z (2.1)

)
2 F(éﬂjrgﬁéj (2.2)

and
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10 10 - ~ .
where m ==Y x and m, == x* & and f are the moment estimators of o and § .
Ni=1 Ni -
The moment estimating equations (2 .1.1) and (2.1.2) can be solved numerically. For this
purpose, we have tabulated the values of m; and mj for some values & of p andas

shown in Table 1.

The asymptotic variance-covariance matrix of moment estimators of o and B is
given by

k2v, +k2v, — 2K,k gV —kakaVy —kikoV, + (KK + KoK ) Vo
(f)- - -
I —kakyvy — ko vy + (Kiky +koks g, k2v, +k2v, — 2k k, Vi,
2 2
Vv \"

where

a+c=k, and b-d=k,.a +c =k; and b, —d; =kj.

Table 1
Values of m; and m; from above to below respectively

B 1 2 3 4 5 6 7 8 9 10

- 1.5708 | 1.2092 | 1.1107 | 1.0690 |'1.0472 | 1.0344 | 1.0262 | 1.0206 | 1.0166
- - 2.4184 | 1.5708 | 143213 1.2092 | 1.1481 | 1.1107 | 1.0861 | 1.0690

1.0000 | 0.7854 | 0.8061 {:0:8330 0.8552| 0.8727 | 0.8866 | 0.8979 | 0.9072 | 0.9150
- 1.0000 | 0.8061| 0.7854 0.7928 | 0.8061 | 0.8201 | 0.8330 | 0.8447 | 0.8552

0.5000 | 0.5891 | 0.6718\| 0.7289/{ 0.7697 | 0.7999 | 0.8233 | 0.8418 | 0.8568 | 0.8692
1.0000 | 0.5000 | 0.5374 1'0.5891 | 0.6342 | 0.6718 | 0.7029 | 0.7289 | 0.7509 | 0.7697

0.3333 | 0.4909,(,0.5971:( 0.6682 | 0.7183 | 0.7555 | 0.7841 | 0.8067 | 0.8251 | 0.8403
0.3333 | 0.3333|,0.4180110.4909 | 0.5497 | 0.5971 | 0.6360 | 0.6682 | 0.6952 | 0.7183

0.2500 | 0.4295 | 0.5474 | 0.6264 | 0.6824 | 0.7240 | 0.7561 | 0.7815 | 0.8022 | 0.8193
0.1667 | 0.2500 | 0.3483 | 0.4295 | 0.4947 | 0.5474 | 0.5905 | 0.6264 | 0.6566 | 0.6824

0.2000 | 0.3866 | 0.5109 | 0.5951 | 0.6551 | 0.6999 | 0.7345 | 0.7620 | 0.7843 | 0.8029
0.1000 | 0.2000 | 0.3019 | 0.3866 | 0.4551 | 0.5109 | 0.5568 | 0.5951 | 0.6275 | 0.6551

0.1667 | 0.3544 | 0.4825 | 0.5703 | 0.6333 | 0.6805 | 0.7170 | 0.7461 | 0.7698 | 0.7895
0.0667 | 0.1667 | 0.2683 | 0.3544 | 0.4248 | 0.4825 | 0.5303 | 0.5702 | 0.6042 | 0.6333

0.1429 | 0.3290 | 0.4595 | 0.5499 | 0.6152 | 0.6643 | 0.7024 | 0.7328 | 0.7576 | 0.7782
0.0476 | 0.1429 | 0.2428 | 0.3290 | 0.4005 | 0.4595 | 0.5086 | 0.5499 | 0.5850 | 0.6152

0.1250 | 0.3085 | 0.4404 | 0.5327 | 0.5998 | 0.6504 | 0.6898 | 0.7213 | 0.7471 | 0.7684
0.0357 | 0.1250 | 0.2226 | 0.3085 | 0.3805 | 0.4404 | 0.4905 | 0.5327 | 0.5688 | 0.5998

0.1111 | 0.2913 | 0.4241 | 0.5179 | 0.5865 | 0.6384 | 0.6789 | 0.7113 | 0.7378 | 0.7599

10 0.2778 | 0.1111| 0.2061 | 0.2913 | 0.3636 | 0.4241 | 0.4749 | 0.5179 | 0.5547 | 0.5865
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var (m; ) =, szar(mé) =V,
(M3)

) vtz

[InF(B)} and dlza%[lnl“(ﬁ)].

3. FRACTIONAL MOMENT METHOD OF ESTIMATION

In view of the fact that the lower moments are/considered to,be more efficient than
higher moments, recently some authors have employed fractional moments of order less
than one in estimation of parameters of some probability functions instead of integral
moments of higher order. The fractional moments arewrestricted to positive random
variables only. Wolfe (1975) derived moments of probability distribution functions for
positive random variables.

The rth fractional moment of‘@airandom variables X with density function f(x;e)
(where 6 may be a vector) isdefined as

u, = T X" f (x0)dx,0<r<L.

The correspondingrempirical rth fractional moment from a random sample x,...x,
can be defined as

10
m(r):ﬁgl X/, 0<r<l.

The method of fractional moments will consist of equating m(r) with u, for some
values of r in 0<r <1 Khaliq (1983) estimated 0 for which

1, (én): meini[m(r)—ur] dH (1)

where H (r) is a suitably chosen weight function and én is the estimator of 6 . Khalique

(1983) has used dH (r) = e following Paulson et al. (1975). Khalique (1983) used it to
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find fractional moments of gamma and Burr probability functions. We used standard
moment method technique for estimating parameters of the Burr distribution and
compared our results with those of Khalique (1983)'s. However, Khalique (1983)’s
results are based on simulation, whereas our results are based on simultaneous solution of
actual estimating equations. We need two fractional moments to estimate the two
parameters of the Burr probability function. Suppose we take two arbitrary values of
rsay np,0<n,<land r,,0<r, <1. .

The fractional moment estimating equations are:

(33
m, = — ) ¢ (3.1.1)
and
(2ot
m, = —— ) ¢ (3.1.2)

1 .
where m, ==Y x' and x,X,,..., X, is arandom sample.
n

We solve these equations for G and by iteration, sing the secant method and the
Hooke and Jeeves optimization routine (Kauster et al., 1973). We compute m,

for three typical values of r(i.e.,r:%,%and %j andfor various values of & and B

which are given in Table 2{In order to obtain the estimates of & and p we use inverse
interpolation.

We follow the sameprocedure as in (2.1.3) to derive the asymptotic variance-
covariance matrix of-fractional moment estimators of the Burr parameters.

The asymptotic variance —covariance matrix of FM estimators of o and B is
given by

k2v, + KoV, — 2K, K,Vip —kakaVy —kikoV, + (KoK +Kokg )V,
Qa V2 V2
V| . =
B —KakgVy —KikoV, +(Keky +Kokg Vi, k2v; + kyVy — 2ki KoV
2 2
Vv Vv

where k;,K,,K;,K,4,vy,V, and v;, are the same as in (2.1.3) except that r, and r, are
fractions instead of integers.
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SOME FRACTIONAL MOMENT FUNCTIONS

Table 2
Values of m,, ° and m,, from above to below respectivel

1

2

3

4

5

6

7

8

9

10

1.1107
1.5708
3.3322

1.0262
1.1107
1.2752

1.0115
1.0472
1.1107

1.0065
1.0262
1.0603

1.0041
1.0166
1.0380

1.0029
1.0115
1.0262

1.0021
1.0084
1.0191

1.0016
1.0065
1.0146

1.0013
1.0051
1.0115

1.0010
1.0041
1.0093

0.8330
0.7854
0.8330

0.8979
0.8330
0.7970

0.9272
0.8727
0.8330

0.9436
0.8979
0.8615

0.9539
0.9150
0.8823

0.9611
0.9272
0.8979

0.9663
0.9364
0.9099

0.9703
0.9436
0.9195

0.9735
0.9493
0.9272

0.9760
0.9539
0.9336

0.7289
0.5891
0.5207

0.8418
0.7289
0.6475

0.8886
0.7999
0.7289

0.9141
0.8418
0.7807

0.9301
0.8692
0.8161

0.9411
0.8886
0.8418

0.9491
0.9030
0.8612

0.9552
0.9141
0.8764

0.9599
0.9229
0.8886

0.9638
0.9301
0.8986

0.6682
0.4909
0.3905

0.8067
0.6682
0.5666

0.8639
0.7555
0.6682

0.8950
0.8067
0.7319

0.9146
0.8403
0.7753

0.9280
0.8639
0.8067

0.9378
0.8815
0.8304

009452
0.8950
0.8490

0.9511
0.9058
0.8639

0.9558
0.9146
0.8761

0.6264
0.4295
0.3173

0.7815
0.6264
0.5135

0.8459
0.7240
0.6264

0.8810
0.7815
0.7976

0.9031
0.8193
0.7462

0.9183
0.8459
0.7815

0.9294
0.8657
0.8082

0.9378
0.8810
0.8291

0.9444
0.8932
0.8459

0.9498
0.9031
0.8597

0.5951
0.3866
0.2697

0.7620
0.5951
0.4750

0.8318
0.6999
0.5951

0.8700
0.7620
0.6714

0.8941
0.8029
0.7239

0.9107
0/8318
0.7620

0.9228
0.8534
0.7909

0.9392
0.8700
0.8136

0.9392
0.8833
0.8318

0.9451
0.8941
0.8468

0.5703
0.3544
0.2360

0.7461
0.5703
0.4453

0.8203
0.6805
0.5703

0.8610
0:7461
0.6505

0:8867
0.7895
0.7058

0.9043
0.8203
0.7461

0.9173
0.8432
0.7768

0.9271
0.8610
0.8008

0.9349
0.8751
0.8203

0.9411
0.8867
0.8362

0.5499
0.3290
0.2107

0.7328
0.5499
0.4214

0.8105
0:6643
0.5499

0.8533
0.7328
0.6330

0.8803
0.7782
0.6906

0.8990
0.8105
0.7328

0.9126
0.8346
0.7649

0.9230
0.8533
0.1901

0.9311
0.8682
0.8105

0.9378
0.8803
0.8273

0.5327
0.3085
0.1909

0.7213
0.5327
0.4016

0.8021
0.6504
0.5327

0.8466
0.7213
0.6182

0.8748
0.7685
0.6777

0.8943
0.8021
0.7213

0.9085
0.8271
0.7546

0.9194
0.8466
0.7809

0.9279
0.8621
0.8021

0.9348
0.8748
0.8195

10

0.5179
0.2913
0.1750

0.7113
0.5179
0.3849

0.7946
0.6384
0.5179

0.8407
0.7113
0.6053

0.8700
0.7599
0.6664

0.8901
0.7946
0.7113

0.9049
0.8206
0.7456

0.9162
0.8407
0.7727

0.9250
0.8568
0.7946

0.9322
0.8700
0.8127

4. COMPARISON OF FRACTIONAL MOMENT ESTIMATORS
WITH OTHER ESTIMATORS

In this section we compare fractional moment estimators with moment, maximum
likelihood and Khalique fractional moment estimators of the Burr parameters. Khalique
(1983) used a simulation technique to find the FM estimators of o and B based on
various sample sizes with one hundred replications. The estimates of o and [ along

with the results of Khalique (1983) are given in Table 3. Our FM estimators seem to be
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better than Khalique FM estimators, but the direct comparison is not possible because his
results are based on simulation. Khalique (1983)'s method cannot be applied to a given
set of experimental data, whereas it is much easier to obtain estimates based on
experimental data using' Table 2.

We have tried three combinations of fractional order of moments viz.

(q:%,rz :%j,(q:%,rz :gj and (q:%,rz :gj and find that rlzi,r2 :%

give the best estimates in the sense of smallest bias. Khalique (1983) showed the
superiority of FM over MM. Khalique (1983)'s results showed that FM estimates were
much superior to MM estimates, but comparison with ML was hard to make. The
reduction of sampling variability by lowering the order of moment is well reflected in the
FM estimates. MM and ML methods are more general whereas FM method can be
applied to positive random variables only.

We have also given the variances and covariances of fractional moments but we did
not compute them as these were not directly comparabledwith those given by Khalique
(1983).

Table 3
Estimates by Different Methods in Burr Distributiona=3, 6 = 2,
(Replication = 100) (MM, ML and FMuare takenfrom Khalique, 1983)

Sasrir;zle Method Mean @ Bias | Mean Bias
MM 3.4682 0.4682 2.3113 0.3113
10 ML 3.2999 0.2999 2.2723 0.2723
FM 3.3942 0.3942 2.2984 0.2984
(Khaligue, 1983)
MM 3.1604 0.1604 2.1168 0.1168
25 ML 3.0668 0.668 2.0942 0.0942
FM 3.1077 1.1077 2.1066 0.1066
(Khalique, 1983)
MM 3.1323 0.1323 2.0475 0.0853
50 ML 3.0483 0.0483 2.0313 0.0801
FM 3.0839 0.0839 2.0400 0.0841
(Khaligue, 1983)
FM: n =1/4
2.9930 0.0070 1.9972 0.0028
r, =3/4
For L =1/4
any C =1/ 2.9806 0.0094 1.9940 0.0060
size 2
n =172
2.9878 0.0122 1.9972 0.0028
r, =3/4
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ABSTRACT

The method of moments has been widely used for estimating the parameters of a
distribution. Usually lower order moments are used to find the parameter estimates as
they are known to have less sampling variability. With this approach in mind some
authors (Wolfe (1975), Min (1977), Marx (1980), Khalique (1983) and Almarzoug and
Ahmad (1985)) used the method of fractional moments to estimate the parameters of
certain distributions.

The gamma distribution is quite widely used as a lifetime maodel. The gamma
distribution does fit a wide variety of lifetime data adequately. However, there are failure
process models which lead to it. The gamma distribution ‘arises-mathematically as the
sum of independently distributed exponential random variables.

In the present study we use the method of fractional-moments to estimate parameters
of the gamma distribution and obtain their asymptotic variances and a comparison is
made with those of the moment estimators and ML estimators. We also minimize the
determinant of the var-cov matrix w.rd =i to obtain the values of r, In terms of
asymptotic variances the FM methodds far better than the method of moments and is
almost equal to the method of ML. Small sample properties of the three methods are also
discussed and FM method is found togbe slightly better than the method of ML.

KEYWORDS

Gamma distributionpfactorial moments, lower order moments, asymptotic variances.

1. INTRODUCTION

In the conventional method of moments lower order moments arc used to estimate the
parameters of distributions as it is known that sampling variability of the moments
increases as their order is increased. Therefore, the order of moments may be reduced to
less than 1 with order of moments variable over (0,1) However, to be more general, the
order of moments may be taken as variable over (—oo,oo). Then the rth fractional moment

of a non-negative random variable X with density function f (x,e) is defined as

= Jo X" (x;0)dx r>0

“Published in Pak. J. Statist. (1996), Vol. 12(3).
23



24 Chapter 1: Continuous Distribution

The corresponding sample rth fractional moment from a random sample X,, X,,...X,,,
can be defined as

m’—lixf r>0
r — i
Ni=o

The method of fractional moments will consist of obtaining as many values of m;, as
the no. of parameters to be estimated and equating m; , with p; , for some values of
r,0<r<8.

2. ESTIMATION BY THE METHOD OF MOMENTS AND ML

The pdf f(x) of the gamma distribution is given by

B
f(x)= 2y p1g0%) x>0
I'p
AB>0
The moment estimates of A and B arc

' 2
YL Ao M
A= ' 2 B_ 2

m; —my m; —my
and the asymptotic variance-covariancemmatrix 'of the moment estimators of A and B is
- 22
v(%}:i F(2[3+3) 28(B%1)
2B(B+1) 2B(2B+1)

p
The estimating equations to find'the maximum likelihood estimates of A and B arc

7B
l—[ZXi] Q
nln(zn—[i]—nw(ﬁ)+ZInxi:0 )

(2) can be solved numerically to obtain the maximum likelihood estimates of  and then
the value of A can be obtained from equation (1).

The asymptotic variance-covariance matrix of MLEs of A and B is given by
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v (k] A2 ny’(B) %
~ 2 [BW l:| % n%
The determinant of V is
7\‘2

n?[By’(B)-1]

3. ESTIMATION BY THE METHOD OF FRACTIONAL MOMENTS
The rth fractional moment of the gamma distribution is given by

1
A'TB

v]=

My = F(B+r)

The gamma distribution has two parameters A and<p, we therefore need two

fractional moments to estimate these two parameters. We take two arbitrary values of r
say R, 0<r <o and r,,0<r, <o

Then the population fractional moments are

M = A L(B+n)
Ky, = ARTD r(B+r)
The corresponding sample fractional moments or the estimating equations are
m, :irl—lrﬁl“(fﬂ rl) @)
m, :i%lﬁr(ﬁJr rz) 4)

Equations (3) and (4) can be solved for A and B numerically to obtain the fractional
moment estimates of A and

4. ASYMPTOTIC VARIANCE-COVARIANCE MATRIX
OF FM ESTIMATORS

Let V be the asymptotic variance covariance matrix of the fractional moment
estimators of & and . Then the elements of V are given by
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A

& A 2 2
var(i)= ——— =) ~1)-2 -1
ar() n(all'z—azrl)z|:az(gr1 ):|+al (grz ) alaz(grlz )
A 1 2 2
Var(B) = ————| (g, -1 . —1)-2nn,(g, -1
ar(B) n(alrz—azrl)z [rz (91 ):|+rl (92 ) "1r2((.3]12 )
COV(X’B):%[aﬂz(grl_l)"'alrl(gﬂ _1)_(alr2+azr1)(gr12 _1)]
n(ar, —asn)
where
r'n+p) 1
o T v+l
2
2 = w (1, +B)-w (B) _IPT(26 - BY
[F(rl+[3)]
_TBI(2e +P) g - L(i5ep)
* o r(n+B)] % r(n#B)T(r,+p)

Let D be the determinant of the variance covariance matrix of fractional moment
estimators of the gamma distribution then

o= (g -3+ (o, 1] Q

n? (ayr, —a,n)

D is minimized w.r.t. n and r, for given values of L and B. It has been observed
that the values of r; andir, which‘minimize D are almost invariant for shape and scale
parameters, therefore rounded, values of r and r, (r, =0.001and r,=1.0) have been

used. The comparison of the FM estimators with those of the ML estimators and moment
estimators in terms of ‘their asymptotic variances is given in Table-l. The asymptotic
efficiencies of FM estimators and moment estimators w.r.t. MLEs arc also given in
Table-1l. FM and ML estimates arc equally efficient whereas moment estimates arc 50%
as efficient as MLEs.

To investigate the small sample properties of the three estimation methods 100
samples of different sizes were generated, for A =1andB =2, using MINITAB and the

results are given in Table-111 and Table-1V. For small samples method of FM is more
efficient than the methods of moment and ML.
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5. EXAMPLE

The rainfall data for the month of January from the years 1960 to 1994 was obtained
from the Meteorological Dept. University of Agriculture, Faisalabad. The gamma
distribution was fitted to the data and the estimates of the parameters were obtained using
the three estimation methods mentioned in the previous sections. The results of this

example arc given below.

January
36.322, 15.240, 30.226, 6.350, 12.954, 6,604, 7.620, 0.762, 2.794, 12.446,

1.270, 12.700, 5.500, 7.000, 33.600, 16.600, 16.000, 2.200, 1.900, 2.000.
8.300, 3.500. 30.000, 20.210, 30.000, 6.500, 6.500.

Histogram
Midpoint Count

0 5 *hkkkKk

5 8 *khkkkhkhkk

10 3 *k*k

15 5 Kk Kkk

20 1*

25 0

30 3 *k*k

35 2%*
MOM MLE FM

0:109204 0.101224 0101254

y
v() (0.05024776) | (0.02467382) | (0.02468685)

[3 1.355340 1.256290 1.256660

B) | (6.38457303) | (2.54428451) | (2.54590773)
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Table 1

Asymptotic Variances of the Estimators of Shape and Scale
Parameter of the Gamma Distribution

A=l A =2 =7
p=2 B=5 =1
MOM
Vv (x) 35 10.40 245.00
Vv (B) 12.0 60.00 4.00
MLE
Vv (x) 2224922273 8.303650749 | 124.976758740
Vv (B) 6.899689014 | 46.897813433 4 1550546097
EM
Vv (x) 2224922865 8.303650816 4 | 124.976845278
Vv (B) 6.899689146 | +46.807814476/ | 1550547863
Table2
Relative Efficiency of DifferentEstimating Methods for the Gamma Distribution
A=1 A =2 =7
p=2 p=5 p=1
MOM
Eff (x) 0.63569 0.79843 0.51011
Eff (B) 0.57497 0.78163 0.38764
Overall eff. 0.57497 0.78163 0.38764
EM
Eff (x) 1.00 1.00 1.00
Eff (B) 1.00 1.00 1.00
Overall cff. 1.00 1.00 1.00
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Table 3
n=10
MOM MLE FM
E() 1.363947 1.235152 1.235021
Vv (x) 0.472254 0.3593874 0.358687
MSE(X) 0.604711 0.414684 0.413922
E() 2.646975 2.421351 2.421137
v ( ) 1.072720 0.894802 0.892764
MSE (B) 1.491296 1.072338 1.070121
Table 4
n=15
MOM MLE FM
E() 1.331982 1.257851 1.257001
v (x) 0.236694 0.173416 0.173322
MSE(?I) 0.346906 0.239903 0.239418
E() 2514766 2.392305 2.392800
V(1) 0.535597 0.518820 0.511433
MSE(B) 0.800581 0.672723 0.665725
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ABSTRACT

An estimator of a common population correlation coefficient p from k(>2)
independent random samples drawn from bivariate normal populations is derived. Mean
and MSE of the proposed estimator are computed using an approximate method and
standard score estimator (Donner and Rosner, 1980) of p. The relative efficiency of the
proposed MLE to standard score estimator is one for equal.samplessizes and close to one
for unequal sample sizes. The proposed estimator is also)compared .numerically with
standard score estimator and MLE. Finally, following.the Samiuddin’s statistic, proposed
estimator is used to test the equality of several independent correlation coefficients. An
example is given to illustrate the calculations.

KEYWORDS

Bivariate normal distribution; Maximum <likelihood estimator; Standard score
estimator; Samiuddin’s statistic; Taylor’s expansion.

1. INTRODUCTION

In a Monte Carlo study, Donner and Rosner (1980) compare four estimators of a
common correlation cogefficient p from k > 2 independent random samples drawn from
bivariate normal populations. These are r., based on Fisher’s (1921) Z-transformation,
ry , based on modification:of, r- (Hotelling, 1953), rs, based on averaging the simple
correlations (Donner-and Rosner, 1980) and r,,, the maximum likelihood estimator
(Pearson, 1933). As Donner and Rosner’s study is limited to the case of equal sample

size, Paul (1988, 1989) develops two new estimators based on Hotelling’s adjusted
Z-statistic, which are applicable to both equal and unequal sample sizes.

In this paper we develop an estimator based on Pearson (1933) equation. The
proposed MLE is compared theoretically and numerically with other methods. Samiuddin
(1970) considers a statistic for testing an assigned value of correlation coefficient p in a
bivariate normal population. In this paper we propose a statistic based on Samiuddin’s
statistic to test the equality of k(> 2) independent correlation coefficients.

“Published in Pak. J. Statist. (2006), Vol. 22 (3).
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2. ESTIMATION OF A COMMON CORRELATION
Consider k independent random samples (X,Y;), J=1,2 ,..,m, i=1 2 ,..k
drawn from a bivariate normal population having means (uwy;,t,;), standard deviations

(o4i,0,) and common correlation p. The most frequently recommended procedure
for estimating p is based on Fisher’s (1921) Z-transformation and is given

— _ _ k k
by 1 =[exp(2Zg)-1]/[exp(2Z¢)+1], where Zg =3 (7 -3)Z; /X (n,-3) and
i=1 i=1

Z, = 21 In[(1+ri)/(l—ri)] as r; is the product moment correlation coefficient for the ith
sample n; . Hotelling (1953) proposes an adjustment to Zy by Z,, = Z¢ — I /(2n—4.5)

and estimating p by ry =tanh Z_H , when all n; 'sare equal. When n; 'sare not equal,

Paul (1988, 1989) develops two estimators based on Hotelling’s (1953) adjusted
Z-statistic for bias. Donner and Rosner (1980) compute the estimator ry of p by standard

k k
score method as rg => (0, =1, /> (0, —1) [See also<Paul (1988)]. The maximum
i=1 i=

likelihood estimator, p=r,, of p is the solution to the'equation [See'David (1938)]

k
zn (r-p)/(1-rp)=0. 2.1)
1=

Though the solution to (2.1) can numerically‘be found, yet we expand (1—ri;3)7l as
powers of p and obtain
k

2 (1 -p)(L+1p)£0, (2.2)

as |r|<land |p|<1 and |rpj<<1.4f r, =0 then p=0; if r, ==1, then p==+1. The

k Kk
equation (2.2) is‘equivalent to, 5> +bp—1=0, where b=>n, (l— r2 )/Z nir;. Solving
i=1 i=1

the quadratic equation, we get an estimate 1y (say), a functionof r;, i=1, 2,...., k ofp
as
~ a2
rQ_E(— + +4). 2.3)

If =41, b=0 and then ry =+1. Since the numerator of b is positive, the sign

K K
of b depends on > nmr, . If each r, >0, then > n; >0, and b > 0 and we take
i=1 i=1

k
razé(—b+¢b2+4). If each r, <0, then > n; <0, and b < 0 and we take
i=1
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k
o :%(b—\/bz +4). If each r, =0, then _Zlniri =0, and from (2.2), 1y =0. If some
1=

K
r,'s are positive and some r,'s are negative such that > n;r, is either positive or
i=L

k k
negative. Then in case of >’ n;r; >0, ry holds and in case of 3 i, <0, 1y holds.
i=1 i=1

3. MEANS AND MSE’S OF r, AND rg

k
We find the means and MSEs of ry in all the cases. For the case, > njr; >0, b >0
i=1

and g #n, #ng-eeee #n,, we expand Iy in Taylor’s expansion about p and get
k

o =p+2
i1

or,

or,

(r—p)+0(n™) (3.1)
r=p

The mean of rQ* is

N k | o,
E(rQ)=p+z— E(r —p). (3.2)
i=1| Of; | _
=p
Now
o " where 3 n &N (3.3)
— =—  where > n = -
or; N ia

h=p
We have, using Hotelling (1953) relation,

- _ =2
E(f —p)=%_pl)) to O(n;?) (34)

Putting (3.3) and (3.4) in equation (3.2), we get

1-p2
)l 8| 9

as Iy isa biased estimator of p and Bias=

2 n -1

i=1 i

—p(;pz) (

].Bias=0as n —oo.

Now

MSE (1) = E(rg—p)z. (3.6)
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As n,r,,..... N are independent and all having the same location parameter p,

therefore E[(ri -p)(n; —p)]:O forall i# j.

)

2
or ]E(n—p)Z,E(n)ip- (3.7)

MSE(rg)ziil{
- r=p

Using Hotelling’s (1953) relation

2 2
,_(1-¢7) 230 5
E(r-p) = — {1+4(ni 3 1o o(ni ) (3.8)
and using (3.3) in (3.7) we get,
2
(1_92) kK n2 23[32 K n2
MSE (13 )= ' ' . 3.9
(1) NE {E(ni—l)Jr 4 i=zl(ni—1)2 (3.9)

When n, =n (say), i=1 2,---,k, we have
N @-p*) | Lo —p (1-p%)
E =p|l-——=]|, = — =7
(1) p{ 2(n—1)} Blas = =)
and

o @-ph)? | @3
MSE(rQ)_ N [1+ 4(n_1)} (3.10)

k
Incase of > nir;, <Q,b<0and n=n, #----- # N, , we have (2.5)
i=1

Then Ia:—p,% __Wni’
ik =p
- A-p%) &( n
E(rQ):—p{l— o EEEH (3.12)

MSE (rQ‘) remains the same, as in equation (3.9).

The mean and MSE of rg for unequal sample sizes are

E(rs)=p|1 “(i-r") d MSE —(1_p2)2 N k) 230K
(r5)=p —m an ("s)—[N_k]2 ( - )+T
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respectively, where Cov(r,rj)=0 for all i#jas r,r, - are independent and all

having same location parameter p. For equal sample sizes the mean and variance of rg

are
(1-e’)

E(rs)=py1- 2(n-1)

and

(1-¢?) 23p° .
MSE(rs) = Nk [1+ 200 _1)} , respectively.

4. EFFICIENCY COMPARISON

When n; =n (say),i=1 2,---k, the relative efficiency.of r, to rg is one, showing
o and rsare equally efficient. When samples are not equal, then the relative efficiency
of ry to rs is given by

v 230%K
e G

~ MSE (rQ)_(N—k)Z{k WP 2R }

f

.21 (-1 4 i5(n -1)?

which is more than one for all.values of p.

5. NUMERICAL COMPARISON OF 15, 15, Iy

In Table 1 we compute Is, ry and ry, for different values of k, n; and r;,

i=1 2,---k,where r, isaobtained by solving (2.1) iteratively using Newton Raphson
method. Table 1 shows,that for equal sample sizes, rs, ry and ry, are identical and for

unequal sample sizes, rg <Iy <ry . It is observed that rs gives better results for small
values of p and ry, for large values of p whereas I is better than the two for moderate
values of p.
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Table 1
Numerical Values of 15, 1y and ry for Different Values of

k,n and r;,i=1 2,----Kk.

k=2 k=3 k=4 k=5
mon s M n s mooon fs moon fs
n, o n, o n, o n, o
v ng I v ng I v ng I v
nga Iy ng Iy
N5 Is

10 0.10 0.085 |10 0.065 0.0853 {10 0.82 0.84 10 032 0.27

10 007 0.08 |10 0.089 0.0853 {10 0.86 0.84 10 0.28 0.27
0.085 |10 0.102 0.0853 {10 0.78 0.84 10 0.19 0.27

10 0.90 10 0.21

10 0.37

25 027 0.23 30 0.422 0460 |25 0.56 0.64 25 053 0.532

25 019 0.23 30 0.388 0.462 |25 0.73 0.64 25 4055 0.532
0.23 30 0.569 0.464 |25 0.61y, 0.64 25 051 0.532

25 0.65 25 0.49

25 0.58

18 045 0.5016 |10 0.30 0.4193 j20. 0.417, 0.5044 |10 0.65 0.8546

16 056 05029 |15 0.40 0.4197 |30 0:60 0.5057 |25 0.79 0.8552
0.5038 |25 0.49 0.4206 |40 «0.51 0.5066 |50 0.91 0.8630

50 0.48 75 0.87

100 0.85

10 048 0.647 |24 0.850 0.8277 |10 0.24 0.3236 |25 0.25 0.2582

25 071 0649 |32 £0.780 0.82854|15 0.19 0.3245 |25 0.19 0.2583
0.664 |31/ 0.860 08310 |20 0.34 0.3302 |50 0.23 0.2592

25 042 50 0.30

100 0.27

98 0.78 0.8095 |24 ,0.520 0.6666 |30 0.89 0.7023 |75 0.47 0.5067

95 0.84 0.8099 [29°70.560 0.6777 |25 0.77 0.7102 |75 0.49 0.5071
0.8117,(32 0.870 0.7062 |50 0.56 0.7113 |100 0.50 0.5080

40 0.70 150 0.48

200 0.55

6. TESTING OF EQUALITY OF SEVERAL
CORRELATION COEFFICIENTS

If r,n,..., 15 are independent product moment correlation coefficients with r; based
on a sample of n; observations from a bivariate normal population having correlation
coefficient p;, there are several approaches to the problem of testing equality of

several correlation coefficients (Hoipi=p,i=l,2,~--,k vs Hpip; #pj some iz j).

The most common is based on the normality assumption of Fisher’s Z-transform of
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the sample correlation coefficients r, (David, 1938). Paul (1989) derives two C(a)

statistics and the likelihood-ratio statistic for testing the equality of several correlation
coefficients and also the asymptotic relationship of these statistics is established. No
attempt in the literature has been made to test the hypothesis that

Hoipi =pg,i=12,---, k vs. H;ip; #pg.

Samiuddin (1970) considers a test statistic

t:(r—p)ﬁ/ /(1—r2)(1—p2) , (6.1)

and found that the statistic (6.1) has an exact student’s t-distribution for p=0 and has an
asymptotic t-distribution for p=#0. We use Samiuddin’s statistic and propose a test

statistic to test the equality of several correlation coefficients for k >2 independent
random samples drawn from bivariate normal populations. Therefore, a test of
significance for ry is

to =(fo —po)m/\/(l—ré) (1-po).. 6.2)

which under the null hypothesis of equal correlations follows student’s t-distribution with
(N-k-1) degrees of freedom for p, =0 and_has an asymptotic t-distribution for p, #0.

The rationale for the degrees of freedom (d.f) of this,test is that each of the k samples
contributes (n; —2) d.f and that theresare (k=1) d.f among the individual r's, which
reflect sampling variation. Thus¢the statistic (I, has associated with it a total of

i(ni -2)+(k-1)=(N-k#1) df.

7. EXAMPLE

As an example, Wenuse, Tishler et al. (1977) data on the familial aggregation of blood
pressure in children. The relationship of interest is between diastolic blood pressure and
weight. It is relevant toinvestigate the correlations between blood pressure and weight
separately in age-groups 6-8, 9-11, and 12-14. The simple correlations r; in samples of

30 boys from each of these age-groups are given by 0.422, 0.388 and 0.569, respectively.
Under the assumption that these estimates are homogeneous, we test H,:p; =0.4

against H,:p; #0.4, i=12,3. We have to =0.707 for ry=0.462, N =90 and k =3.
Thus the tg test gives strong evidence that p=0.4.
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ABSTRACT

During the past three decades, inverted probability distributions have attracted the
attention of a fairly large number of researchers, both in the theoretical and the applied
areas. Seshadri (1965) has focused on distributions the functional form of which remains
unchanged under the reciprocal transformation. He has presented some properties of such
distributions. In this paper, we present some additional properties of this class of
distributions.

KEY WORDS

Inverted probability distributions, reciprocal transformation, life-testing, negative
moments.

INTRODUCTION

By the term ‘inverted distributions’ we ‘mean these distributions each of which is
obtained by applying the transformationsY =1/ X" to a distribution f (x) . During the past

three decades, inverted probability distributions have attracted the attention of a fairly
large number of researchers. Inverteddistributions find applications in a variety of real
life situations including Econometrics, Survey Sampling, Biological and Engineering
Sciences, Life-testing, etc. [See Vysokovskii (1966, 1970), Pronikov (1973) and
Kordonsky and Friedman (1976)]. Various authors have derived a variety of inverted
distributions including the,inverted gamma, inverted beta, inverted Weibull, inverted
normal, inverted chi square, inverted Dirichlet and inverted multivariate t distributions,
and a considerable ‘amount of work has been done to obtain the basic properties of
various inverted distributions. [See Bartholomew (1957),Ahmad and Sheikh (1983,
1984), Sheikh and Ahmad (1982, 1983), Ahmad (1985), Habibullah (1987) and Ahmad
(1995)]. Also, a number of researchers have worked on the negative or inverse moments
of various discrete and continuous distributions. [See Stephan (1945), Grab and Savage
(1954), Mendenhall and Lehmann (1960), Rider (1962), Chao and Strawderman (1972),
Ahmad, Munir, A.K. Sheikh and A.K.A. Kattan (1998), Roohi (2002), and Ahmad and
Roohi (2004)].

Cobb (1980) has developed Pearson type differential equation that includes some
inverted distributions. However, Seshadri (1965) has discussed distributions whose

“Published in Pak. J. Statist. (2008), Vol. 24(3).
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functional form remains unchanged under the reciprocal transformation, and Habibullah
and Ahmad (2006) have presented a functional form which yields Seshadri-type

distributions over the domain (a,ij , 0<axl.
a

2. PROPERTIES OF THE SESHADRI DISTRIBUTIONS

Seshadri (1965) defined a family of distributions that remain unchanged under the

reciprocal transformation f(x):i2 f (Ej x> 0. Seshadri (1965) also discussed the
X X

family and derived some of its properties. We present some additional properties of the
Seshadri (1965) family:

Theorem 2.1:

If f(x) represents the Seshadri (1965) pdf , then E[g(X‘l)}z E[g(X)], where
g(X) is any function of X .

The proof is trivial.

Some of the applications of Theorem 2.1 are given below:
i) If g(X)=X"", r=12,. then E(X7")=E(X"),if E(X") exists.

ii) If r=1, then HM :E‘l(%)zE‘l(X):(AM)_l.

[See also Ahmadfand Sheikh (2981)].
it

iii) If g(X)=6é " then the Characteristic Function E{ex} - E[eitx ] _

iv) The geometric'mean, GM (x) =1, x>0.

Proof:

By definition, the geometric mean of any random variable is given by
GM (x):eE['"X] where GM (x) denotes the geometric mean. Since E[In X’lJ:E[InX],
1

—X) or [GM (X)]2 =1=GM (X)=1 as X is a positive

_ —E[Inx]=
hence GM (X )=e GM(

random variable.

Combining Seshadri’s (1965) result with property (iv), we have X =GM (X):l

where X ...... is the median of the random variable X . Also, properties (ii) and (iv)
lead to the following:
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E(x )

The inequality <1< E(X) holds, provided that E(X’l) exists.

Theorem 2.2:

Let X, and X, be identically and independently distributed random variables that are
invariant under the reciprocal transformation. Then, the distribution of the product X; X,
is the same as the distribution of the ratio X; / X, (as well as the distribution of the ratio
X, 1 X;), and is also closed under inversion.

The proof is simple.
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ABSTRACT

A statistical problem arises in estimating a variance component in an analysis of
variance in various experimental designs when the estimate of the variance component
becomes negative. Various authors [Hartely (1950), Link (1950), Patnaik (1950), Leslie
and Brown (1966), Barlow et al. (1969), Pearson (1932, 1966) and Ahmad (1974, 1978)]
have devised alternative methods to estimate variance that, guarantee non-negative
estimate of variance components. However, the distribution of the ratio of two ranges is
restricted to two samples of unequal sizes.

In this paper, an attempt has been made to extend Leslie and Brown (1966) F-test
(FLB) based on k samples of unequal sizes. The sampling distribution of ranges is

derived based on k-samples of unequal sizes from a standard normal population. Since
the integration is difficult to compute the critical regions,/Monte Carlo procedure has

been adopted. An example is given to compare it withiSnedecor F-test (FS) and Fg.

L INTROGDUCTION

A number of applications-of,range, maxima, minima and other order statistics for
solutions of various problems arising in industrial quality control, floods, drought
predictions, climatology, engineering, medical science etc. have recently been discussed
by various authors [See, Benjamini et al. (2004), Carbajal (2003), Fuentes (2002), Liu
(2001), Meinshausen and Buhlmann (2005), Petricoin et al. (2002) and Stephenson and
Tawn (2005)]. Amongsthe known tests, Hartely (1950) used the ratio of maximum
variances to minimum variances in a set of k independent sample variances in place of
F-test. Link (1950) derived the distribution of ratio of two ranges from two independent
samples of unequal sizes and computed values of ratios for all combinations of sample
sizes at different levels of significance. McKay and Pearson (1933) derived distributions
of the range from normal population whereas Daly (1946), Lord (1947), Gupta et al.
(1964), Harter (1959) and others derived density of ranges. Leslie and Brown (1966)
obtained the density of the ratio of maximum range to the minimum range of k samples
each of equal size independently drawn from a normal population, proposed a test based
on the ratio and computed tables for this purpose. Pearson (1966) gave Monte Carlo
results on the three tests of heterogeneity of variance, including one of Leslie and Brown
(1966). Later Ahmad (1974, 1978) obtained the probability function of the ratio of
maximum range to minimum range of k samples of varying sizes drawn independently
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from normal populations and proposed an alternative F-type (K say) test based on the
ratio, but no table was prepared for computing critical regions.

In this paper, the distribution of the proposed F,, statistic has been used to obtain its
values for different values of n; at 5% significance level.

2. DISTRIBUTION OF ORDER STATISTICS
Let X be a statistic in a sample of size n

; and its distribution function be G;(x)
with density g; (x)dx =dG; (x). The distribution of i" order statistic, Y; of a sample of

size k drawn from each of G;(x), j=12,

..... k is given by
y M Kk i
o= & 11 6w 0011 6w e

M
where 3’ extends over those values of m for which my=m; for,i= j. There are
m=1

(J—M terms in the summation. In particularif.i=1_the distribution of Y,

K
is P(Y,<y)=1-T] [1-G,(y)]. The joint density. function of r" and s" order
r=1

M
statistics is given by h(y,,y,)dy, dys="> {r

-1 s-1
Gmi
i

(Yr) H {Gmi (ys)_Gmi (yr )}

i=r+i

m=L [

k M
TT {1-Gui (V1 )}dGiy (¥ )AGi (vs )} where > is over m such that m; =m;,i# j
i=s+1 m=1
The joint density of the'smallest and.the largest observations is
k

H (yl,yk)=i]1 i(Yk)—iﬁl |:Gi (Y%)-G (yl):"

The distribution function of range W, =Y, Y, ,is

P(W, <w) =n[* [G(t+w)-G(t)]" dG(t) for w>0.

3. ATEST BASED ON THE RATIO OF RANGES

maximum of ranges and W,

Leslie and Brown (1966) proposed a test based on W =W, /W.i, Where W, is the

is the minimum of ranges among k samples of equal sizes.
Suppose the sample sizes are unequal. The joint distribution of W, and W,;, [see
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k K
Ahmad (1974, 1978)] is H (Wi Winin ) = TT G (Wi ) -1-[1 [ G (Wi ) =G (Wisin ) ]
j=r i=
and the cumulative distribution function of W is
H(w)=

min

o=

T R(X Wi Wi )W .

The test based on W is Ry, where F, =1-H (w)—-a,

If n; =n for each j, Gj(x)=G(x) reduces H(w) to an equation of Leslie and
Brown (1966). We have evaluated H (w) based on random samples each containing
n; =2(1)10,i=12,....10 observations drawn from a standard normal population and F,

values for upper 5% have been computed. [See Dara (2007) at website www.pakjs.com].
4. COMPARISON AND A NUMERICALEXAMPLE

The Snedecor Fg, Leslie and Brown, F g and F, valuesicomputed at o = 0.05 for
two samples of equal sizes, are given in Table 1.

Table 1
Comparison of F<values for ng=n,

Deoresof fresgom_| _ Fuo il
(3,3) 9.28 9.392 6.308
(4,4) 6.39 6.371 3.973
(5,5) 5.05 5.149 3.161
(6,6) 4.28 4.487 2.769
(7,7 3.79 4.070 2.510
(8,8) 3.44 3.781 2.336
(9,9) 3.18 3.568 2.216

(10,10) 2.98 3.404 2.112

The F, values are smaller than the F; and F g values. Fg is based on ratio of
mean square of treatments to error mean square whereas F g and Fy depend on ranges.

Example: [Dougherty (1990)].

Suppose an engineer tests the abilities of three robots numbered 1, 2, and 3 to locate a
box of machine parts. Each robot is tested five times. The observations are given below:
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Robot Observations W, Mean
1 93 56 82 104 45 59 76.0
2 42 64 112 73 100 70 78.2
3 30 55 60 98 85 68 65.6
W, is the range of the ith Robot giving W, =70 and W, =59, then
=70/59=1.68.

The ANOVA gives Fg =227/705=0.32 and Fg;(2,12)=3.89. Therefore F; does

not reject Hy, .

Now, F (3,5)=4.018 and F (5,5,5)=4.016. The MS(E)=705 is much larger

than the MS (Robots) =227 giving negative values of Robot variance component and as

such Fg may not be a good test statistic. Either K, or Fgg is applicable however with
both of them not rejecting H, at o.=0.05.

8.

9.

10.
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ABSTRACT

An extension of the Weibull distribution which involves an additional shape
parameter is being proposed. Interestingly, the additional parameter acts somewhat
as a location parameter while the support of the distribution remains the positive half-
line. Since the gamma distribution is a particular case of this.distribution, the latter is
referred to as a gamma-Weibull distribution. The gamma-Weibull distribution is in fact a
reparameterization of the generalized gamma distribution, which has received little
attention in recent years. Some parameters of the gamma-Weibull model have a more
straightforward interpretation than those associated, with “the <generalized gamma
distribution. Moreover, the gamma-Weibull distribution does not contain a threshold
parameter. Accordingly, it readily lends itself to various estimation methodologies and
exhibits regular asymptotics. Numerous distributions such.as the Rayleigh, half-normal
and Maxwell distributions can also be obtained as special cases. The moment generating
function of a gamma -Weibull random.variable.ds derived by making use of the inverse
Mellin transform technique and expressed in\terms of generalized hypergeometric
functions. This provides computable, representations of the moment generating functions
of several of the distributionssthat were identified as particular cases. Other statistical
functions such as the cumulative distribation function of a gamma-Weibull random
variable, its moments, hazard rate and associated entropy are also given in closed form.
The proposed reparametrization is utilized to model two data sets. The gamma-Weibull
distribution provides a better fit'than the two parameter Weibull model or its shifted
counterpart, as measuredi:by:the Anderson-Darling and Cramer-von Mises statistics.

KEYWORDS

Weibull distribution; Gamma distribution; Moment generating function; Inverse
Mellin transform; Hazard rate; Entropy; Moments; Parameter estimation; Goodness-of-fit
statistics.

1. INTRODUCTION

The Weibull distribution has been originally defined by the Swedish physicist
Waloddi Weibull. He made use of it in Weibull (1939) in connection with the breaking
strength of materials. Many applications in industrial quality control are discussed in
Berrettoni  (1964). Various distributional aspects of this distribution have been

“Published in Pak. J. Statist. (2011) Vol. 27(2).
49


mailto:sp@uwo.ca
mailto:saboorhangu@gmail.com

50 Chapter 1: Continuous Distribution

investigated in several recent papers. For instance, products and ratios of Weibull random
variables were studied by Nadarajah and Kotz (2006). Exact coverage probabilities of
approximate prediction intervals for the number of failures to be observed in a future
inspection of a sample were evaluated in Nordman and Meeker (2002). Hirose and Lai
(1997) constructed confidence intervals for the parameters, including a location
parameter, for the case of grouped data. A certain generalization of the Weibull
distribution is described in Mudholkar et al. (1996) and applied to survival data. For the
basic distributional properties of the Weibull distribution, techniques for the estimation of
its parameters as well as numerous applications, the reader is refered to Johnson and Kotz
(1976).

A reparameterization of the generalized gamma distribution called the gamma-
Weibull distribution is introduced in Section 2. Unlike shifted models whose asymptotics
are not regular, the maximum likelihood estimators of the gamma-Weibull model have a
normal asymptotic distribution whose covariance matrix can be obtained in terms of the
partial derivatives of the log likelihood function. For various results in connection with
the generalized gamma distribution and some of its asymptotic properties, the reader is
referred to Prentice (1974), Farewell and Prentice (1977), Smith and Naylor (1987),
Evans et al. (1993), Cheng and Traylor (1995), and Meeker-and Escobar (1998). Several
particular cases of interest are enumerated in Section, 3. Technigues for determining
maximum likelihood estimates are discussed in Section 45 and the proposed model is
applied to two data sets in Section 5.

The remainder of this section is devoted tothe.inverse Mellin transform technique,
which is central to the derivation of the moment generating function of the gamma-
Weibull distribution. First, the Mellintransform of a function and its inverse are defined.

If f (x) is a real piecewise smaoth-function that is defined and single valued almost
everywhere for x>0 and guch that [° x“| f(x)|dx converges for some real value k,

then My (s)=[; x*Af (x)dx is the Mellin transform of f(x). Whenever f(x) is
continuous, the corresponding inverse Mellin transform is
1 C-+ioo =
f(x)=—1[2" x>M; (s)ds 1.1
( ) i “C=ie f( ) ( )
which, together with M (s); constitute a transform pair. The path of integration in the

complex plane is called the Bromwich path where Bromwich path is a part of integration
in the complex plane running from c—ic to C+ico, where ¢ is a real positive number
chosen so that the path lies to the right of all singularities of the analytic. Equation (1.1)
determines f (x) uniquely if the Mellin transform is an analytic function of the complex
variable s for ¢, <®R(s)=c<c, where ¢, and c, are real numbers and %R(s) denotes
the real part of s. In the case of a continuous nonnegative random variable whose density
function is f (x), the Mellin transform is its moment of order (s-1) and the inverse

Mellin transform yields f (x). Letting
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{TT7 T (b; +Bjs)} T T(1-a - As)}

: 1.2)
H(}:ml F(l_bj - BJS)} {Hip:ml l—‘(ai + Ais)}

Mf(s)z{

where m,n, p,q are nonnegative integers such that 0 <n<p,1<m<gq, A, i=1.,p,
Bj,j=1..,q, are positive number and a&,i=1..,p, bj, j=1..,q, are complex
number such that —A (bj ﬁLv);«tBj (1-a+x) and v,A=012,.. j=1..m, and
i=1..,n, the H -function can be defined as follows in terms of the inverse Mellin
transform of M (s):

(8 A)(2pA)| 1 i

R (blvBl)""’(bp'Bp) I

P M (x)x°ds, (1.3)

where M (s) is as defined in (1.2) and the Bromwich path (c—ioo,c+ioo) separates the
points s :—(bj +V)/Bj , J=1..m, v=012,.. which are the poles of I'(b; + Bjs),
j=1..,m, from the points s=(1-a +1)/A, i=1..,A X=0,12,..., which are the
poles of I'(1—a — As), i=1...,n. Thus, one Must have

Maxgjsmm{—bj/aj}<c<mtim5isn%{1—ai/A}. (1.4

The inverse Mellin transform approeach is/believed to be the only one that provides a
closed form representation of the moment-generating function. If, for certain parameter
values, an H -function remains paesitive on the entire domain, then whenever the
existence conditions are satisfied, a probability density function can be generated
by normalizing it. For example;.thesWeibull, chi-square, half—normal and F distributions
can all be expressed.in terms,of H -functions. For the main properties of the H -function
as well as applications to“various disciplines, the reader is referred to Mathai and
Saxena (1978) and Mathai (1993). When A =B; =1 for i=1..,p and j=1..,q, the

H -function reduces to Meijer’s 6 -function, that is,

o [x al,...,apJ | x (alll),...,(ap,l) ws)
by,.... 0 (y,1),....(bp, 1)

Moreover,

. .., _gnm El—bl,...,l—bq (16)
P\ Tlby,.,by | P x[l-ay,.1l-ay | '
1 Mp i EREES] p
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2. THE GAMMA-WEIBULL DISTRIBUTION

2.1 Introduction
The two-parameter Weibull density function is usually expressed as follows:

KOOE
fZ(X;k'}”):X[Xj e (X% Ly (%), (2.1)

where L >0 is a scale parameter and k >0 is a shape parameter. This distribution can
be shifted by subtracting the location parameter n from x in the density function, which

yields,
fz*(x;k,x,n)z f,(x—mik,2) I(nm)(x). (2.2)
This distribution will be called the shifted Weibull distribution.
We consider the reparameterized three-parameter extension,
L Erk-1-6x¢
k
f(xek0) =R X € (x), (2.3)

I(1+&/k)
with £+k >0 where & is the additional shape parameter and,referring to (2.1), 6 = A

. Since the gamma and Weibull pdf’s can both readily be obtained.as particular cases, the
distribution whose pdf is specified in (2.3) will be“referred-to as the gamma-Weibull
distribution. The gamma-Weibull is a reparameterization/of the generalized gamma

model proposed by Stacy (1962).
The cdf of the gamma-Weibull distribution'with parameters &,k and 0 is given by

F(t;g,k,e)=1—r(1+g/k,tke)/r(1+&_,/k), %(t6)>0, (2.4)

where T'(a,x)=[" y*“e Ydy denotes anincomplete gamma function.
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Fig. 2.1: The gamma-Weibull pdf. Left panel: {=1,k =2 and 6=1/2 (thick line),
0=1/4 (dashed line), 6 =1/8 (solid line). Right panel: 6=1/8,=1 and

k =3.5 (thick line), k =3 (dashed line), k =2 (solid line).
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Fig. 2.2: The gamma-Weibull pdf. Left panel: 6=1/4, k=2 and £=0 (thick

line), =2 (solid line), £ =4 (dotted line), =7 (short dashes), & =12
(long dashes). Right panel: 6=1/8, £=.25 and'k =0.7.
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Fig.2.3: Thecdffori@=1/4, k=2 and £=0 (thickline), £=2 (solid line), £ =4

(dotted line), & =7 (short dashes), & =12 (long dashes).

The left and right panels of Figure 2.1 illustrate how the parameters 6 and k effect
the gamma-Weibull distribution while the left panel of Figure 2.2 as well as Figure 2.3
show the effect of the additional parameter & on the distribution. Interestingly, the
additional shape parameter acts more or less like a location parameter while the support
of the distribution still remains the positive half-line. As seen from the right panel of
Figure 2.2, the pdf decreases exponentially when 0 <&+k <1.
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2.2 Derivation of the Moment Generating Function

The inverse Mellin transform technique will be used to derive the moment generating
function of the gamma-Weibull distribution. Let X be a random variable whose pdf is
specified by (2.3). Since

7 okxI* ke gy = g UV (14 (j+2) 1K) =m(j),

the jth raw moment of X is given by

, m(j)_r(1+(j+§)/k)
Hi= m(0)  ei*r(1+g/k) (25)

By definition, the moment generating function of X is

kot ™! o
M = [Ze¥xK e gy, 2.6
x(s) regkye” ¢ ® (2.:6)

We now show that the integral
[ e¥xErkle o dx 2.7)

is proportional to the pdf of the ratio of the random variables=X; and X, whose pdf’s
are

9, (Xl) = Clefxlk
and
92 (XZ) _ Czesx2 X§+k—2 ,

respectively, ¢, and c, being normalizing constants. Let u=x/x, and v=X, so that
X =uv and x, =v, the absolute value of the Jacobian of the inverse transformation
being v. Thus, the joint pdf of the random variables U and V is v gl(uv)gz(v) and
the marginal pdf of U = X, /X, is

hy (u)=J5 vau (W) gz (v)av,
that this
k
hy(u)=cc, [y e W)y vErk2esvgy
which, on letting u = 6Y% and V=X, becomes
hy (Gl’k ) —c, [T e xEH e ™y, (2.8)

Alternatively, the pdf of X;/ X, can be obtained by means of the inverse Mellin
transform technique. The required moments of X, and X, are respectively
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E(X{ )=y i e M dx, :%F(t/k)
and
E+k—t
E(X%—t): czj(i“ X§+k—t—1esxzdx2 =c, [__] I(g+k-t),
s
Provided 2R(s)<0 and R(&+k—t)>0. Then, the inverse Mellin transform of
U=X,/X, is

hl(”):ui%zimk (—uls) T(t/K)F(E+k—t)dt, 29)

where C denotes the Bromwich path described in the Introduction. Thus in terms of
an H -function as defined in (1.3), one has

_ o cc o ul(l-&-k1)
W(U)—#Hﬂ[—g (0.1/K) J,s<0. (2.10)

Since (2.10) is equal to (2.8) when u=6Y* and the integrals’in (2.8) and (2.6) are
identical, it follows that the moment generating function of X is

~ g+t [ (6" =ki)
MX(S)_r(ug/k)(—s)H HM[—T () 5<0. (2.11)

Accordingly, it will be assumed that s <'0nin'the remainder of this dissertation.

When Kk is rational number such that. k =p/q, where p and q=0 are integers, one
can express the integral in (2.9) as a Meijer’s G -function by letting z =t/ p and making
use of the Gauss-Legendre multiplication formula,

r(r+qz)2(2m)= ”qz“n r(k;r z]. (2.12)
Then,

GCcQq 1 pz
S (01T (Es pla-pe

hy (u) =

CCd i - i Le
Z(_S)ﬁ% c (—U/S) pZ(ZTC)

qqz—1/2p§+p/q pz—1/2{1—[ F[l J}
j=0 q
{H F[M ZJ}dZ’
0 p
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that is,
- /2 ~
(_S)i+p/q
i _Bepla -0, p-1
G (_%J T o el , (2.13)
) j/g, j=01,..,q9-1
which on letting u = 0% (= ellk), yields
h:l(el/k ) _ C_I_Cz (27_[)1*( p+q)/2 q1/2 p§+ p/q-1/2
(_S)&er/q
Po\d|q_ixErpia
xGp§ (—Bj (9) p i=0Ll.4p-1 | 01
, S q jlq, j=01,..,9-1

Since the expression in (2.14) and (2.8) are equal when, k =p/q, the moment

generating function of the gamma-Weibull distributiontas given in (2.6) can be
expressed as
(Zn)l_(q+ P)/2 gae/p+l o Y2 pl Pl

I'(1+9&/p) (_s)iﬂ”q

prffE P T -on o
e =5 ) (9 :

My (s)=

(2.15)

jlq, 1=01..9-1

3:5 3.0 2.5 2.0 L5 1.0 0.5
Fig. 2.4: Moment generating functionforp=2;q=1; 6 =1/8 and
& = 1 (short dashes), & =2 (dotted line), & = 3 (solid line).
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Equivalently, in light of (1.6), one has

(zn)l_(‘“ P)/2 gqel p+1 q¥2p
My (S) = r(1 / £+plq
(1+a&/p) &)

b -q 1_ -/ [l i = _
qu'p[(_Ej p(ﬁ} J/%:j=01..9-1 ]
p.q s q

HERE 20, p-l
This representation, unlike that given in (2.11), can readily be evaluated by means
of computational packages such as Maple or Mathematica. Letting X denote a
gamma-Weibull random variable, the mgf of its shifted counterpart Y =X —n whose

pdf, referring to (2.3), is f(x—mn;&k,0) is simply My (t):e’“‘E(Xj), and its h™"
moment is given by

E(X-n)" =§O [Tj(—n)h“' E(x1).

We note that, in most instances, the location parameter n may not be required due to
the presence of the parameter & .

E+plq+l/2

(2.16)

2.3 Moments, Hazard Rate, Entropy and Mean:Residue'Life Function

Closed form representations of the moments<of a three-parameter gamma-Weibull
random variable which is denoted by X; as well as the associated hazard rate, entropy
and mean residue life function areprovidedrin,this section.

i) The j raw moment Xis'available from (2.5). Accordingly, the mean and variance
of X are

_1"(1+(§+1)/k)
and
2
Var(x)zr(1+§/k)r(1+z(i+2)/k)—r2(1+(<:+1)/k) | 2.18)
07 T (1+&/k)
ii) The factorial moment of X are
v-1 j .
E(X(X-1)(X -2)..(X —y+1)) = > (- E(x7)
=
IREINDIN (yfj),er(1+(y—j+a)/k)
“4 4 (-2)°0 r+e/k) (2.19)
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iii) The it negative moments is

o 0 T(1+(g-i)/k)
E(x )= T(1+&/K)

(2.20)
provided R (k—i+&)>0.

iv) The hazard rate function defined as
f(x&k,0)

Z(xEk,0)= F(x&k,0)'

where If(x;i, k,0)=1-F(x&k,0)>0 and F(x&k,0) is the cdf given in (2.4), is
K e—exk xK+E-1 gleelk

Z(xEk,0)= (2.21)
(x:&.k.0) r(1+g/k,exk)
v) The mean residual life function defined as
1 o
K(x&k60)=—=———— =x)f (y)dy,
(e k0)=Frcg gy o (VI ()
0 VK (1+(£+1)/k, BX"
= ( (&+1) )— (2.22)
F(1+§/k,9xk)
vi) An extension of the Shannon entropy for the continuous case defined as
H(f)=—[§°f(x)log(f(x))dx,
is given by
H () =-log (k) (&=log(8))/k+log(T(1+&/k))
+(L8(e-1)/ k) (1rerk)+1, (2.23)

where \V(O) (z)=T"(z)/T(z) is the polygamma function.

3. PARTICULAR CASES OF INTEREST
Some special cases of the gamma -Weibull distribution are enumerated below. The
associated moment generating functions are also provided in terms of G -functions for
the two-parameter Weibull, Maxwell, Rayleigh and half-normal distributions.
i) The mgf of the two-parameter Weibull density function which can be expressed as

f(x)=0k xk L0 e (%)

with 6=27% inits original representation is
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(Zn) ~(q+p)/2 eq—lIpr/q+l/2
()"
p q
p 0
G [( 2(3)
q
which is a special case of (2.3) and (2.15) with §=0, assuming that

k=p/q, g=0a in the latter. An alternative form of the moment generating function
was recently derived by Nadarajah and Kotz (2007).

My (s)=

3.1
jlq, 1=01..,9-1 (3.1)

1109 i=01,.., p-1 }

i) The Maxwell density function

f(x) :ﬁ%x?exz/ B0 (x)

and its associated moment generating function,

2 (¢S)2| 1
MX(S)_n(¢s)3Gl'2[ 2 |sr2.2
- \/Zs¢+esz¢2/2 (5% +1)(1+ erf (ﬂn 3.2)
T 2
where

erf (z) = \Fjw et dts

are particular case of (2.3) and (2.16) with £=1,0 :1/(2¢2),k =2 p=2and q=1.

iii) The half-normalrdensity function

f (x):@e‘xzd’z’“ I (x), ¢>0

T

and its associated moment generating function,

20 g msT| 1 _ensz/(%z) 1 ns?
My (s)= 3’236”[4¢ 1/21} BN P

g4’ (erf (Z\Es)+1)

(3.3)
are special cases of (2.3) and (2.16) with £=-1, 0=¢?/n, k=2, p=2 and q=1.
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iv) The Rayleigh density function

xe <)
)= 1 (¥)

and its associated moment generating function,

2 21 (as)2| 1

M = 34
x(S) «/E(a,s)z 1,2 2 ‘1'3/2 (3.4)
a?s?/2 2.2
_ase r _l,a S , (3.5)
22 2" 2

also turn out to be particular cases of (2.3) and (2.16) with £=0, 9:1/(2a2),

k=2, p=2 and gq=1. It is known that the moment<generating function of the
Rayleigh distribution can be expressed as

My (s)=1+a seazsz’zg{erf (%}1} (3.6)

6|
/

/o4l

S
g 02k

—_ —
. | |
35 3.0 25 2.0 1.5 1.0 0.5

Fig. 3.1: The mgf of the Rayleigh distribution evaluated for a = 2
from (3.4) and (3.5) (dotted line) and (3.6) (long dashes)
v) The gamma distribution with density function

Xv—le—x/d:
f(Xx)=———1_.(x),Vv,$>0,
()= = (0w
is a special case of (2.3) with £=v-1, 0=1/¢ and k=1, whose moment
generating function is well known. It follows that the chi-square distribution with N
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degrees of freedom, which is a gamma distribution with parameters v=N/2 and
d=2, and the exponential distribution, which is a gamma distribution with

parameters ¢ >0 and v =1 are also special cases.

It should be noted that on letting X denote a gamma-Weibull random variable
with parameters &6 and k, one has that ©X* is distributed as a standard
gamma random variable with parameter 1+§&/k, whose density function is

e IT(1+8/K) 1. (2).

vi) The Erlang distribution with density function
e( E+1) X(§+1)—1 e_ex
f(X)=—7————1_.(x

is also a particular case of (2.3) wherein £§=-1,0,1,2,... and k =1.

One could also consider the symmetrized versions of‘the above distributions whose
density functions are given by

fs (X) — f (|X|) I]R(X)

2
For instance the normal distribution whose density funetion is

—x2/(2¢2)

f(X)=—— Ip(X

(=57 100
is the symmetrized form™of the half-normal distribution. Similarly, the double-
exponential distribution‘can be obtained from the exponential distribution.

, >0,

4" PARAMETER ESTIMATION

The maximum'likelihood approach is used to estimate the parameters of the shifted
Weibull and the gamma-Weibull distributions. Two goodness-of-fit measures are also
defined.

4.1 Maximum Likelihood Estimation
Johnson and Kotz (1976) provided the following three equations for estimating the
parameters of the shifted Weibull distribution whose pdf is specified by (2.2):

1 i=1

-1 -1
(xi—ﬁ)kj -ny Iog(xi—ﬁ)J (4.1)

>
Il
—
NNl
—_
x
|
=>
=
=>
<)
«
—_~
x
|
=>
SN—
7~ N\
M=

X:[n‘lé(xi —ﬁ)'2 j (4.2)

and
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(K-1)3 o =kik 3 (% -a) (4.3)
i=1 X; —M i=1

where the x; ’s denote the observations from a random sample of size n.

When n =0, k is estimated from (4.1) and then A is determined from (4.2). When
n=0, (4.1), (4.2) and (4.3) are solved simultaneously by making use of the symbolic

computational package Mathematica with its command FindRoot. The estimates of k
and A obtained for the case m=0 can be used as initial values, either for determining

the parameters of the shifted Weibull distribution or those of the gamma-Weibull
distribution discussed below.

Given the independent observations xi,...,Xx,, the loglikelihood function of the
gamma-Weibull distribution is

e(g,me):élog( (x:&k.0))
=n log(k)+n(1+&/k)log(6)—n log(I (1+&/k))

+(k+&~ 1) log (x ) -0 %, (4.4)

I M::

where f (x;é,k,e) is as given in (2.3). On equating.the partial derivatives of (4.4) with
respect to &, k and 6 to zero, one obtains the following equations:

E(Iog(é))—\y(o) (1+<§/I2)+élog(xi):0, (4.5)

= +ilog(xi)—éi log(x )% =0 (4.6)
Kk i=1 i-1
and
1+E/k) o .
@-zlxik =0. (4.7)

which can be solved simultaneously for 12, 0 and & .

4.2 Goodness-of-Fit Statistics

The following statistics are widely utilized to determine how closely a distribution
whose associated cumulative distribution function is denoted by cdf (.) fits that of a given
data set:
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1. The Anderson-Darling statistic given by
10 ..
A2 :—n—E_Zl(Zl—l)Iog(zi (1-2y45)), (4.8)
i=
where z; =cdf (y; ), the y; s being the ordered observations.

2. The Cramer-von Mises statistic given by

n - 2
WOZ:Z(zi—ZI 1] oL (4.9)

i=1 2n E .

The smaller these statistics are, the better is the fit. Upper tail percentiles of the
asymptotic distributions of A? and W are tabulated in Stephens (1976).

4.3 The Asymptotic Result

Even though both the gamma-Weibull and shifted Weibull have an additional
parameter controlling location, the gamma-Weibull belongs to the exponential family
model, while the shifted Weibull does not. Since the Cramer-Rao regularity conditions
hold for the gamma-Weibull model (which is not the.case forthe shifted Weibull), large
sample properties of the MLEs can be developed for statistical inference. For example,
the MLEs have large sample normal distributions(which-are useful for computing
confidence regions or calibrating tests). Accordingly, asymptotically, one has

D>

n—0
.-k i>Normal(03,[l (e,k,g)]’l)
n_‘g

x>

i

Je>

Letting
Iog(f (X;&,k,e)) ==0x* +log (k) +(k +&-1)log(x)

+(%+1} log(8)-log (F(%Jrljj (4.10)

and
o*(log(f(X:&.k,0)))  o*(log( f(X:&k.0)))  o*(log(f(X:&k.0)))
(@) ek %20
8°(log( f(X:&.k,0)))  &*(log(f(X;Ek0)))  &°(log(f(X;Ek,0))
H(X)= ( ok ) A (o) ) A ka0 ) ' (4.11)
o*(log(f(X:&.k,0)))  o*(log( f(X:&k.0)))  o*(log(f(X:&k.0)))
360¢ 260K (@)’

the inverse of the asymptotic covariance matrix is 1(§,k,0) = —E(H (X )) with



64 Chapter 1: Continuous Distribution

2 (log(  (X;&k,0))) W(%u)

(6&)2 K2 '
&% (log (f (xz;a,k,e)))  olog? () + 2¢log(6)
(k) ks
22y (5+1) (541 4
K
62(Iog(f(x;&,,k,6)))_%+1
(69)2 - 92 !
az(log(f(x;g,k,e))) _az(log(f(x;&g,k,e)))
ek - ks
o) ¥4,
- k2 + K2 il K3
az(log(f(X;c“;,k,e)))_az(log(f(x;g,k,e)))_ 1
0E00 B 000 ko

& (log(f (X;& k.0)) &*(log(f(X:&k.0)))

koo 000k

= ~log(x)x* _ki (4.12)

In practice, —E(H(X)) is often estimated by differentiating the log likelihood

function and substituting the MLEs in the resulting expression. This is referred to as the
observed Fisher information.

5. NUMERICAL EXAMPLES

In this section we give two practical examples using well known data sets easily
available in literature, i.e. the ball bearing data set and the Carcinoma data set.

5.1 The Ball Bearings Data Set

The gamma-Weibull model is applied to a data set published in Lawless (1982, p.
228) and given in Table 5.1, which consists of the number of million revolutions before
failure for each of 23 ball bearings in a life testing experiment. Meeker and Escobar
(1998) fitted an extended generalized gamma to the ball bearing data and determined that
the best fit corresponds to a generalized gamma model.
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Estimates of Parameters and Goodness-of-Fit

Table 5.1
Ball Bearings Data
17.88 28.92 33. 41,52 4212
45.6 48.8 51.84 51.96 54.12
55.56 67.8 68.44 68.88 84.12
93.12 98.64 105.12 105.84 105.84
127.92 128.04 173.4
Table 5.2

65

Statistics for the Ball Bearings Data

Distribution K ) n 4 A2 W
Two-Parameter Weibull 2.102 | 0.00009 - - 0.329 | 0.058
Shifted Weibull 1.595 0.001 14.87 - 0.222 | 0.035
Gamma-Weibull 0.604 0.815 - 5759 | 0.190 | 0.033
0.015+
oot |- T
III / :
AN
o.oosly S

2
1.0f
o8l
06k
04l

0.2}

50

100

(b)

150

Fig. 5.1: (a) Two-parameter Weibull (dashed line), shifted Weibull (dotted line) and

gamma-Weibul

I (solid

histogram for the ball bearings data.
(b) Right panel: Two-parameter Weibull (short dashes), shifted Weibull (long
dashes) and gamma-Weibull (solid line) cdf estimates and empirical cdf.

line) density estimates superimposed on the
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The pdf and cdf estimates are plotted in Figure 5.1 for the two-parameter Weibull,
shifted Weibull and gamma-Weibull distributions. The estimates of the parameters are
given in Table 5.2 along with the values of the goodness-of-fit statistics. Clearly, the best
fit is obtained with the gamma-Weibull model.

5.2 The Carcinoma Data Set

We also apply the proposed model to a data set published in Lee and Wang (2003,
Example 6.2), which is given in Table 5.3. The observations consist of the number of
days elapsed until the appearance of a carcinoma in 19 rats that were painted with the
carcinogen DMBA (dimethylbenz [a] anthracene).

Table 5.3
Carcinoma Data
143 164 188 188 190
192 206 209 213 216

216 220 227 230 234
244 246 265 304

Table 5.4
Estimates of Parameters and Goodness-of-Fit
Statistics for the'Carcinoma Data

Distribution K 0 A g A2 WS

Two-Parameter Weibull | 6.260 {* 1.61x10-1° - - 0.457 | 0.069
Shifted Weibull 2.849,| 1.725x10°° | 121.426 - 0.299 | 0.044
Gamma-Weibull 1.308 0.019 - 27.462 | 0.243 | 0.035
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0.010 -

0.008 -

0.006 -

0.004 -

0.002 -

10+

0.8}

0.6+

0.4}

021

50 100 léO 260 250 360
(b)

Fig. 5.2: (a) Left panel: Two-parameter Weibull (dashed line), shifted Weibull (dotted
line) and gamma-Weibull'(solid line) density estimates superimposed on the
histogram for/the carcinema data.

(b) Right panel: Two-parameter Weibull (short dashes), shifted Weibull (long
dashes) and:gamma-Weibull (solid line) cdf estimates and empirical cdf.

The pdf and cdf'estimatesiare plotted in Figure 5.2 for the two-parameter Weibull, the
shifted Weibull and the gamma-Weibull distributions. The estimates of the parameters
are given in Table 5.4 along with the values of the Anderson-Darling and Cramer-von
Mises goodness-of-fit statistics. Once again, the gamma-Weibull model provides the best
fit.
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DISTRIBUTION OF MEAN OF CORRELATION COEFFICIENTS”
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ABSTRACT

In this paper, we derive a distribution of the mean of k-independent sample
correlation coefficients each of which is based on “n” pairs of observations. This

distribution has been developed by expanding the r™ power of the modified Bessel
function by using the Taylor series. The mean distribution of sample correlation
coefficients (r) has many applications in the field of medicine, accounting, stock
exchange market, economics and finance. Particularly, if one is interested to find the
distribution of average rate of return correlated with risk free, one may have high and/or
low risk, in a multiple investment portfolios.

KEY WORDS

Bessel Function, Correlation coefficient, Modified, Bessel\Function, Taylor series,
Characteristic function.

1. INTRODUCTION

Sample correlation is a widely discussed issue among the researchers. Correlation was
explored much before the 20™ centurymGalton (1877) originally conceived the modern
concept of correlation and regression on the.basis of a problem of heredity. Galton (1877,
1888) introduced the concepts of regression and correlation and first referred to the term
“correlation” and developed«the product-mament correlation. Pearson (1896) published
his work on correlation and regression and credited Bravais (1846) for his initial
mathematical formulae.of correlation. [See Weldon (1892) and Yule (1897, 1907)]. Some
important features of carrelation coefficient (p) were studied by Student (1908) who

discovered that the;sample correlation coefficient is symmetrically distributed about zero.
The exact distribution of sample correlation was derived by Fisher (1915), who showed
that the sampling distribution of Z -transformation of correlation tends to normality. Any
inference about the value of p is equivalent to an inference about the independence

between two variables when the assumption of a bivariate normal distribution holds.
Hotelling (1953) derived some mathematical properties of the distribution function of
sample correlation coefficient r, and improved the Z -transformation to find better
approximation to the distribution of r . He gave the moments of r and Z , that are closer
to the normal moments, even for the small samples.

The problem of estimating a common correlation coefficient p from k=>2
independent random samples drawn from normal populations were investigated by
Anderson (1958), Rao (1965) and Sendecor and Cochran (1967). Donner and Rosner

“Published in Pak. J. Statist. (2011), Vol. 27(2).
69
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(1980) made a comparative study of four different methods of estimating a common
correlation p. It is usually assumed that each of the corresponding k population has a
bivariate normal distribution with means (py;, py;)and standard deviations (oy;, y;)
and common correlation p . The usual correlation coefficient might not hold true over all

pairs of observations because the means and variances in these populations are not
necessarily homogeneous. Fisher’s method computed the correlation coefficient r, for

each sample and converted each r, to Z; (Fisher’s Z -transformation) which was
approximately normally distributed.
Donner and Rosner (1980) developed the standard score method to estimate p. This

method is a weighted average of correlation coefficients. This showed that the standard-
score estimator, rg, is approximately a minimum variance estimator and is also more

“natural” estimator of p. The standard-score and Hotelling’s estimators provide better

estimators than Fisher’s and the maximum likelihood estimators in small and moderate
sized samples in terms of their relative efficiency. The standard-score estimator can also
be used for cases of unequal sample sizes.

Samiuddin (1970) and Kraemer (1973) put forward function of 4. Both used a test
statistic which is a function of both r and p. It provided an<@ppropriate test for a
specified value of p. It offered a simple method for estimating an interval for p.

Kreamer (1973) derived and compared ¢(various approximations to the non-null
distribution of correlation coefficient.

Paul (1988) discussed the estimation' and testing the significance of a
common correlation coefficient. At is alsoncalled equi-familial and / or sometimes
related to intra class correlation. To test the hypothesis Hy:p=0 vs.

K K
H,:p=0, Paul (1988) used the test statistic Z =Zniri/\m, where N =3'n; and
i1 =}

K k K
the statistic Z=(z,—Gp), /2, -3), where z,=>(M-3)Z />(M~-3) and
i=1 i=1 i=1

Co=2In[(1+po)/(1%p) | totest Hy:p>0.  Paul (1988) showed that if |p| is less
than 0.5 then a better estimate of the population correlation coefficient is

k K
=2 (n -1z /> (0 -1), where Z/=Z; —(3Z; +1)/4(n; 1) . Similarly to compare
i-1 i1

p at a specified value p,, (n; —3) would be used instead of (n; —1). Paul (1989) also
derived likelihood-ratio statistic for testing the equality of several correlation coefficients
for k>2 independent random samples from bivariate normal populations. The
hypothesis of interest is H,:p; =p, i=12,.....,k vs Hy:p;=p; for somei= j. The

likelihood-ratio statistic has an asymptotic distribution as chi-square with (k-1) degrees of

freedom and is given by x{ =2(1, —1y) = ini In [(1—{)ri )2/(1— riz)(l—f)2 )} , where p is
i
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the maximum-likelihood estimate of p, which is obtained by solving

Kk
> ni(r-p)/(1-1p) =0 iteratively [See Cox and Hinkley (1974)].
i=1

Bhatti (1990) developed the moment generating function of the mean distribution of
correlation coefficients and found the upper tail area. Later Bhatti (1994) applied a linear
regression procedure for diabetic patients to compute optimum quantity of insulin in
testing the small sample mean correlation coefficient (T). He used the probability density
function of (1) to compute the critical values of the null distribution of average sample
correlation coefficient to make an efficient decision. Finally he used regression bands to
assess the quantity of insulin which minimizes the risk of damage of diabetic patients.
Aboukalam (1997) improved Bhatti’s procedure by using robustness technique. He
(1997)computed more improved quantity of insulin with minimal risk to diabetic patient.
He succeeded to narrow Bhatti’s confidence bands to make his estimates more efficient.
However, both of them could not find the distribution of the average sample correlation

coefficient (F).

2. DERIVATION OF THE DISTRIBUTION OF THE MEAN
OF CORRELATION COEFFICIENTS

We extend the results to k -independent values of the sample correlation coefficients.
As mentioned earlier that Bhatti’s and Abukalam’s works/use the classical and linear
regression models. Unfortunately, the results obtained by the classical and linear
regression procedure are unreliable if some outlying observations are present in the data.
To overcome these problems we derive a distribution of mean of correlation coefficients.

This method results in the exact distribution of the correlation coefficients based on k™
power of modified Bessel function and provides 1—a confidence interval as compared to
the critical values of Bhatti (1994).

Bhatti (1990) derived the characteristic function of the distribution of the mean
correlation coefficients () for kiindependent values of r and is

n-s “
2

or (t)=|T[(n=1)/2] 2 (t/k)‘[nT%j 3o ™|

B n (_1)k(x/2)n+2k
where J”(X)_Eo k! T'(n+k+1)

function, by using the relation 1, (t)=i""J,(it) (See Gradshteyn and Ryzhik (1963)),
we have the characteristic function in modified Bessel function form as;

be (1) =[27T(v+) (i)™ 1, (i) )
= (P (v+1)) 2% (i/k) ™ 1, (it/k) ]

. Expressing ¢ (t) in terms of modified Bessel
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The distribution of T is symmetric as, ¢ (-t)=o, (t). By using the inversion
formula for characteristic function, Bhatti (1990) found the pdf of the distribution of T ;

f(r)=

|\.>|,_‘

T —itr ?r (t) dt

5
Kl

Cos(tF)gr (t) dt.

172
T
By substituting the value of ¢ (t) in the above expression we obtain

Mf Cos (tF) (it/k) [h(it/k) }k at. @1

We know from Bender et al. (2003) that the k™ power of thesmodified Bessel function
derived for an arbitrary value Kk is

[L)=5 . O AD: @2

m=0 mIC(m+v+1)[T(v+1)]

f(F) =

The result is expressed in terms of a recursive formula for a class of polynomial
where the polynomials By, (k) have the following. relationship for different values of
m=0,1,2,3,......

2 1
By (k)=1, B (k) =k, BY(k)= 111k2—mk and
Bg(k):(v+2)(v:3) k3—3(v+32) K2 44—t >k, and so on.
(v+a) (v+1) (v+1)
By putting the value,of (2:2) in (2.1), we have
vk / . v . 2m+vk
f(F):Z ( (V+1_)) ICOS(tI’)(It/k) > Bm(k)((lt/Zk)) 7 dt
n =0m!F(m+v+1)(F(v+l))
\2M v 19
vy (')2m B () ? t*"Cos(tF) dt .
T m=0 ml(2k)" [(v+1l+m)o
Let y=tr, dy=rdt
IR S O 00 N o
f = C dy. 2.3
(M=—= mZ::oml(Zk)zm(F)sz(m+v+l)gy Yy @)
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Let

N‘E‘“

_ 2 (i)™ By (k) 2neos v
" mgom!(zk)zf“(r)zf“r(mwﬂ)iy I

By putting m =0 in the above equation, we get

Cos y dy

1 Sin(nf/2) L oavi
o) w2 By (k)=1. (2.4)

If m=1, we have

=l

T

_Vk
BY (k) Fy2 Cos y dy
0

e r(vr2)

—k R
:m[(nr/z) Sin(nr/2)
47T Cos (T/2)-28in(r/2) . (2.5)

If m =2, we have

=l

T

BJ (k 2
, = _24( ) [ y* Coswydy, (2.6)
21(2kF)" T (v+8) o
where B} (k)= V22t Y and
v+1 v+l

nr
y*Cos y dy=| y* Siny+4y3Cos y—12y? Siny—24yCos y + 24 Sin y‘oz

o—.m‘i“

= (nF/2)* Sin(nF/2) +(xF/2)’ Cos(nF/2)
—3(nF )’ Sin(nF/2) —12(xF ) Cos (xF/2)+ 24 Sin(nF/2).

So by substituting these two values in (2.6), we have
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(v+2)k* -k

I, = X

21(2kF) (V1) (v+3)
| (rF/2)" Sin(xF/2) +(F /2)° Cos ¥ /2)

—3(nF )’ Sin(nF/2) ~12(nF ) Cos (nF/2)+ 24 Sin(nF/Z)J : 2.7)
Now if we take m = 3, we obtain 15 as

__ Bk
* 312k ) T (v+4)

nr
2
[ y*Cosydy.
0

By integrating it and substituting the value of the polynomial, we have
(v+2)(v+3)k®=3(v+3)k* +4k
l3=— — 5 (2.8)
3(2kTF) (v+1)"T(v+4)

| (wF/2)° Sin(xF/2) + 6(xF /2)° Cos((2)

-30(nF/2)" Sin(nF/2)~120(nF /2)° Cos (nF/2)
+360(xF/2)” Sin(nF2)+720(xF/2)Cos (nF/2)
~720sin(x/2) |

By substituting (2.4), (2.5)s(2:6), (2.7) and (2.8) values in equation (2.3), we have

f(F)- F(v—i—l)l: 1 Sin(nr/2)

Fr O\ (vtl) mr/2
—;{(nr/z)2 sin(nf/2)
(2kF)*T(v+2)

4 Cos (aF/2) - 2in(xF/2)|
[(v+2)k* k]
21(2kF)* (v+1)T (v +3)
+(n¥/2)° Cos (nF/2)-3(xF )’ Sin(x¥/2)

+

{(xF/2)" sin(xF/2)
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f(F):i Sin(nF/Z)_ Kk
Tl oar/2 (k) (v+2
+xf Cos (nf/2)—2Sin(nr/2)}

[ v+2 k2 — ]
( ) (v+1)(v+2)(v+3

+(nr/) Os(nr/Z)—3(nF)ZSin(nF/2)
~12(n¥ ) Cos (n/2)+24Sin(nf/2)} +.... }

){(nr/z)2 sin(nf/2)

) {(nF/2)4 Sin(n/2)

(2.9)

Now by replacing v = (n —3)/2 in the above equation, we have

L_L|sin(ar/2)
=5 2 (267 )’ (v+2)
+nf Cos (niT/2)—2Sin(nF2)}

2[ (n+1)k? 42k
(2kF)* (n-1)(n+1)(n4 3)
+(nF/2)2Cos (wFf2) - 3(xF ) Sin(nF/2)

{(xF/2)° Sin(a#/2)

{(nr/z)“ sin(nf/2)

75

It is the required distribution of mean of correlation coefficients for k independent

sample values.

3. CENTRAE'MOMENTS OF THE DISTRIBUTION OF
MEAN CORRELATION COEFFICIENTS FOR
K INDEPENDENT VALUES

In the light of (2.2) taken from Bender et al. (2003), we express the characteristic

function of ( )as follows

or (=T (v+1) 3 ———gy (K)(it/2k)™"

m=o M (M+v+1)

By expanding the above expression (3.1) over different values of m, we obtain
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1
r(v+1)
+m55(k)(.

(V—il)Bf (k)(it/2K)? +

By substituting the different values of m = 0, 1, .... in the polynomial B (k) , the
equation (3.2) written as

1

r'(v+2)

BY (k) (it/2k)° + BY (k)(it/2k)°

1

22y ® W2+ 62

- 8 (K)+

or (1) = 1+L-k(“/2")z+m

(v+1)
X%.(it/zk)ﬁ._

T GO LRy L)

=1+ . =
2k(v+1) 2! M3 (v+2)(v+1) | A

+..... (3.3)

The coefficient of (it)m /m! in the (3.3) expression of characteristic function will

provide the m"™ moment about zefo'aHere all odd order moments are zero i.e.
W =g =0 and even orders give

, 1 , 3[(v+2)k—1]

Now the first four moments about mean are

1

2 7ok (v )

When v =(n—3)/2 , We obtain

11 34)

W2 = .
2k[”2_3+1j k(n-1)

and
3[(n+2)k-2]

Mg=py=———"7.
e (n)(n-1)
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The moment ratios are

2
K3 6
=—=0and B, =3-———.
Py w P2 (n+1)k

As B, =0 and for large n B, =3, so the asymptotic distribution of mean correlation
coefficients will have similar properties of a normal population.
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ABSTRACT

A characterization theorem based on the recursive relation of negative moments
is given for the Extended Katz’s (EK) family of discrete distributions. It is found
that numerous discrete probability distributions belong to EK family. The theorem is
then applied to numerous discrete probability distributions, providing specific
characterizations for each of them.

KEYWORDS
Characterization; Discrete distributions; Negative moments; Recursive relation.

1. INTRODUCTION

The irreversible damage to manufacturing materials is generally caused by a damage
process such as fatigue, creep, fracture, corrosions’wear and aging (Jiang and Xiao 2003).
Virtuoso and Vieira (2004) have discussed the creep, shrinkage, cracking and deformation
of concrete flange on the basis of negative moments. The probability models corresponding
to the reciprocal transformationsarise ‘in these different types of stresses. A number of
authors have studied the moments of reciprocals of random variables and negative moments
of positive random variables, see Chao and Straderman (1972), Kabe (1976), Kumar and
Consul (1979), Jones (2987),,Jones and Zhigljavsky (2004), Ahmad and Roohi (2004a,
2004b) and Anwar and Ahmed(2009). Less work is done on characterizations through
negative moments, Ahmad.and Z; Roohi (2004a, 2004b, 2007) obtain negative moments

of some discrete distributions in terms of hypergeometric series functions. Using the
properties of hypergeometric series functions the recurrence relations between first order
negative moments are obtained and used for characterization.

This paper proves a characterization theorem for the EK family of discrete probability
distributions, based on recursive relations of first order negative moments. It is found that
most well-known discrete distributions (see Table 1), such as binomial, negative
binomial, geometric, Engset, Poisson, hyper-Poisson, Logarithmic series, Waring, Yule,
geometric compound, discrete rectangular, hyper-logarithmic, hyper-negative binomial
Naor’s, Sundt and Jewell Family, Factorial, Poisson-Lindley distributions belong to EK
family. The theorem is then applied to numerous discrete probability distributions
providing specific characterizations for each of the above distributions.

“Published in Pak. J. Statist. (2012), Vol. 28(3).
79


mailto:masoodanwar@comsats.edu.pk
mailto:drmunir@brain.net.pk

80 Chapter 1: Continuous Distribution

Table 1
Values of o3,y for Discrete Distributions
Distribution o p ¥
Binomial np/q -p/q 1
Negative Binomial kq q 1
Geometric q q 1
Engset np -p 1
Logarithmic 0 0 2
Hyper-Poisson 0 0 A
Poisson 0 0 1
Waring a 1 c+1
Yule 1 1 c+1
Geometric Compound a 1 a+b+1
Discrete rectangular 1 1 1
Hyper-Logarithmic 0 0 A+1
Hyper-negative Binomial kq q 0
Sundt and Jewell Family a+b a 1
Naor’s -n(n-1) n -n
Factorial n-Ax+1 1 A+l
Poisson-Lindley (0+3)/(6+1) | 1/(6+1) 0+2

The article proceeds as/follows. Section 2 introduces briefly the EK family that is
going to be characterized. Section 3 contains a general characterization theorem based on
recursive relations of \first, order/ negative moments for EK family of discrete
distributions. The theoremiis then applied to numerous discrete probability distributions,
providing specific characterization theorems for each of them.

2. EXTENDED KATZ’S (EK) FAMILY OF DISCRETE DISTRIBUTIONS

A three-parameter family of distributions which belongs to Kemp’s wide class, and
which extends a two-parameter family of Katz, is investigated by Tripathi and Gurland
(1977). They designated it as EK family and the recurrence relation between probabilities
can be written as

fra/ Ty =(@+Bx)/(y+x),a>0,B<Ly>0,x=012,... Q)
The solution of Eq. (1) is:
f, = fow, x=0,12,.... )

(v),

where
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(Q/B)J‘ (1)j [3]
oy —2h(/BLy
fars (y)j i 2 1( /B YB)
and
(@); =a@+D@+2)-(a+j-1, j=12..
(@) =1.
The probability generating function (pgf) of EK family has the form

G(z) = .
= E(wpLrp)

3. CHARACTERIZATION OF EK FAMILY

Theorem 1
A non-negative integer-valued random variable X defined over a given domain,
belongs to the general family with probability mass function (pmf)<f, (2) if and only if

1-B)+(y—AEX + A—1) " —(y—D(A-1) Afg=(0.—BAEX + A7, (3)
holds for all A>1andy = A= (0/B),

where f, =P(X =0), E(X +A)™" denotes the negative"moment of first order, o,B,y
are real numbers that provide a pmf.

Proof:
Suppose X follows a pmf (2);,we have

E(X+A)!= foéo%:f—:3F2(A,oc/[3,1;A+1,y;[3) JforallA>1, (4)

after replacing A‘by(A=1).we get

fo F, ((A-1),0/B. LA y:B), forall A>1. (5)

-1
E(X +A-1) T2 TRk

Using the recurrence relation (Rainville 1960)
(1-2);F, ((11:0‘2’0‘3?[31:52; Z) =3k (al =1 0, 03B, B2; Z)

+Z{(0‘2 —Bl)(as —B1)
B.(B2—B.)

3F (01102’0‘3?51 +1:[32?Z)

_(0‘2[3_2%)2(:1[331_)82) 3P (0,05, 0531, B, +1 Z)} (6)

On putting oy = A o, =0/B, 053 =1L, = AB, =v,2=B, in (6) we get;
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(1-B),F (/B Lv:B) = sFo (A-L /B LAY )

_% 3F2(A,0L/B,13 A+1v;B)

+‘°‘;£Y—_)(Z\)‘l) JFy (/B Ly +LB). (7)

Again using the recurrence relation (Rainville 1960)

A-2) ;R (0, 00;B152) = o F (04, 0 LBy Z)—w 2FR(oy,05;B,+12) . (8)
1

On putting oy =0/, 0, =1,B; =7,z =P, in (8) we get;

D (afp L+18) [ 1= 025 (B B )
Putting (9) in (7) and after applying (4), (5) we get (3).
Suppose (3) holds, then we have

A-B)Y f+(-A)S (x+ A=), —(y~D(A-DF, Zo—BA) S (x+ AL 1,
x=0 x=0 x=0

> (=AY (x+ A-) My =a > (FA) 1T —BAY (x+ A, B3
x=1 x=1 x=0 x=0 x=0

S (- A (x+A=D) B =a D (x+ A 4B (x+ A A)(x+A) L,
x=1 x=1 Xx=0 x=0

S feat (= S A iy = 3 (et B+ A)
x=0 x=0 x=0

S+ A et ) g = 3 (X+ A o+ PR
x=0 x=0

hence, we can get the following equivalent set of equations (for similar results, see also
Osaki and Li 1988, Ahmed 1991, Kemp and Kemp 2004):

y+x)fy=(@+px)f,, x=01L2,.... (10)

its solution gives f, .

4. SPECIAL CASES

In this section the Theorem 1 is applied to numerous discrete probability distributions
by taking different values of a,B,y and provided specific characterizations as corollaries.
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1. Putting o :m,B :_—p,y =1, in theorem 1; we have
aq q

Corollary 3.1
A non-negative integer-valued random variable X has binomial distribution with pmf

f, :(ZJ p*q"*,x=01,....n,0<p<lg=1l-p,

if and only if
1-q(A-DE(X + A1) =p(n+ AE(X +A) 2, (3.1)
holds for all A>1.
When n=1, it reduces to Bernoulli distribution.
Corollary 3.1 was proved by Ahmad and Roohi (2007).

2. Putting oo =kq,B=0q,y=1, intheorem 1; we have

Corollary 3.2
A non-negative integer-valued random variable X"has'negative binomial distribution
with pmf

k-1
fy =(X+x )P"qx, x=012,.-,0p<lq=1-p k>0,

if and only if

p—(A-DE(X + ALD) =q(k—AE(X +A) (3.2)
holds forall A>1and A=k .
Corollary 3.2.was proved.by Ahmad and Roohi (2007).

Put k =1 in corollary 3.2; corollary 3.3 results.

Corollary 3.3
A non-negative integer-valued random variable X has geometric distribution with pmf

f,=pq*, x=0,12,----,0<p<lqg=1-p,
if and only if

pPA-A)T+E(X +A-1) T =qE(X + A, (3.3)
holds for all A>1.
Corollary 3.3 was proved by Ahmad and Roohi (2007).

3. Putting a=np,f=-p,y =1, in theorem 1; we have
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Corollary 3.4
A non-negative integer-valued random variable X has Engset distribution with pmf

-1
k
fx=|:2(n]px:| mpx,xzo,l,z, ..... k,0<p<1,
x=0\ X X

if and only if
1-(A-DE(X +A-D) " =p(n+ AEX +A)*—p, (3.4)
holds for all A>1.

. Putting o =B =06,y =2, in theorem 1; we have

Corollary 3.5
A non-negative integer-valued random variable X has Logarithmic series distribution
with pmf

X
f, = 0 ,x=0,12,..,0<06<1,
(x+1),F(1,12,6)
if and only if
(A—2)E(X +A-1) 't —1-0)+ (A=) fy =0(A-DE(X + A, (3.5)

holds forall A>1 and A=2.
Corollary 3.5 was proved by Ahmad'and Roohi (2007).

. Puttinga=6,=0,y=A, in theorem 1; we have

Corollary 3.6
A non-negative integer-valued random variable X has hyper-Poisson distribution with
pmf

f, :W M)y =2 +D....(A+x-1), A)y=L1>0,6>0,
if and only if
1+ (A —AEX +A-) (A -)(A-D) 7 f, =0E(X + A) 1,
(3.6)
holds forall A>1 and A=A.
Corollary 3.6 was proved by Ahmad and Roohi (2004b).
Put A =1 in corollary 3.6; corollary 3.7 results.

Corollary 3.7
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A non-negative integer-valued random variable X has Poisson distribution with pmf

-0 X
fx = ¢ 9 ,0>0,x=01,....,
x!
if and only if
1-(A-D)E(X +A-1) "t =06E(X + A)*, (3.7)

holds for all A>1.
Corollary 3.7 was proved by Ahmad and Roohi (2004b).

6. Putting o =a,f=1v=c+1 in theorem 1; we have

Corollary 3.8
A non-negative integer-valued random variable X has Waring distribution with pmf

_ (c—a)(a+x-1!(c)!

« , ct>a=>2,x=012,.4,
c(a-1!(c+x)!

if and only if
(c—A+DEXX +A-D) —c(A-D)f, =(a—AEX+ A, (3.8)
holds forall A>1 and (c+1)=A=a.

Put a=1 in corollary 3.8; corollary 3.9 results.

Corollary 3.9
A non-negative integer-valued'random variable X has Yule distribution with pmf

f, :w c>1 x=012,..,
c(c+x)!

if and only if
(c—A+DEXHA-D) T —c(A-1)fy =1-AEX + AT, (3.9)
holds forall A>1 and A= (c+1).

7. Putting o =a,=1y=a-+b+1 intheorem 1; we have

Corollary 3.10
A non-negative integer-valued random variable X has geometric compound
distribution with pmf

_T(a+b) I(a+x) I(b+1)
* Ta I'b I'(@+b+x+1)

,a>0,b>0,x=012,....,

if and only if
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(@a+b+1-AEX +A-D) —(a+b)(A-1)*f, =(a- AEX + A, (3.10)

holds forall A>1 and (a+b+1)=A=a.

Putting a.=p =1y =1, in theorem 1; we have

Corollary 3.11
A non-negative integer-valued random variable X has discrete rectangular
distribution with pmf

« :L, x=0,12----n,
(n+1)
if and only if
E(X+A-D)T=E(X+A), (3.11)

holds for all A>1.

Puttingo. =p =0,y =A+1, in theorem 1; we have

Corollary 3.12
A non-negative integer-valued random variable X has hyper-logarithmic distribution
with pmf

. AIx19*
T (+x)1,R (L5 +18)

,0<0<1,x=0,12,....,

if and only if
A-0)+ (L +1-A)EX + A-D) ! —A(A-D) T, =6(1— AE(X + A7, (3.12)
holds forall A>1 and A=A

Putting a.=kq,f=4,y =0 in theorem 1; we have

Corollary 3.13
A non-negative integer-valued random variable X has hyper-negative binomial
distribution with pmf

1(0-D1g* o0 1o -D!1g*
¢ _(k+x+D)(6-D)!q /Z(k+x+l).(9 g 0<q<Lk>0,050,Xx=012,-.

COk=DIO+x-D! / o (K=DI(O+x-1)!
if and only if
O-AEX+A-D—O-)(A-D) fy+ p=ak—AEX+A)™, (3.13)
holds forall A>1 and 6= A=Kk.
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11.

12.

13.

14.

Putting a=-n(n—1),3=n,y =-n in theorem 1; we have

Corollary 3.14
A non-negative integer-valued random variable X has Naor’s distribution with pmf

_(h=Di(n-x)

n—x

f , Xx=0,12,....n-1, n>1,

X
x!n

if and only if
(N+AEX +A-D) 7 —(n+)(A-1) *fy +(n—1) =n(n-1+ AE(X + A) %, (3.14)

holds forall A>1 and —n= A= —(n-1).

Putting aa=a+b,f=a,y =1 intheorem 1; we have

Corollary 3.15
A non-negative integer-valued random variable X has Sundt and Jewell Family with
pmf

B ((a+b)/a)X a* B
- 1R ((a+h)/a;—a)x! » X=012,,
if and only if
(1-a)—(A—DE(X + A—D)t =(@+b—aME(X + A)?, (3.15)

holds for all A>1 and A= (a%b)/a‘

Putting o =n—-A+1B#1y=A+1 intheorem 1; we have

Corollary 3.16
A non-negative integer-valued“random variable X has Factorial distribution with

pmf f,

(n-21+1)
fX: X ) X:0,1,2,....,
(A+1) LR (N-A+1LL1+11)
if and only if
A+1-AEX +A-D)—AA-D) fy=(n—A+1- AEX +A) 7, (3.16)

holds forall A>1 and (n+1-1)= A= (A+1).

Putting o =(0+3)/(0+1), B=1/(0+1), y=(0+2) intheorem 1; we have

Corollary 3.17
A non-negative integer-valued random variable X has Poisson-Lindley distribution
with pmf
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8
9.

10.

11

12.

13.

14.

15.

16.

Chapter 1: Continuous Distribution
2
£ =L 040942 oo 0x=012,...
e+n*
if and only if
0+(0+1)(O+2- AEX + A-1) - (0+1)*(A-1) " f, = (0+3- AEX + A%,

(3.17)
holds forall A>1 and 0+2=# A#0+3.
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ABSTRACT

Saboor and Ahmad [4] defined a bivariate gamma-type function involving a confluent
hypergeometric function of two variables and discussed some of its mathematical
properties. They also gave its probability density function and derived some of its
statistical properties. Saboor et al. [5] generalized their probability density function by
introducing one more parameter and obtained its generalized mement generating function
in terms of a generalized hypergeometric function using”inverse Mellin transform
technique and discussed its application. In this paper, contiguous function relations and
pure recurrence relationships of a bivariate gamma-type function defined by Saboor and
Ahmad [4] are derived. Explicit expression for reliability for probability density function
defined by Saboor et al. [5] is also discussed.

KEYWORDS

Hypergeometric function of two variables, Bivariate gamma-type function;
Contiguous functions; Recurrence relations; Reliability.

1. INTRODUCTION

Recently, Saboor and/Ahmad [4] introduced a bivariate gamma-type function
involving a confluent hypergeometric function of two variables [1]:

[ [yt exp [—p(x61 +y% )J‘Pz (a;b,c;ocxf’l,By52 )dxdy
00
= B(a,b,Clen B85, 0%y, D). (L.1)
where Re(A,) >0, Re(p) >0, Re(5,) >0, with

B(a,b,c,a,B,8,,8,;4,,2,, P)

~ I (X /8,)T(2,/8,)

5,8, p

where ¥, and F, are hypergeometric functions of two variables [1] defined as
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and
o (8)1m (), (1), ¥ (¥)"
R(ErTtepmxy)= > — AT (1.3)
2(& TGP ) Lo (g)j(p) jim!
:(1—x)7é A (g,r; p&j (1.4)
Moreover,
B(a,b,c,0,B,8,,8,;A,A,, p)
= ({ g x Lyt exp[—p(xSl +y% )JlF1 (a; c; py> )dxdy (1.5)
_D(%/8,)T (22/8,) o
and
B(a,b,c,,0,8,,8,;A,,%,, p)
:wkal’lykz’lexp —p(® +y°% ) |1F (a; b; ox® ) dxdy (1.7)
I [ ) [ (w1 )
_T(M/3,)T (25485) e
- 8,5, p(k1/51)+(7~z/52) 2Fl(a7 }\’1/61, b; Ot/p), (18)

where ;F is confluent hypergeometric function and ,F is Gauss hypergeometric
function [3] defined as

1Fl(§; T Z)= io:

and

£ Jg<1

VR
(& ups Z)—EO (p)k K

A confluent hypergeometric function lFl(ﬁ—],' T z) in which one parameter is
increased or decreased by unity is called contiguous to 1F1(§; T, z). There are four

functions contiguous to ; F; (§; t; z). A homogenous linear relation exists between ; F,
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and two of its contiguous functions. Here, the following contiguous function relations [6]
of , F, are given which will be used in next Section:

1R(& T 2)=tR(E-L 5 2)+2,R (& t+1 2), (1.9)
(1+e-1)1R(& v 2)=E R (E+L 5 2)—(t-1),R (& -1 2), (1.10)

Similarly, a function ,F (&-1 t;p; z)in which one parameter is increased or
decreased by unity is called contiguous to 2Fl(g, Tp; z). There are six functions

contiguous to , (&, T;p; z). Gauss proved that between , F; and two of its contiguous

functions, there exists a linear relation with coefficients at most linear in z. For Gauss
contiguous functions, a common notation shall be used illustrated by

F=2R(& up 2),

Foa=5R (&1 upi 2),

Foa=2R (& t+Lp; ).
The few relations by Gauss which will be used in next.section are:

1)F = &Fgu R,
§)2)F =£(1-2) By — (P &) Fe s,

£ p+1)|: =&F.,—(p-1)F,
E+1— p)F F,(l Z)Fngl (p—'c)FT_1
1-2)F =F.,%p " (p—1)2F, 1,
1-2)F SE y=pi(p-&)zF, 1,
T=&)(1-2)F5(p-8)Fey ~(p—7)Fe,
1-g+(p-t-1)2)F =(p—&)F. 4 —(p-1)(1-2)F,,4

(&~
(25~
(
(
(
(
(
(

2. CONTIGUOUS FUNCTIONS

We obtain contiguous functions relationships for the bivariate gamma-type function
defined in (1.2) and (1.6) using Gauss hypergeometric function ,F; given in Section 1 to
facilitate computation. For them we shall use a common notation illustrated by

B=B(a,b,c,a,B,8,,8,;1,,2,, ),

B,1 =B(a-1b,c,a.,B,8,,8,; A, Ay, P).
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Bys =B(a,b-1¢,a,B,5,,8,;A;,%,, P).
Bi1ca =B(a-Lb,c—La,B,8,8,:0,2,,p),
B=B(a,b,,0,B,8,,8,:%,1,, P).
B,1=B(a-1b,c,0,8,8,,8,;A,,%,, ).
By =B(a,b-1¢,0.8,8,,8,:4,2,, P).

B.ic1=B(a-1b,c-1,0,8,8,,8,;A,,%,, p).

The following relations are obtained by using (1.2), (1.4) and contiguous functions

of Gauss hypergeometric function given in Section 1. They are derived by replacing
Ebyathy A, /0, pbyc, Xxbya/pandy by B/p.

(a—C+1)B=aBa+1_(C_l)Bc—1 (2.1)

(2a—c+(x2 18, —a)%jB = a( —%} By, —(c=a)B, ;. 2.2)

(a=2,18,)B=aB,,; —(1,/8,)B, fsma

(a+1,/8,-c)B= a(l—%j B,1—(€—2,/8,)B; 5,1,

(152 1L Jo(0-)8, (672 152)8, 1

1——]8 B, {— (c—lesz)%lam,

1 p
1__JB Bkzlﬁz—l C (C_a)m BC+1'

[1_a+(c_x2/52_1)LJB:(c_a)Ba_l_(c_1)( ‘%}BH'

p-a a

The following relations are obtained by using (1.6) and contiguous functions of Gauss

hypergeometric function given in Section 1. They are derived by replacing & by a, T by

A, 18, and p by c,z by By®

(a—c+1)B=aB,,; —(c-1)B.,
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(2a—c+(k2 /8, —a)%}a: a[l—%JBM—(c—a)Bal,

(a=2,18;)B=2aBy—(22/8;)By, 15,4,
(a+n,/8,-c)B= a(l_%jBa{L —(c=2,18,)By, 15,1,

p p
(1—%}13 =By, 15,1 —c (C_a)%Bcw

(Ap 18, a)(l_%]B =(c~a)Bay —(C~2p/8,) Bl /5,14

(l—a+(c—k2 /8, —1)%]13 =(c-a)B,, —(c—l)(l—%chl.

2. RECURRENCE RELATIONS

Pure recurrence relationships are derived ‘for the bivariate gamma-type function
defined in (1.2) and (1.6), using contiguous function relations of bivariate gamma-type
function given in Section 2_and,for (1.5), and using contiguous function relations of
confluent hypergeometric function giveniin‘Section 1, to facilitate computation.

One can derive many recurrence relationships for the bivariate gamma-type function
defined in (1.2), using contiguous.function relations of the bivariate gamma-type function
discussed in Section.2.

Eliminating B, ,;»from (2.1) and (2.2), then replacing a by a—1, one obtains the
following pure recurrence relationship

(1—a— p?a(lwhzlé‘)z—c)JB:[p?a(c—l)ﬂ—cJBC_1+(c—a)Ba_l.

Similarly, one can derive following recurrence relationships for the bivariate gamma-
type function defined in (1.2).

(a—k2/62+(k2/82—a) P JB=(3—C)Ba_1—(7¥2/52_C)B(x2/52)—1'

p—o
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(a—c+1)]B=[1—c+ p?a(c 1)] +(%y/8,-¢)B (1,15,)-17

(A 18, ~1)B=(c=1)B, 45,5,y 1+ (22 /82 —€)Byy 5,4

(%‘@(7‘2 /8,-1)B :[ pﬁa _aj Ba1,(1,15,)1

B
—[0—7»2 18, —a+1+ 2(7»2 /18, —a)—p_a]B(leaz)l’

12,18, -
( 20027

( . b . —1](%2 18,-1)B=(c~0y /3, +1)B, s

p
-l c=2(r,/ 2—(a-2,/ 1 B ;
(c (Ap18;)+2—(a~ny /8, + )p—aj (1y18,)-1

(o138, —a)[ —%J B=(c-a)B,;+(1, /8, —c) B, /5,)4"

[xz /5, _za_l_(c_a_l)ijs ~(% 18, ¢) Bl s,y 1 + (1-C)——By ..

p—-a

p—a

Similarly, using same procedure discussed above, one can get following recurrence

relationships for the bivariate gamma-type function defined in (1.6).

(1-a-%(1+x2 /5, —C)JB:[%(C—1)+1—CJBCl+(C—a)Bal

(a Ay 18, + xz/az—a)';)a (a—¢)Bay—(A2 /8, —C) By ss,) -

p

Ky 18, =1)B=(C=1)B¢ 4 ,15,)-1 + (A2 /82 —C) By, 15,1

(——1] Ay 18, -1)B :(%_a]Bal,(LZISZ)l

—(C—Kz 18, —a+1+ 2(k2 /13, —a)%jB(leaz)—l’

[l /52—— a— c+1)j [1—c+E(c—1)ch1+(k2/62—c)B(x2,52)_1,
(
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(%—1}(%2 18,-1)B=(c~1, /3, +1)B(x2/52)72

_(C—Z(}\.Z /82)+ 2—(3—7\.2 /62 +1)%\]B(k2/82)—1’
(7»2 18, — a)[l—%jB :(C_a)Ba—l +(12 18, _C)B(kzlsz)—l’

(kz 18, —2a—1—(c—a—1)%jB =(A2 18, =C)By; 5,14 +(1—c)%BC1.

We also obtain recurrence relationships for the bivariate gamma-type function defined
in (1.5). Substituting the value of ;F from (1.9) in (1.5) and replacing & by a, t by

¢,z by By®, one obtains
B=[ [ x4ty Lexp [_ |°(X81 +y® )J 1R (a LBy )dXdy
00
+%II xityhetd, L exp[_lo(x81 +y% )J 1h (a; C+L By )dxdy

+Er(xl/81)r(1+x2/62)

=Ban C 55, p1+(x1/51)+(xz/82)

JF(@ 1, /8, +1 c+1; B/p).

Simplifying and then replacing %548, by (A, /8,)—1, ¢ by c—1 in second term of
right hand side of (2.1), onegets

(%, —8,)BB=(c-1)pd, (B(xz/es2 )Le-1 Ba—l,(kzléiz)—l)'

Similarly, substituting,the.value of ; F from (1.10) in (1.5) and replacing & by a, t
by ¢,z by By®, oneican have

(a-1)B=(a—c)B,4+(a—2)Byy ¢

Using the methods discussed above, one can also obtain recurrence relationships for
the bivariate gamma-type function defined in (1.7) and (1.8).

4. RELIABILITY

Bivariate gamma distributions arise as tractable ’lifetime’ models in many areas,
including telecommunications, reliability engineering, extreme value theory, failure
analysis, life testing, industrial engineering (manufacturing times and distribution
process), risk management (probability of ruin) and queuing systems. In the context of
reliability, the stress-strength model describes the life of a component which has a
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random strength Y and is subjected to a random stress X . The component fails at the
instant that the stress applied to it exceeds the strength and the component will function
satisfactorily whenever Y > X . Thus, R=Pr(X <Y) is a measure of the component

reliability. It has many applications especially in engineering concepts such as structures,
deterioration of rocket motors, static fatigue of ceramic components, fatigue failure of
aircraft structures, and the aging of concrete pressure vessels. e.g. If X represents the
maximum chamber pressure generated by ignition of a solid propellant and Y represents
the strength of the rocket chamber, then R is the probability of successful firing of the
engine. For further details reader is referred to Nadarajah [2].

Saboor et al. [3] defined following probability density function

f(xy)=Cxtyr™ exp[— P — p,y% ]‘{’2 (a;b,c;ocx61 By )dxdy Lo (X V),

(4.1
where,
4 T(A/8)T(Ry/8,)
1 1/01 2/92 . ‘R
C = 5,5, pf‘l/al pzxz/gz Fp (aihy/81, 22 /8, b,/ Py, BAP,) (4.2)
and ¥, and F, are defined in Section 1.
Reliability for a bivariate distribution can be calculated by following formula
R=[[f(xy)dydx. (4.3)
0 x
H X' tyte exp[—plx61 y pzysz]‘lf2 (a;b,c;axél,ﬁysz)dydx
0 x
s\ (a5, \™
0 00 w0 a). axt By 2
C | Xty hexp[ -px® —ppy™ | ¥ ()yn () ( ) dydx
0x j.m=0 (b)j (c),, i'm!
-C iol (a)j+m « B -[Xx1+61]—1 —plxbl-[ yk2+82m—le—p2yb2 dy dx. (4.4)
im-o(b)y(c),, jtmlg X
Since
T y%2+82m_1e— pzyBZ dy= Si pz—m—Kz/éSzr(m +7\’2 /62, P, st ) (45)
X 2

Substituting (4.5) in (4.4), we obtain,

0 a). (X,j B/p moo .
¢ ()”m (Bp:) [xxl’“sl“le‘plxélF(m+x2/62,pzxsz)dx.

R=
520, 110 (0),(0), 1Ml g

(4.6)
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For &, =8, =1, (4.6) becomes,

R= pl7L1 pZ}LZ i (a)j+m o (B/ pZ)m
T ()T (%) Fy (852, 20;0,6;0/ Py, B/ P2 ) jmeo (b)j (c),, i'm!

x [ X' e P (m 44y, py X) d.
0

_ P p, 5 (@) (B/ )"
T ()T (h) Fa (852, 205,50/ Py, B/ P2 ) fumeo (b)j (c),, i'm!

C(j+m+ii+2,)
X -
(i+1)

SR (F AL J+Mad + 2y, j+ 0 +L—py/ py). (4.7)
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ABSTRACT

Rayleigh distribution is one of the well-known continuous distribution developed by
Lord Rayleigh and J.W. Strutt (1880, 1919) used in modeling lifetime data. A reciprocal
transformation of Rayleigh variable generates inverse Rayleigh distribution derived by
Voda (1972) which is also being used in lifetime experiments. While keeping in mind the
famous of Rayleigh and inverse Rayleigh distribution, we hereby proposed the discrete
version of continuous inverse Rayleigh distribution by adopting,the simple approach and
presented as an appropriate lifetime model for discrete data. Non-monotonicity of the
hazard function of discrete Inverse Rayleigh distribution is studied, suitability of the
model in over dispersed data is highlighted with real lifetime data examples, basic
mathematical properties, order statistics and characterization issuesf the model are also
presented.

KEY WORDS

Inverse Rayleigh distribution; reliability parameters; negative moments; discretized
version; generating functions.

1. INTRODUCTION

Generally one associates the lifetime‘of the product with continuous non-negative
lifetime distributions however, in some situations lifetime can be best described through
non-negative integer valued random' variables e.g. life of a switch is measured by the
number of strokes, life of equipment is measured by the number of cycles it completes or
the number of times it"istoperated prior to failure, life of a weapon is measured by the
number of rounds fired until failure, number of years of a married couple successfully
completed. Although continuous lifetime distributions are playing their roles in reliability
analysis very well, yet in certain scenarios, when measured data is discrete and realized
from continuous set up, researchers are trying to search out a proper alternate. For this
purpose they developed discretized version of continuous lifetime distributions. This
development is generally based on discrete lifetime phenomena which are expressed
through grouping or finite precision measurement of continuous time phenomena. Such
discretized versions are too much functional in small set of discrete type data and have
applications in reliability theory in situation where clock time is not an appropriate scale
for measuring the reliability of the product. The discretization approaches have expanded
the scope of reliability modeling and provides methods for approximating integrals
coming out of the continuous phenomena. The reliability of the discrete or counted data
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is measured on the bases of success or failure and number of successes or failures are
modeled through binomial, negative binomial, geometric and Poisson distributions. Such
models yield imprecise results for small samples. However with the initiation of
discretization approach, the discrete success-failure data based on small and to some
extent large samples can efficiently be modeled through discretized version of continuous
lifetime distributions.

The discrete success-failure data is realized from continuous set up in two common
situations (i) a product is scrutinized only once a time period i.e. a day, an hour and a
month etc. and observation is made on the number of time period successfully completed
prior to failure of the product (ii) an equipment operates in cycles and researcher observes
the number of cycles successfully completed prior to failure of the device. If the observed
data values are very large e.g. thousands of revolutions, cycles, blows etc. then for
modeling such a data it is better to use a continuous counterpart. In order to get an
appropriate model for the success-failure data various discretizing approaches exist in the
literature which are (i) Moment equalization approach (ii) Discrete concentration
approach (iii) Failure rate approach (see Roy and Ghosh, 2009) (iv) Discrete differential
equation approach (see Sreehari, 2008) (v) Time discretization approach. Due to these
approaches discretized distributions are finding their way into‘survival analysis. In this
regard, an initial attempt was made by Nakagawa andiOsaki (1975)'who discretized the
Weibull distribution. Later on, a number of researchers like Stein and Dattero (1984),
Khan et al. (1989), Szablowski (2001), Bracquemond and Gaudoin (2003), Roy (2003,
2004), Kemp (1997, 2004, 2006), Inusah @nd. Kozubowski (2006), Kozubowski and
Inusah (2006), Krishna and Pundir (2007, 2009), Sreehari (2008), Roy and Ghosh (2009)
and Jazi et al. (2010), G6mez-Déniz.and Calderin-Ojeda (2011), Chakaraborty and
Chakravarty (2012), Hussain and Ahmad (2012) and Al-Huniti and Al-Dayian (2012) and
Nekoukhou et al. (2012) developed’ discretized version of continuous lifetime
distributions and applied themson discrete sets of data in various disciplines of life like
engineering, social sciences, medical “sciences, and forestry etc.. Classifications of
discrete distribution have been made by number of researchers like Khalique (1989) and
Kemp (2004). In orderto develop reliability theory in discrete discipline various attempts
have been initiated in multiple directions. We hereby made an attempt to develop suitable
discrete lifetime modeliinsterms of discrete inverse Rayleigh distribution which is defined
and discussed in section two along with failure rate function and related conditions,
mathematical properties; order statistics and the link between discrete inverse Rayleigh
and continuous distributions like Rayleigh and inverse Rayleigh and in section three the
parameter’s estimation and goodness of fit with real data examples are studied.

2. DISCRETE INVERSE RAYLEIGH DISTRIBUTION

As discretization of continuous lifetime distribution is an emerging issue of discrete
reliability theory, so various discretization approaches exist in the literature. However,
these approaches are used by various researchers under different circumstances. For
example while using the discrete concentration approach researchers considered the

discrete time space either as N ={0,1,2,3,...} or as N ={1,2,3,...} which was usually
based on the support of continuous random variable i.e. if support of continuous random
variable is [O,oo) or x>0 then the support for discretized random variable will be as
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N ={0,1,2,3,..} with survival function S(x)=P, (X >x) (see Nakagawa and Osaki

(1975), Roy (2003, 2004), Krishna and Pundir (2007, 2009), Gomez-Déniz and Calderin-
Ojeda (2011), Chakaraborty and Chakravarty (2012), Hussain and Ahmad (2012) and

Al-Huniti and Al-Dayian (2012)) and if support of continuous random variable is (0,oo)
or x>0, then discretized random variable will based on N :{1, 2,3,...} with survival

function S(x)=PR (X > x) (see Khan et al. (1989), Bracquemond and Gaudoin (2003)

and Jazi et al. (2010)). The simplest discretized model of continuous exponential
distribution is the geometric distribution which is obtained after preserving the survival
function of exponential distribution as

Sy=3 Pj=0", Py =S, —Sx,1=0" —q***,0<exp(-1)=q<1, x=0,1,2,3,...

j=x

Since there is one to one correspondence between survival function of geometric
distribution and exponential distribution, so a number of" researchers considered
the geometric distribution as discrete exponential distribution with lack of memory
property. Moreover, if the survival functions of discretized< distribution retain the
same functional forms as their continuous counterparts then many reliability measures
and class properties under series, parallel and coherent structures will remain unchanged
(see Roy, 2004). In view of the above characteristics we have adopted this approach
for discretizing the inverse Rayleigh distribution. The Inverse Rayleigh distribution

is a special case of inverse Weibull, distribution ie. if Y ~W(6,B) then

X(z Ylj~ IW(6,8) and for B=2 we have X ~IR(6) with survival function as

S(x)=PR (X zx)zl—exp(—e/xz), 0> 0, x>0.Although most of the continuous

distribution exhibit monotonic failure‘rate yet the inverse Rayleigh distribution is among
the rare distributions which\is being effectively used in the area of reliability studies
where failure rate exhibits non=-menotonic behavior. It is used in lifetime experiments
(see Voda, 1972);record values from Inverse Rayleigh distribution are being used for
prediction purposesyin real life problems like weather, economic and support data (see
Soliman et al., 2010) and used in acceptance sampling plans (see Rosaiah and Kantam
(2005) and Aslam and Jun, 2009) etc. The important feature of this distribution is that its

variance and higher order moments do not exist. However its r" moment, mean, mode
and failure rate function are expressed as

w,'=072r| 1- L | mean = 76 , mode = 9
2 32

h(x)= fx)_ 20x3 (exp(e/xz)—l)_l.

and
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It was first considered by Voda (1972), Mukherjee and Saran (1984) stated that a
single parameter inverse Rayleigh distribution possessed increasing failure rate (IFR) for

X <1.0694543\0 and decreasing failure rate (DFR) for x >1.0694543.0 .

2.1 Definition
A random variable Y is said to have discrete inverse Rayleigh distribution with
parameter 0 <q <1, denoted by dIR(q), if

P (Y =X)=py =S, ~ Sy =" Y —q¥, 0<exp(-0)=q<L x=0,1,2,3,...
1)
where S, is the preserved survival function of inverse Rayleigh distribution at integers
expressed as

Sy =P (Y2x)=X p; =1—ql/xz, 0<qg<1, x=0,1,2,3,...., where q® =0, S, =1,

j=x
Y :[X] denote the observed discrete random variable i.e<’Y is equal to the greatest

integer less than or equal to X . If Y is a random variable denoting the number of times
a product fail in any given week/month/year and g denotes the probability of failure of a

product in any given week/month/year than P(Y = 0) gives the probability of no failure
in any given week/month/year.

a) dIR, n=30, g=0.0071 b) dIR, n=30, q=0.3800 c) dIR, n=30, g=0.4000
2 g ] g
§ _I7 L 2 . il-.,

L T T T L L T T T T T T T T
5 15 25 0 5 15 25 o 5 15 25

o

x

Fig. (2.2.1): Discrete Inverse Rayleigh Distribution

Fig. (2.2.1) shows the probability plots for discrete Inverse Rayleigh distribution for
different values of the parameter ¢, which portrays that as g — 0 the mode of the



Chapter 1: Continuous Distribution 103

distribution shifted towards the right and as q increases the mode of the distribution
shifted towards the left and distribution shows a reverse J-shaped.

2.2 Hazard Function
Let Y be a discrete random variable with probability mass function p, = P(Y = x)
and reliability function S, =P, (Y > x) then the failure rate function of Y is defined as

the conditional probability that failure is observed at x given that the product has not
failed before x and expressed as

h= PSS 9103 @

S S

X X

The hazard function defined in equation (2) has some misconception i.e.

i) Itis bounded i.e. h, <1. this may add some confusion in industry that failure rate

and failure probability are sometimes mixed up (see Xiedet al., 2002).
ii) Suppose that if we have m discrete component connected independently in series

m m

then their failure rate is not additive i.e. h, =1—-J(1=h; )= Xh,. (see Xieetal,,
i1 i1

2002).

k
iii) The cumulative hazard function H, =2 h, = —I.nS,: (see Xie et al., 2002).
=1

Due to these problems an alternative-hazard function for the discrete random variable

: ' * S > M . :
is defined as h, =1 n[ - ] which isdased on'the fact that the hazard function defined

x+1
d(InS
p(x):_ ( n (X)) can be defined
S(x) dx
d(l

(I'ns(x))
dx

in the continuous case and expressed as h(x):

into discrete case by“feplacing h(x)byh,~ and — by -(I nS,,; —1 nS,) so

* S
h, =1 n(—xj,x:o,l,Z,B,... which is not bounded like h(x), and shows the same

X+1
monotonicity as shown by h, , H,” =—I nS, and additive in series system (see Xie et al.,

2002). Roy and Gupta (1999) named this failure rate function as second failure rate
function. Now by using the above definitions the failure rate and second failure rate
functions for discrete inverse Rayleigh distribution are defined as

-2 2 o\
hx:&:[q(”l) —q® j(l—q(x) ] . 0<q<lx=012,..
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a) dIR, n=30, q=0.005
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b) dIR, n=30, q=0.064
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Fig. (2.2.2): Failure Rate of Discrete Inverse Rayleigh Distribution
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Fig. (2.2.3): Second Failure rate of discrete inverse Rayleigh distribution

Mukherjee and Saran (1984) stated that a single parameter inverse Rayleigh
distribution possessed increasing failure rate (IFR) for x <1.06945430 and decreasing
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failure rate (DFR) for x>1.0694543(0 . The same is true with the discrete inverse
Rayleigh distribution which has discrete increasing failure rate (dIFR) when

X <1.0694543,/—~Inq and discrete decreasing failure rate when (dDFR)

x>1.0694543,—Inq at integers. However certain features of this non-monotonic
behavior of hazard function are also explored like

i) The hazard function of discrete Inverse Rayleigh distribution is an upside down
bath tub function of x with change points either at x=1 or at x=2 for
0<g<0.75. However as g — 0 the change point appears at x =2 see Fig. (2.2.2
and 2.2.3).

ii) The hazard function of discrete Inverse Rayleigh distribution is an upside down
bath tub function of x with constant failure rate at x=1 and x=2 for
0.0636 < g < 0.0673 see Fig. (2.2.2 and 2.2.3).

iii) The hazard function of discrete Inverse Rayleigh distribution is a decreasing
function of x for 0.71<g<1.00 see Fig. (2.2.2 and 2.2.3).

Theorem 2.1.1:
LetY = [X] be an integer valued random variable which follows the discrete Inverse

Rayleigh distribution with parameter ¢ i.e. Y ~dIR(q). Then'expectation for Y = ¢(x)
is expressed as

€ (0(x)) = 3 {o(x)-o(x-Djfi=a" o 0)
where P, (Y > x):l—q”2 and exp(=0)=q, 0<g<1 x=0123,...
Proof:

We have by definition, E(@(x))& ¥ o(x)P(Y =x)

Consider {(p(X)—(p(X—l)} B (Y =x)=9(X)P, (Y 2x)—o(x-1)P, (Y = X),

Taking summation over x from 1to oo, we get

i{q)(x)Pr (Y 2X)=o(x=1)P, (Y 2X)} = (1), (Y 21)-(0) P, (Y 21)

x=1
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o0

=y {(p(x)—cp(x—l)}(l—qx-2 )+(P(0)-

x=1

The series converges i.e. as x—o the tail probabilities approaches zero. This
completes the proof.

Corollary:
If (p(x):tX then resulting expression is probability generating function of discrete
inverse Rayleigh distribution.

Corollary:
If (p(X) =e™ then resulting expression is the moment generating function of discrete
inverse Rayleigh distribution.

Corollary:
If (p(x):xr then resulting expression is the "moment,about origin of discrete
inverse Rayleigh distribution.

Its mean and variance are

w'= f(l—qx’z)andVar(Y)=%+2§; x(l—qx’z)_

x=1 x=1

(1+2u1)?
4

>

Corollary:
If (p(x):(x+a)7l then resulting, expression is the first order negative moment of
discrete inverse Rayleigh distribution,

Corollary:
If (p(x)z(x+a)_S then resulting expression is the s™ order negative moment of
discrete inverse Rayleighidistribution.

Corollary:
1
o=ty
S

moment of discrete inverse Rayleigh distribution, where

then resulting expression is the s order negative factorial

(x+a), =(x+a)(x+a+1).(x+a+s-1),a>0,0<q<land exp(-0)=q.

In order to check the suitability of distribution for specific type of data we define
immediately the index of dispersion and showed mean and variance of the distribution in
Table-1.
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2.3 Index of Dispersion

Index of dispersion (ID) for any distribution is defined as the ratio between variance
to mean which indicate whether the distribution is suitable for over or under dispersed
data. If 1D >1(<1) the distribution is over-dispersed (under-dispersed) (see Chakraborty

and Chakravarty, 2012). Table-1 portrays the dispersion pattern of discrete Inverse
Rayleigh distribution in which upper values indicate mean and lower values indicate
variance of the distribution against particular value of the parameter q. It is observed that

discrete Inverse Rayleigh distribution is over dispersed for all values of the parameter (.

Moreover it can also be seen that as mean and variance decreases the value of the
parameter increases and vice versa.

Table 1
Mean (above) and Variance below of dIR(q)
q | 000 | 0.01 0.02 | 0.03 | 0.04 | 0.05 | 0.064 0.07 | 0.08 | 0.09
ool - 3.3053 | 3.0118 |2.8272|2.6891 | 2.5774|2.4827 | 2.3999 | 2.3259 | 2.2589
) 68.5072|105.7505/94.7891|87.0152|80.9897|76.067071.9061|68.3033|65.1258
2.1970{2.1396 | 2.0861 |2.0356 | 1.9877|1.9424 |1.8990| 1.8574| 1.8173 | 1.7788
62.2833/59.7178| 57.3719 |55.2120|53.2180|51.3622|49.6250|47:9912(46.4497|44.9966
1.7418|1.7057 | 1.6708 |1.6368 | 1.6038 | 1.5716 | 1.5401 | 1.5093 | 1.4791 | 1.4497
43.6153142.2999| 41.0486 |39.8529|38.7041|37.6082|36.5485/|35.5351|34.5546|33.6094
1.42092|1.3926 | 1.3649 |1.3376 | 1.3108:1.28431:2584 | 1.2328 | 1.2075 | 1.1826
32.6959(31.8118| 30.9572 |30.1281|29.3222|28.,5397|27.7801|27.0391|26.3203|25.6177
1.1579|1.1337| 1.1098 |1.08611:0627(1.0395 | 1.0167 | 0.9940 | 0.9716 | 0.9494
12.3691(12.0406| 11.7188 |11.4053|11.0983|10.7982|10.5048|10.2170| 9.9328 | 9.6569
0.9277 | 0.9059 | 0.8844 |0.86300.8419 | 0.8209 | 0.8001 | 0.7795 | 0.7590 | 0.7387
9.3871|9.1205 | 8.85857|8.6025|:8.3500 | 8.1025 | 7.8586 | 7.6203 | 7.3838 | 7.1526
0.7188 | 0.6988 | 0.6789 |0.6592 | 0.6396 | 0.6202 | 0.6008 | 0.5815 | 0.5624 | 0.5435
9.7928 | 9.4756 | 9.1634 |8.8557 | 8.5529 | 8.2542 | 7.9612 | 7.6715| 7.3839 | 7.1029
0.5246 | 0.5058 | 0.4871,0.4686 | 0.4502 | 0.4319 | 0.4137 | 0.3956 | 0.3775 | 0.3595
6.8243 | 6.5500 | 6.2799 |6.0126 | 5.7499 | 5.4887 | 5.2327 | 4.9792 | 4.7285 | 4.4819
0.3416 | 0.3238 | 0.3061 |10.2884 | 0.2709 | 0.2534 | 0.2360 | 0.2187 | 0.2014 | 0.1842
3.1187|2.94021:2.7631 | 2.5888 | 2.4168 | 2.2467 | 2.0784 | 1.9127 | 1.7491 | 1.5875
0.1670 | 0.1499 | 0.2331 |0.1162 | 0.0993 | 0.0826 | 0.0659 | 0.0493 | 0.0328 | 0.0163
1.2030|1.0697 | 0.9383 |0.80874|0.6818 | 0.5575| 0.4357 | 0.3173 | 0.2028 | 0.0942

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Theorem 2.1.2:
Let Y; <Y, <Y;<..<Y; <..<Y, denote an order sample of size n drawn identically
independently from the discrete inverse Rayleigh distribution whose distribution function
x-1 2
can also be writtenas F; = > p; = q(x'l) , Sy =1-F,;, 0<qg<1 then the probability
j=0

function of i order statistics is
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P (Y =%) =K {Q‘X'Z R+ -q zFl(—n+i,i;i+1;q(X'1)'2 j}
@)

the recurrence relation between i order statistics’s probabilities are

0 Ko} | oo o

4
and
(98 (X =)= 5= [ esea R} 0
where
_1 n _ 1 n PN (al)n(az)n 2N
K; _T(i j,Ki+1—m[i+ljand 2R (0, 03B 2) = ngoWﬁ'
Proof:

By definition the probability function of i order statistics is

R (Y =) =R (Y <x) =R (¥ <x:2).

P, (Y(i) < x) =P, (at least i of Y.s.are <x),

P (X <x) = ,Zmp (28 (1R (X <x)),

(since Xy, Xy, X, are ifd)

where
> " (F)j(l-F)n'jz?;ui'l(l—u)"'i du=1\(i,n-i+1)
i=il] X X 0 B(i,n-i+1) (RA™ '
|(r,) (i.n-i+1) is the incomplete beta function.
Therefore

F F
f 1 i-1 n-i x1 1 i-1 n-i
P L=X]= [ —— L _ _ 3
,(X(,) X) cI)B(i,n—i+1) (1-u)" du g B(i,n-i+1) (L-u)™du,

P (x(i) - x) _ |(q(x_1),z’qx,2j (i,n-i+1), (where Fo=q° )

I ndfn-i _1j i+j)(x)? i+j)(x-1)?
(X =x) = ( _'J(_ ) (qem” g’ ©
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since

h—i(n—i](.—l).j (qx_z)m)zﬁzﬁ(_nn,i;nqua),

and

neifnoi (— j 28\(i+]) i(xfl)‘z )
Z‘(n ']( 1) (q(x_l) j _9 : 2Fl(—n+i,i;i+]_;q(x—1) j

ol J)(i+1)
on substituting the values of above expression in (6) we get (3). From equation (3) we
have the probability function of i™and (i +1)th order statistics as

P, (Y(i) = x) =K, {qix'z ZFl(—n+i,i;i+1;qX'2 )—qi(x'l)- F (—n+i,i;i+1;q(x'l)- j}

Pr (X =) = K™ 0 2F1(_n+i+Li+1;i+2;qX_z)

KON g0 R (—n FitLisLis 2ot ) @

P (X(m) = X) = Ki+l(A2 - Bz),
where
g p 2 2
AZ:qXZzFl(—n+i+Li+l;i+2;qX2),Bzzq(x'l) 2F1(—n+i+1,i+l;i+2;q(x'1) )
Using the Gauss’ recurrence, relation for A and B, (see Gradshteyn and Ryzhik,
1965).
c, R (abiciz)ec,R(a,b+1e;z)+az,F (a+Lb+1Lc+1z) =0,

(<D)* then

Let a=—n+i, b=ije=i+landz=q
(i+1)ZFl(—n+i,i;i+1;q(“)'2)—(i+1)zFl(—n+i,i+J,-i+1;q(x'1)'2)
+(-n+i)g*Y’ ZFl(—n+i+1,i+L'i +2;q(x‘1)'2j:0,

for A g 2Fl(—n+i+1,i+1;i+2;qxfz)

= (::ll) ZFl(—n+i,i;i+1;q"’2 )—%(quz )nfi ,
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for B, q(x'l)- ,F [—n +i+Li+Li+2 q(x'l)- j

_ (I +l) 2Fl(—n+i,i;i+lq(x_l)_2)— (|+]-) (1_q(x-1)-2j - ,

n—I

On substituting above expression for A, and B, into equation (7) we get

g, Fl(—n i+ LY )}

i1 Ny 2 x2

aﬂ(x(iﬂ):x):ﬁ{;[ i]{q A tee]
—qi(x'l)-2 ,F (—n +i,15i +],'q("'1)-2 )}
g0 .k (—n+i, i 1.q0" J}

and then simplifying it we get (4).

The general recurrence relation is
(i+1)P (x(m) - x) P, (x(i) - x)—(

This completes the proof.

n

_ j{F (Se)™ ~Fua (8"}

Theorem 2.1.3:
Let X be non-negative continuous Inverse Rayleigh random variable and Z = [X]

be an integer valued random variable. Then Z ~dIR(q) if X ~ IR(8).

Proof:

Let X ~IR(6) with Sy (x)=P (X 2x)=1—e'9/xz, 0>0, x>0, then we observe
that vx=0,1,2,3,....

S;(x) =R (Z >
]
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-2

S, (X) =R (X = x),S, (x)=1- exp[ jsz() g,
since [X]2Z < X2>Z
where 0<q<1 and q=exp(-0).
This completes the proof.

Theorem 2.1.4:

Let X be non-negative continuous Rayleigh random variable and W :[%} be an

integer valued random variable. Then W ~dIR(q) if X ~R(6).

Proof:
Let X ~R(6) with Fy (x)=P (X <x) —1-e™, >0,x> 0y then we observe that
vx=0123,...

/—_\\
\_/
\./
|_\

(‘D
x
©
f_—\

><
CD
¥__/
U)

N
—_
~

|
o
B
Y

since [X]2Z < X >
where 0<q<1 and g=exp(-0).
This completes the proof.

3. PARAMETERS’ ESTIMATION, GOODNESS OF FIT
TESTS AND APPLICATIONS
In order to estimate the parameter g of discrete Inverse Rayleigh distribution we

have studied three methods like proportions, pseudo-moments (see Khan et al. 1989) and
maximum likelihood. Simulation results of these methods are based on 100 replication
and presented in Table 2.

3.1 Method of Moments
While using the method of moments for estimating the parameter ¢, we have

to first equate the population moment to the corresponding sample moment than
solve the equation for . Since moments are not in closed form so this equation

cannot be solved by ordinary techniques. However Jazi et al. (2010) used the
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method of pseudo-moments, as proposed by Khan et al. (1989), by minimizing

S(q,B):(Ml—E(X))2+(M2-E(x2))2, with respect to q and B where M1:%ixi
i=1

n
and M, :Eszi . We have also used this method to estimate g by minimizing

Ni=1

S(q)=(M1-E(X))2 with respect to q. Unlike Jazi et al. (2010), though this method

yields smaller variance yet the deviation from the true value is larger as compared to the
other estimators for larger q and n.

3.2 Method of Proportions

The method of proportions, proposed and studied by Khan et al. (1989) and Jazi et al.
(2010), are based on the proportions of 1’s and 2’s. Now we proposed the similar method
for discrete inverse Rayleigh distribution but based on proportions of 0’s which is
outlined below.

Let X,X,,....,X, be a random sample of n items from discrete inverse Rayleigh
distribution, then the indicator function is defined as

IO

X; > 0.

n
As Z=>1 (Xi) denotes the number of 0’s\in‘the sample so the proportions of zeros
i=1
i.e. z estimates the probability pgg =@ Hence, we have denoted g as an estimate of
n !

.z . .
g and z as observed value of Zg¢therefore g=—. It is known that an empirical
n

cumulative distribution function (cdf) is consistent and an unbiased estimator of the

actual cdf the same_is true,for q which is an unbiased and consistent estimator of
P(Y <0)=q (see Jazi et al. 2010).

3.3 Maximum Likelihood:
Let X;, X,,..., X,, be the recorded lifetimes of a random sample of n items. If these

recorded lifetimes identically independently follow the dIR i.e. X;* ~dIR(q) then the
likelihood function for dIR can be expressed as

- -2
q(xi+1) -1 B q(xi) -1
n n % +1)2 «y2 | olnL no(x+1 2 X; 2
L(q):HpXi :H{q( i l) _q(l) }7 (q)zz ( )_ ( _Z =0.
i=1 i=1 aq i=1 q(xi +1) _q(xi

A numerical solution of the above equation will yield the MLEs of Q.
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As MLEs are generally unbiased and consistent estimators so the asymptotic
distribution of MLE of q i.e. § is normal with mean q and variance of § is

Var(d):(l ((j))_l ie. G ~ N[q, LJ where 1(q) is the Fisher Information and is

1(q)

defined as I(q):E(—L' (q)) an estimate of I(q) is 1(g) by virtue of invariance

property of MLE and is expressed as | (q) =-L (q)‘ ~ so we have variance of § in
g=q

this form Var(q) = (I (c]))fl.

Table 2
Estimation by Method of Proportions, Moments and Maximum Likelihood

ol Var (4) a Var(q) g Var (§)
(PM) (PM) (MM) | (mm)| (ML) (ML)
n=60 | 0.0858 | 0.0055 | 0.1243 | 0.0110 0.0945 | 0.0010

=010 | n=40| 0.0907 | 0.0023 | 0.1375_| 0.0249 | 0.0873 | 0.0014
n=20| 0.0926 | 0.0045 | 0.1570,[ 0.0979 | 0.1019 | 0.0034
n=60| 0.2748 | 0.0034 |.0.3167 | 0.0061 | 0.2781 | 0.0030
q=030 | n=40| 0.2953 | 0.0053 | 0.32637»,0.0129 | 0.2940 | 0.0046
n=20| 0.2886 | 0.0105 | 0.3617 | 0.0516 | 0.2936 | 0.0101
n=60 | 0.5881 | 0.0040 | 0.5993 | 0.0024 | 0.5871 | 0.0039
q=0.60 | n=40 | 0.6021 | 0.0059.4 0.6504 | 0.0052 | 0.6040 | 0.0057
n=20|,0.6014 | 0.0120 | 0.6335 | 0.0215 | 0.5944 | 0.0112

Table 2 is basedron, 100 replication, from this table, it is evident that the estimators
obtained by the method of moments are asymptotically unbiased and consistent for larger
g and n. It is also observed that method of proportion is much better than the method of

moments in terms of smaller variances for all n and q<0.40 and smaller deviation
about the true value of g for all n and g. Finally, the maximum likelihood method is
the most efficient procedure for almost all g and n.

Now in the next section we deals with the goodness of fit tests which uses the above
developed MLE to test the suitability of discrete Inverse Rayleigh Distribution in over
dispersed data structure.

3.3 Goodness of Fit Tests

Generally the goodness of fit (GOF) tests compute the compatibility of a random
sample with a theoretical probability distribution function. In short, these tests measure
the suitability of your data to the distribution you have selected. The general procedure
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consists of defining a test statistic which is some function of the data measuring the
distance between the hypothesis and the data. Here, we are using Kolmogorov-Smirnov
and Chi-Squared goodness of fit tests for testing the suitability of various data sets.

3.3.1 Kolmogorov-Smirnov Test

This test may be used to decide if a sample comes from a hypothesized
continuous/discrete distribution (see Gibbons, 1971, p.85). In it an empirical cumulative
distribution function (ECDF) is computed. Suppose that we have a random sample

X1,... X, from some continuous/discrete distribution with CDF F(x). The empirical
CDF is denoted by

F

n

(x)= Number of observations < x
n
Definition
The Kolmogorov-Smirnov test statistic (D) is based on thedargest vertical difference
between F(x) and F,(x). Itis defined as

D, =sup|F, (x)~F ()
X
H,: The data follow the specified distribution.
H, : The data do not follow the specifigd,distribution.

The hypothesis regarding the distributional form is rejected at the chosen significance
level (oc) if the test statistic, D , is greater than the critical value obtained from a table.

3.3.2 Chi-Squared Test

This test is used to determine whether a sample comes from a population with a
specific distribution or not. It is applied to grouped data that is why its test statistic
depends on how the data.is grouped.

Since there is'hosoptimal.choice for the number of classes (k) , S0 there are several
formulas which are used to calculate the number of classes which are based on the
sample size (N ). For this purpose the Sturges’ empirical formula is frequently used i.e.
k=1+3.3logN .

Generally the data can be grouped into intervals of equal probability or equal width.

Each class should contain at least 5 or more data points, so, in order to satisfy this
condition certain adjacent classes sometimes need to be joined together.

Definition

2
i(oi—ei)
i=1 &
the observed and expected frequencies for class i respectively. For testing the

The Chi-Squared test statistic is defined as y? = , where o; and ¢; are
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compatibility of the data with theoretical probability function we formulate the following
null and alternative hypothesis

H,: The data follow the specified distribution.
H, : The data do not follow the specified distribution.

The hypothesis regarding the distributional form is rejected at the chosen significance
level (a) if the test statistic is greater than the critical value defined as Xz(l—a,k—m—l)'

Where k —1—m denotes the degree of freedom with m the number of parameters to be
estimated. Usually a smaller computed value of chi-square indicates a good fit whereas
larger value showed a poor fit.

3.4 Applications
Here, we are now presenting some applications and comparisons of the proposed
model with the Poisson under real life scenario.

Example 1

The following data set give the number of times that computer break down in each of
the 128 consecutive week of operation (see Chakaraborty and Chakravarty (2012)). The
empirical failure function is presented in Fig. 3.4.1.

{4,0,0,0,3,20,0,6,7,6,2,1,11,6,1,2,1,4,2,0,2,2,1,0, 12, 8,4, 5,
0,5410,825,2,1,12,8,9,10,17,2;3,4,8,1,2,5,2,2,2,3,1, 2,0,
2,1,6,3,3,6,11,10,4,3,0,2,4,2,1,5,8,3,2,5,3,4,1,3,6,4,4,5, 2,
10,4,1,5,6,9,7,3,1,3,0,2/2/1,4,2,13,0,2,1,1,0, 3,16, 22,5, 1, 2

4,7,8,6,11,3,0,4,7,8, 444, 5}

By using MLE’s, we havefitted the failure functions of discrete inverse Rayleigh and
Poisson distributions. Kolmogrov-Smirnov (KS) test for goodness of fit (see Gibbons,
1971, p.85) and AIC are computed to,compare their performance. Findings are computed
in R computational package.

Table 3
Data on the number of times that computer break down
in each of the 128 consecutive week of operation

Model K.S AlC p-value
Discrete Inverse Rayleigh (0.02432) | 0.1765 715.718 0.9631
Poisson(2.99993) 0.4706 | 810.8884 | 0.04495

From the above table 3, it is evident that discrete inverse Rayleigh distribution
provides marginally better fit as compare to Poisson distribution not only in larger
p-value but also in least loss of information i.e. smaller AIC.
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Fig. 3.4.1: Empirical Failure Function

Example 2: Modeling Probability distribution of Count data

We have also investigated that whether the proposed .discrete inverse Rayleigh
distribution can compete with the Poisson distribution in modeling real life count data,
other than reliability. In this example we fitted theproposed and the Poisson distributions
to an over-dispersed data set. The following data‘set is'the distribution of yeast cells in
400 squares of haemacytometer observed by “Student” (1907) (see Roy and Gupta 1999).

Table 4
Distribution of yeast cells in 400 squares of haemacytometer observed
by “Student” (1907) Data is taken from Roy and Gupta(1999)

No. of Cells 0 1 2 3 | 4 | >5|Total | Chi-square | p-value

Frequency 4»213 | 128 | 37 | 18 | 3 | 1 | 400 | calculated | right tail

Expected
frequencies |213:4,/128.5|31.2|11.6 [55|9.9| 400 2.01 0.3660
dIR(0.5335)
Expected
frequencies |202.1|138.047.1|10.7|1.8|0.3| 400 10.09 0.0066
P0i.(0.6825)

The above is an over dispersed data with mean = 0.6825, variance = 0.8137 and index
of dispersion = 1.1922. Based on the value of chi-square and p-value it follows that
dIR(q) provide a good fit to the data set. It is also worth mentioning that while using the
same data set, our proposed model gives the closest fit among all the alternative models
studied by Roy and Gupta (1999).
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CONCLUDING REMARKS

In this paper, a discrete Inverse Rayleigh distribution is developed by using the
discrete concentration approach, which can be used in over dispersed data structure as an
alternate to single parameter Poisson distribution. Moreover, this newly proposed model
can be applied to model not only the count data but also seems suitable for modeling
number of claims in Actuarial science and in discrete life testing data where the hazard
function shows non-monotonic behavior.
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ABSTRACT

In this paper we consider the lower record values from a two-sided power distribution
(TSP). Some distributional properties of the record values from the two-sided power
distribution are given. The entropy, cumulative distribution function, survival function
and hazard function have been derived of lower record values from two-sided power
distribution. The possible shapes of pdf, cdf, entropy, survival and hazard functions of
TSP from lower record value have also been discussed through graphs.

KEYWORDS AND PHRASES

Cumulative distribution function; moments; entropy;. TSP; probability density
function; survival function; hazard function.

1. INTRODUCTION

Record values are used in many reallife, applications such as sports, weather,
economics, students grade sheets, purchase. order;mmemos and any other type of
documents. Let X, X,,--- be a sequence of independently and identically distributed

random variables with cumulative distribution: function F(x), probability density
function f(x). Let Y,=max(min){Xy;X,,¢, X,,},n=12,---. We say X; is an upper
(lower) record value of this sequencefifY; > (<)Y;4, j=2. X;is an upper record value
as well as a lower record value.

Chandler (1952).developed the general theory of record values. Ahsanullah (1986)
discussed the distributional properties of the record values from a rectangular distribution.
Ahsanullah and Houchens (1989) discussed the distributional properties and estimators of
record values from Pareto'distribution. Ahsanullah and Bhoj (1996) discussed properties of
record values from Extreme value distribution and a test statistic based on record values is
proposed. Arslan and Ahsanullah (2005) considered two characterizations of the Uniform
distribution using record values. Sultan, Dayian and Mohammad (2008) introduced the
record values from the gamma distribution and derived the BLUEs for the location and
scale parameters of the gamma distribution. Ahsanullah (2009) gave some basic properties
of record values of univariate distributions and concomitants of record values. Khan and
Zia (2009) gave some recurrence relations satisfied by single and product moments of
upper record values from Gompertz distribution. Ahsanullah (2010) gave several properties
of upper record values from exponential distribution and some characterizations are

“Published in Pak. J. Statist. (2014) Vol. 30(2).
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120 Chapter 1: Continuous Distribution

discussed. Shakil and Ahsanullah (2011) investigated the distribution of record values of
ratio of two independently distributed Rayleigh random variable. Moments, hazard function
and entropy has been derived.

Triangular distribution has been investigated by D. Johnson (1997) as a proxy for the
beta distribution, especially in problems of assessment of risk and uncertainty, such as the
project evaluation and review technique. The parameters of a triangular distribution have a
one-to-one correspondence with an optimistic estimate ‘a’ , most likely estimate ‘m’ and
pessimistic estimate ‘b’ of a quantity under consideration, providing to the triangular
distribution its intuitive appeal. Similarly to the beta distribution, the triangular distribution
can be positively or negatively skewed (or symmetrical) but must remain unimodal. In this
paper we consider the three-parameter triangular distribution, to be called the two-sided
power (TSP) distribution, as a meaningful alternative to the beta distribution.

Nadarajah (2005) introduced a reformulated two-sided power distribution with the
same number of parameters and compare it with the one suggested by Drop and Kotz
(2002). They discussed the estimation of two-sided power distribution by the method of
moments and method of maximum likelihood. The two-sided power distribution contains
as special cases the triangular distribution, the standard.power distribution and the
uniform distribution. Drop and Kotz derived various properties of two-sided power
distribution and discussed its flexibility as compared with_beta family. The probability
density function of two-sided power distribution is

0 ,X<a
M as<x<m
Fo = (m-a)(b-a) ' N @1)
M m<X<b
(b—m)(b-a) ’ B
0 b <x

a:ae(—oo,oo)
b:a<b
m:a<m<b

where ‘m’ is most likely or mode value, ‘a’ is lower limit and ‘b’ is upper limit. If the
distribution is symmetrical then ‘m’ is also the mean and median of the distribution. Its
cumulative distribution function

(x-a)’
(b-a)(m-a)
(o)

(b—a)(b—-m)

F(x) = (1.2)

1—
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In section 2, we derive lower record values from two-sided power distribution (TSP)
and its cdf. In section 3, some distributional properties (moments, survival function,
hazard function, entropy) of the TSP distribution have been presented. In section 4, we
discuss on numeric values of means, variances covariance and coefficients of skewness
and kurtosis of the TSP.

2. TWO-SIDED POWER RECORD VALUES

Let X, ) Xy(2) Xy be the lower record values from a sequence of {X;}

identically independently distributed from two-sided power distribution. Then the
probability density function of lower record value XL(n) is given by

fn(x):%f(x) ,—0< X< o0 (2.1)
where H(x)=—-InF(x) J0<F(x)<1

Now the pdf of lower record value XL(n) from two-sided power distribution

h(x):%:29x3(exp(%2)—ljl, N =12,3p (2.3)

Note if n=1 then the distribution of record value is the distribution of the parent
TSP. By using (2.2) the cdf F, of.the nthirecord value from the two-sided power
distribution is given by

R (x)= (2.3)

where F(a,x):jta‘le“dt is the wupper incomplete gamma function and
X

X
v(a,x)=[t*"e™'dt is the lower incomplete gamma function.
0

X' =—In((x-a)’ {(m-a)(b-a)) and y'=~In(1-(b-x)* {(b~a)(b-m))

The possible shapes of the graphs of pdf (2.2) and cdf (2.3) of the nth lower record
value XL(n) of the two-sided power distribution when n=2,3,4,5 are provided
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4 e f1(X),N=2 12 1
e fn(x),n=3 11
3 fn(x),n=4 0.8 1 e F)(x),n=2
2 e f1(X),N=5 0.6 e F3(x),n=3
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02 e F5(x),n=5
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Fig. 2.1: pdf plot for Fig. 2.2: cdf plot for
a=0b=1m=1,n=234,5 a=0b=1m=14,n=2345

3. DISTRIBUTIONAL PROPERTIES OF TWO-SIDED
POWER RECORD VALUE DISTRIBUTION

In this section we will derive the moments, mode, survival function, hazard function
and entropy of the lower record value from the two-sided power distribution (TSP).

3.1 Moments
The first four single moments of the two-sided power lower record value distribution
with pdf (2.1) are given by,

i = E(x)=| aT"(n,0) by (n,v)+(fi=a)(b-a)(2/3)" T (n.30/2)

(et e v frio "
a2 (n,0)4b% (n,y)+ (mM—a)(b—a)2"T(n,26) ]

+2a,[(m-a)(b=a)(2/3)" I (n,30/2)

Hy = m (b—m)(b —a)[y(n,w)—T”“{(n, Z\V)}

=2b (b—m)(b—a)f(—l)kﬁ/zjmk)”y(n,(1+k)\,,) (3.2)

k=0

M8

k=0

a’r(n,0)+b% (n,y)+3a(m-a)(b-a)2"r(n,20)

+3b(b m)(b-a)[ v(nv)-2"v(n.2v)]
“é:%n) 12" [[m—a)(b—a) [3-"a’T"(n,30/2) + (m—a)(b-a)5"I'(n,50/2)]
- ( m)(b-a)

(-0 @+k) " y(n.(@+ k)\v)|:3b2 [1k/2j+(b_m)(b_a)(i/2ﬂ

M8

k

0

(3.3)
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7a4r(n,e)+b4y(n,\y)+ 2", }(m—a)(b—a) [3‘”a2r(n,3e/2)+5‘” (m—a)(b—a)r(n,SG/Z)}
+(m-a)(b-a)[ 6a°2"T(n,20)+(m-a)(b-a)3"T'(n,36)] +6b” (b-m)(b-a)

My “r(n) [1(nw)-2"4(n2y) [+ ((b-m)(b-))"[v(nw)+3"v(n.3v) -2y (n,2y) |

0

R RO 1 (M ]|

k=0 i
(3.4)

where 0=—In((m-a)/(b—a)) and y =—In(1-(b—m)/(b-a))

By taking a=0,b=1,m=1 in equations (3.2), (3.3) and (3.4) we get the coefficients
of skewness and kurtosis are as follows

2 3
(1 3 2% 2"
Blzzn{sn—Gn'f‘?Pn 2 n—ST (35)
2
B 22(n+1) 921+l odn ~ on
B, =3 ”[1- ot gt |/ |2 (3.6)

Now the joint pdf of XL(r) and XL(S)

K
H,=>h #-InS,. r<s
x=1

3.7)
Variances and covariance of (2:2) and (3.7) are
E(XL(r)’XL(s)): [ A7, s (Xay) dxdy (3.8)

For a=0,b=1m=1r=s=12,34,5...r<s

Table 1
Means of the lower record value from two-sided power distribution
n 1 2 3 4 5

Hn | 2/3 | 4/9 | 8/27 | 16/81 | 32/243

Table 2 VVariances and covariance of the lower record values
from two-sided power distribution

m 1 2 3 4 5
n
0.056
0037 | 0.053

0.025 0.035 0.037
0.016 0.023 0.024 0.023
0.011 0.015 0.016 0.015 0.014

g lw|IN|F-
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3.2 Survival Function and Hazard Function
The survival function and hazard function of the nth lower record value for the pdf
(2.2) and cdf (2.3) are respectively, given by

Sa(x)= (C()-T(nx))/r(n)  a<x<m
" r(n,y’)/T(n) m<x<b
and

[—In((x—a)z/(m—a)(b—a))}n1(2(x—a)/(m—a)(b—a))/(F(n)—F(n,x’)), a<x<m
[_m(l_(b_x)2 /(b—m)(b—a))}nil(z(b—x)/(b—m)(b—a)) /F(n,y’) m<x<b

where T'(a,x), is the upper incomplete gamma function and y(a, x), is the lower incomplete

gamma function. The possible shapes of the survival function and hazard function are
shown by graph for n=2,3,4,5. From Fig. 3.1 we see the survival function is decreasing
and positively skewed with longer right tail. From Fig. 3.2 wve see.that hazard function is
increasing and then decreasing function and negatively skewed with longer left tail.

h, (%)=

1.2 e 57 (X),n=2 60 - @i )2 (X ), N=2
) e $3(x),n=3 50 e h3(x),n=3
S4(x),n=4 0 - o ha(x),n=4
0.8 e 55(x),n=5 —=h5(),n=5
0.6 30
0.4 201
0.2 10 -
0 0 - T T r J
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Fig. 3.1: Survival function plot for Fig. 3.2: Hazard function plot for
a=0b=1m=1n=12345 a=0b=1m=1,n=12345

3.3 Entropy

The entropy is defined:as, a measure of uncertainty or randomness of a random
phenomenon. Shannon (1948) introduced the mathematical foundation of entropy
(information theory). “The entropy formula contains the expected information or
uncertainty of probability distribution. If X be a random variable from a continuous
probability density function, then

H(x)=—if(x)lnf(x)dx

and the entropy of the lower record values X, is given by,
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Now the entropy of the two-sided power lower record value distribution is as follows
H,(x)=2InTn—I(X)-¥(X)
where
(n-1) 0" ,F,(nmn+Ln+L-6)nin (9){F(n +1)—nF(n,9)}

n’C(n)| +n In(\y){l"(n +l)—nl“(n,\y)}—\y” 2Fa(nnn+ln+1—y)

_In(z/,/(m—a)(b—a))l"(n,6)—F(n+1,e)/2
\P(x):ﬁ +In(2/b-m)(b-a))y(nv)

—é%(u k)" v (n(L+K)v)/2

I(X)=

Here we will present graph for entropy for n=1,2,3,4,..410. From Fig. 3.3 we see
that as n increasing the values of entropy are decreasing.

Hn(x)

11

e H N (X)

-10 -

_15 J
Fig. 3.3: Entropy Graphfor a=0,b=1,m=1,n=12,3,4,...,10.

4., CONCLUDING REMARKS

In this paper, we have discussed the distribution of lower record values when the
parent distribution is the two-sided power distribution. The associated cdf, pdf, moments,
survival function, hazard function, entropy etc. have been derived along with graphs to
describe the shapes of respective function. The joint distribution of lower record values is
derived and numeric values of means, variances, and covariance are also derived for
different values of ‘n’. The associated graphs of pdf shows that with the distribution of
two-sided power record values is positively skewed with longer right tail, and plot shows
the survival function is decreasing with ‘n’ increasing and plot of hazard function shows
increase while decreasing function and negatively skewed with long left tail. We hope
this paper will contribute a useful participation for the enhancement of research in the
theory of record values.
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ABSTRACT

The intensity of the random arrivals of failure is a reflection of the imstantaneours
rate of deterioration of a system. In this paper non-homogeneous Poisson process is used.
in conjunction with log-linear process intensity, to model the failures of a mechanical or
aging hype system as function of time. The reliability and failure growth characteristics
of such a system are discussed by using appropriate estimation of the process parameters.
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1. REPAIRABLE SYSTEM

By a repairable system we mean such a system Which can experience several failures
during its entire useful life, and after every failufe event, some sort of repair action can

restore all required functions of the system..Cumulative number of failures, N (t) as a

function of t, for such a system is illustrated in Figure I. Figure | represents the cumulate
number of repairable failures occurred amoeng the many solder connections in a circuit
board subjected to accelerated life testing.

In several cases such.as leak arrivals in pipelines (Figure 2), or level of road damage
observed on a large highway as function of time (road age), etc., the growth of
cumulative number of failuressmay have a well-defined underlying trend.

To deal with such a failure pattern in a probabilistic frame work, one can envision a
population distribution ‘of the cumulative number of failures (repairs) at age t, since
different systems of the same type (i.e., a set of similar pipelines, turbines, heat pumps,
fans, etc.) will accumulate different number of failures (repairs) by age t. Some
accumulate no repair, some one repair, some two repairs, etc. Figure 3 shows the discrete
distribution of the cumulative number of repairs (or failures) per system age, t. The

distribution mean N (F) , is called the “Mean Cumulative Number of Failure Function of

the population. Alternatively, it may he referred as, Mean Cumulative Number of Repairs
(or Failures) or Recurrence Function”, MCRF.

“Published in Pak. J. Statist., (2001), Vol. 17(2)
127
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2. INTENSITY F FAILURE EVENTS

The intensity of failure events A(t) is defined as the derivative
dN (t N (t+At)—N
Cai)_ Ay

A(t) ”

and is often called as “Intensity Function” of the failure process. Other names of the
function A(t) in statistical literature are “Instantaneous Repair Rate Function” or

“Recurrence Rate Function”. In this paper, we will refer A(t) simply as Intensity

2.1
At=>0 At ( )

Function. Figures 2 and 3 show that A(t) quantifies the average number of failures per
unit time per system, for example failures per month per heat pump, etc. A(t) should not
be confused with “hazard function h(t) which is a reliability index of a ‘non repairable

system’, (Usually a component)”. The hazard function h(t) = f(t)/{l—F(t)} has an

entirely different definition, meaning and use. In statisticalditerature many authors have
failed to make this distinction and thus created a lot of confusion and have obtained
erroneous conclusions [1,4]. This confusion is the greatest for the renewal theory and the
appropriate function characterizing the rate of expected humber ofirenewals is known as

Renewal Rate Function. (o(t) which is given by
o(t)=f(t)+[5 o(l-1)df (t)dt (2.2)

and in general o(t)=A(t). Ascherand Feingold [1984] have carefully pointed out the

differences between the Recurrence Rate Function of repaired systems (i.e., failure
intensity), and the hazard function,of non repaired system.

3. STOCHASTIC PROCESS OF FAILURE ARRIVALS

3.1 Simple Homogeneous,PoissonsProcess

The poisson process is the simplest model for recurrent events such as failures (or
repairs), and its failure intensity is constant, whose reciprocal is called the Mean Time
between Failures (MTBF) in reliability analysis [See Figure 4]. Underlying assumptions
of a homogeneous poissen process are:

1. N(0)=0

2. N(t)=k,t >0, has an independent increment, i.e., failures in non-overlapping

intervals are independent random variables.

3. P{[N (t+At)-N (t)] > 2} =0A(t)At ; being very small.
4. P{[N(t+At)-N(t)]>1f = AAt+0At,

Since A is considered independent of time in the above assumption, therefore it will
result into a simple (homogeneous) poisson process [4]. The number of failures at any
time t, have the following probability:
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P[N k] exp[ M) = Mexp[ N (t )] (3.1)

where
N(t)=at V[N(t)]=xt

Coefficient of variation of number of failures is:

oL
N(t) A it
3.2 Non Homogeneous Poisson’s Process (NHPP)
For most products A(t) is not constant (Figure 1 & Figure 2) and its reciprocal cannot
be interpreted as MTBF. Rather it is better to think only in terms of A(t), which has a
valid meaning whether constant or not. Evans [1985] has discussed this point in more
details. There are a number of parametric relationships which can be used to model A(t),

depending upon the type of the system and the environment'in which the system operates.
In several instances for example, in case of leakage (failures) in\a pipeline [Figure 2], we

can characterize A(t) as a log-linear function, i.e.;

Ink(t):ln%+%,

where o and 6 are the parameter ofthe log-linear failure intensity process, Thus

x(t):%exp{ﬂ (3.2)

and
N(t)=], x(r)dr=a{exp[a—1} (3.3)
Since A(t) is nowia function of time, hence the assumption (iv) in section 3.1 will be
expressed as
(iv) P{{N(t+At)=N(t)]>1} =2 (t) At+0At
or if we define a modified time scale
T= [0 A(x)dx,

then A(t)=d(t)/dt=1, and l\_l(r) = 1. Which means that on a modified time scale the

above condition will lead to the following probability statement, as an extension of
simple (homogeneous) Poisson’s process:
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P{N(t)=K}=P{N(1)=K} = (N‘((tl)) exp[-N(t)]
P{N(t):K}:M exp| ~J; (x)x (3.4)
P{N<t>=K}=%exp[—tl={“[exp(zo)_ﬂ} exp| o[y |1
(3.5)
and
P{N(t)sK}zé P{N(t)= j} (3.6)

The probability of finding no leak in time t, (also known as the reliability of pipeline
in view of first leak) is given by

P{N(t)=0} = exp{—o{exp(%j—l}} =R(t) S R(t;c;0) 3.7)

Figure 5 illustrates the non homogeneous Poisson process both on actual time scale (t)
and modified time scale .

4. MAXIMUM LIKELIHOOD ESTIMATORS
OF PARAMETERS

Figure 6 Illustrate the|type of information which we must have, to estimate the
parameters o and 6. The maximum/likelihood function can be defined by first writing a

likelihood function_ L (t; t, ., t ) [Cox and Lewis (1968)].

K
L=R(tK)tl'I:lk(ti) (4.1)

Differentiating log likelihood function with respect to o and 6 equating it to zero. Thus
for time location t , the estimate of parameters is [7].

~ k

G = k{exp{%}} (4.3)

,_,
N
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5. VERIFICATION OF THE PREDICTION
METHODOLOGY

Several data sets were used to check the adequacy of the proposed method of failure
predictions. In all such cases underlying trend was possible to characterize by log-linear
intensity function, and in each case the proposed method provides very satisfactory result.
In general the range of error in actual and predicted value was between 2 to 4% after a
few initial failures. For illustrative purpose one set of result is presented here.

a)

b)

Data by Bradford [1970] was analyzed. (Table 1). By considering only, first
n observations n>1, we estimated o and 6 from MLE equation given in
Section 4, and Calculated n+1, n+2, n+3,....,, etc. values of failure times. The
following observations concerning the predicted and observed values:

i) Even after first 4 observations the predictions become quite reasonable.

ii) After first 8 observations the error in the prediction reduces significantly.

The parameters o and 6 behave as illustrated in Figure7 and 8. Both parameter
o and 6 stabilized around a steady state value 0 and o, These values can he

used for a long range future forecast about the failure events. These steady state
values can also be used to study the economic.trade offs,(i.ereplacement versus
maintenance strategies), of a repairable system.

6. CONCLUSIONS

Repairable system can be modelled as'a non-hemogeneous poisson process, if the
underlying pattern of failure arrivals can be expressed as a well defined parametric
model of failure intensity.

Log-linear intensity model is one possible failure growth of characterization. The
maximum likelihood estimation,of future events based on this characterization
gives very accurate prediction..From an engineering point of view these results are
quite good.

Often the parameters ofithe failure growth model N(t)=jé A(t)dt stabilizes

around there steady. State values and the error of prediction reduces significantly.
These steady state values of the parameters can be used in economic decision
making regarding,repairable systems.
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Table 1
Estimation of time to future leaks using Log-linear
intensity process. Data from Bradford [3]

Time
(Months)
K| T (Estimated)
n

2 3 4 5 6 7 8 9 10 11 | 12

17.00| - - - - - - - -

2200| - - - - - - - - -] -

25.00|23.25 - - - - - - - - -

32.00 (24.75|29.01 |29.95 | - - - - - - -

33.00 |25.13 30.35 |32.36 |33.00 | - - £ = - - -

1
2
4
6 [29.00 {23.73|25.91| - - - - - - -
7
8
9

34.00 |25.46 |31.51|34.01 {35.12|33.83 | - - ~ - -

10 |35.00 | 25.76 | 32.54 | 35.48 |36.65 | 35.50 | 34.731| = - - - -

12 |35.00 | 26.02 | 33.46 | 36.80 |38.03 | 36.801,36.08 [35.69 | - - - -

13 | 36.00 | 26.48 | 35.07 | 39.21 | 40.45 | 39.08 | 38.27 |37.82 |36.02 | - - -

14 | 38.00 | 26.68 | 35.77 | 40.14 | 44.52 | 40.09 [39.24 | 38.76 |37.48 | 36.47 | - -

16 | 39.00 | 26.86 | 36.43 | 41.09 | 42:52 |1 41.02 | 40.14 | 39.63 |38.43 | 37.71 | 3853 | -

17 | 40.00 | 27.19 | 37.61 | 42.81 | 44.32 |42.72 | 41.76 | 41.21 |40.15 |39.3& | 40.64 |39.48

18 | 41.00 | 27.35 | 3845 | 43.60 | 45.14 | 43.49 | 42.50 |, 41.94 |40.93 | 40.11 |41.44,|41.08

19 | 42.00 | 27.49,1 38.66 |44.34 | 45.91 | 44.22 | 43.20 | 42.62 |41.67 | 40.82 | 42.20 |41.91

k = Number of leaks, t = Actual Time (Months) n= Number of Observations
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Table 2
Estimation of time to Future leaks using Log-linear
intensity process. Data from NACE [2]

Time
(Months)
K T (Estimated)
n

4 5 6 7 8 9 10 9 10

3578 | - - - - - - - - - -

33.60 | 38.33 - - - - - - - -

34.41 | 38.05 | 42.61 - - - - - - - -

34.37 | 38.87 | 42.28 | 43.22 - - - - - - -

34.65 | 39.54 | 43.33 | 42.98 | 44.01 - < - 4 - -

34.88 | 40.10 | 44.22 | 43.81 | 43.87 | 44.88 S = - - -

35.08 | 40.61 | 44.98 | 44.54 | 44.53 | 4442 | 45.80 5 - - -

35.26 | 41.02 | 45.66 | 45,17 | 45.16 | 45.36 | 45.66,| 47.86 - 47.86 -

35.41 | 42.41 | 46.27 | 45.75 | 45472 | 46.93'| 46.25 | 47.77 | 48.80 | 47.77 | 48.80

k = Number of leaks, t = Actual Time{(Months) n = Number of Observations
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ON THE APPLICATION OF SADDLE POINT METHOD IN THE
DETERMINATION OF EXACT AND ASYMPTOTIC MOMENTS"
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ABSTRACT

The method of saddle-point was first introduced by Flower (1936) in to statistical
mechanics and latter Jeffreys (1948) and Cox (1948) used the technique in some areas of
statistics. The method may be used to determine exact moments of positive powers of
random variables and asymptotic moments of negative powers of continuous random
variables. Moments of positive powers of random variables are well-known, but negative
movements of continuous random variables are not discussed much in literature.
However, negative movements of discrete random variables have been obtained by many
authors. In this paper we discussed the method and apply it to obtain exact and
asymptotic moments of the powers of random variable having.some exponential-type
distributions.

KEY WORD

Diffuse probability density, moments of reciprocals, asymptotic expressions, normal,
gamma, Rayleigh, inverted Rayleigh distributions:

1. INTRODUCTION

The problem of estimation of thereciprocals often arise in many situations, for
instance, in econometrics, biolagical sciences, survey sampling and engineering sciences,
notably in life-testing(see Zellner, 1978; €ox and Tio, 1973; Srivastsva and Bhatnagar,
1981; Bartholomew, 1957;and Epstein et al., 1953, 1954).

Moments of the power “of. reciprocals of discrete random variables have been
investigated in thejliterature (see Chao and Strawderman, 1972; Grab and Savage, 1954;
Mendenhall and Lehman, 1960; Stephen, 1945; Tiku, 1964; Kumar, and Consul, 1979;
Govindarajulu, 1962; Rider, 1962; and Stephan, 1945), and recently expectation and
variance of the reciprocals of continuous random variables have been approximated by
Srivastava and Bhatnagar (1981) and Zellner (1978). The moments of the reciprocals of
some random variables do not exist. Feller (1971) has remarked that the expectation of

the square reciprocal of a normal random variable with mean zero and variance o does
not exist. Zellner (1978) studies in brief the bimodality of the posterior probability
distribution of the reciprocal of mean. Zellner (1978) considered the model Yy =p+g¢;

where the ¢g;’s are NID (0,02) with the value of o?assumed known with the diffuse

prior probability density function p(p) for p, given by p(u)oc constant, —o<p <oo.

“Published in Pak. J. Statist., (1985), Vol. 1(1).
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The posterior pdf for p is

2 ~\2
o 0-0
0/0,7)c02exp| - | 22| |
p(6/c,y)cx p 2[9J

where 6=1/y,0=1/pandz= \ﬁylcs.The posterior sampling distribution of 0% is
bimodal and does not possess finite moments.

Srivastava and Bhatnagar (1981) have given some estimators of 6 which possess
finite moments. It is of interest to investigate the moments of the reciprocal of mean
asymptotically. In this paper, we use saddle point method to obtain exact and asymptotic
expressions for moments of the positive integral powers of the reciprocals of random
variable having an exponential family of distributions. We illustrate the method by
applying it to normal and Rayleigh random variables. The saddle point method is also
used to derive asymptotic expressions for higher moments of the maximum likelihood
estimator of the reciprocal of mean and the results are compared.with those obtained by
Srivastava and Bhatnagar (1981), Zellner (1979) and ZellnerandPark (1979).

2. THE SADDLE-POINT METHOD

Consider a random variable X =Y ™™ where Y is f(y;e) and m is any positive

integer. Properties of the probability density functiomef Y when X is a normal random
variable are discussed by Gusev and Reshchin'(1975). The rth moments about origin of

the random variable X when Y is'normal with mean p and variance o2 is

1=

W :\/ﬁc [ x"u(x)dx, (2.1)
where
_ —(1+1/m) 1 —1/m 2
u(x)=x exp{—?‘z(x —M) } (2.2)

The function u(x) appears to have a singularity at x=0. The integral (2.1) is

divergent as such, but we can find asymptotic expression for the integral for small values
of o using the steepest descent method which enables us to pick up the dominant
contribution to the integral from the neighborhood of the saddle point. For the details of
the saddle point method with applications to statistics, reference may be made to Daniel
(1954). We confine ourselves to describe only the salient features of the method.

Consider the integral
1=]g (z)eph(z)dz. (2.3)
C

where c is the path of integration in the complex z-plane along the real axis and the
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functions g(z) and h(z) are functions of the complex variable z, not necessarily

analytic, which as a special case may involve only real values of z . In order to evaluate
the integral asymptotically for large values of p, the path of integration is deformed to

satisfy the following conditions:
i) The path passes through a zero z, (called saddle point) of h'(z).

ii) The imaginary part of h(z) is constant on the path.

If we write h(z)=h +ih, where h and h, are real functions, h, is constant on a

path of steepest descent, then the dominant part of the asymptotic expansion arises from
the part of the path near the highest saddle-point. If the path ¢ is deformed to pass
through the saddle-point, then the integral will be obtained in the neighborhood of the
saddle point. The saddle point is obtained by solving dh/dz=0 and the path of
integration (2.3) will be the locus of the points determined by the equation

h(z)=h(zy)-s*—0<s<o. (2.4)

The saddle point corresponds to the value s=0. The integral (2,3) taken over c is
now replaced by the integral of the same integrand overthe new path of integration given

by the equation (2.4) which transforms z to s through ¢(s)zg(z)% and the
s

dominant contribution to the integral now stems from the vicinity of the saddle point.
The integral (2.3) is written as

1= T ep[h(ZO)*szld)(s)ds’

—00

— gPhl(%) T e“’szd)(s)ds. (2.5)

—00

For large values of p;only small values of s will contribute significantly to the
integral.

Expanding ¢(s)=¢(0)+s¢ (l)(0)+i¢ (2)(0)+ +ie(k) (0) + ... in a series of
p g = T T

powers of s, substituting in (2.5), and integrating over s and using the formula
0, when m is odd

isme‘psz ds = N m!(\/%)_m_l

T when m is even
2 (m/2)!

We obtain the following asymptotic expansion of the integral for large values of p:
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1

1=exp[ ph(z,)](n/p)2 {¢(0)+4—1p¢(2) (0) +... } (2.6)
where

(9 () 4"
¢ (0):@[4’(5)]3:0' k=0,12,...

The expression (2.6) is terminated when ¢(k) (0):0 for some values of k and may
become exact in some cases as shown in section 3.

3. MOMENTS OF ONE PARAMETER
EXPONENTIAL DISTRIBUTION

A one-parameter family of distributions is
f(2,0)=B(0) g,(2) exp[p(e)h(z)] ,ZeR,. (3.1)

The higher moments of the random variables and the reciprocals of the random
variables be rewriting (3.1)

f,(2,0)=B"(0) f(z,0)=g,(z) exp[ph(z)]

are given by
w = E(z‘l)r =[727"g(z2) e”N2)gy. (3.2)

Let
9(z)=2"9,(2).
The integral (3.2) is\written as in (2.5)

W = Of ep[h(zo)_sz}

—00

(s)ds

and is expressed as in (2:6) giving exact or asymptotic moments whether <|>(k) (0) =0 or
not for some values of k.

Some one-parameter probability distributions such as normal, gamma, exponential
and Rayleigh, etc., may belong to one-parameter exponential family for which exact or
asymptotic moments may be expressed in terms of functions of moments of normal
random variables. Some examples are given below to illustrate the method.

3.1 Exact Moments of Normal Random Variable
If X isanormal random variable with mean, p andvariance, o2, then rth moment is
given by
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U = ! Tzrexp_—i
' ﬁc_w | 262

In this case, we rewrite (3.3) as

ou; N [ 2" exp
2 = L

If
9(2)= \/%
n(z)=—5(2-n)

and

p=1/c2

dz.

dz.

3.3)

143

then for small values of o, p is large. The saddle point is“zg’=p and also h(zo):o.
The path of integration in (2.4) is given by

z=u+\/2_s

and the function ¢(s) is
r r

¢(S)=%ﬁ:%

:ﬁ(w\/z_s)r.

Using the saddle point method and substituting these values in (2.6), we have

wFW%mmﬂGfﬁm

() ()= 9
¢ (°)=@[¢(S)Lo’ k=0,12,..

= L) (rk 1)t

N

where k=r,

$(0)=

") (0)=0 fork>r.

Thus, the exact expression for ., is given by

R
+4p¢

me+m}
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. 1o4zm 80
“r:—zzkk,w
c (\/Z)

1 [rr2] p_r—zk

-y B 34
o % Kipk 349

Let r =2m, then

(G/H)ZK
kt

Hom =1 % (35)
k=0

3.2 Asymptotic Moments of Power of Reciprocal of Normal Random Variable
In case of the integral (2.1), we have

For small values of o, pis large. The saddle pointis z, =pand also h(z,)=0. The
path of integration in (2.4) is given by

Z:(u-i-\ES),

and the function ¢(s) is given by

o(s)= \FG(HJF\FS) %

Using the saddle paint method and substituting these values in (2.6), we have
w (Mmr), . 2]
=1+ Y (JA(EJ (3.6)
EFATDINE

(a), =a(a+1) ..(a+k-1).

where

3.3 Exact Moments of Rayleigh Random Variable
Given the Rayleigh distribution,

{—2%(2—“)2] =

(e

Z—p
f(z)=
(1)="5
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The rth moment about origin is

1
2

(e}

W = Tzr(z—u)exp{—%(z—p)z} dz. (3.7
n 20

Let
1= Tzr (Z _M)671/252(17H)2 dz
n

n(2) =3 (z-n) ,h'(z)=—§(z—p):0==> 2=

9(2)=7"(z-1)

h(z)=h(zg)-s

%(z—p)2=+32

Z-p=+2s.
Taking the +ve root only as z > , the saddle point.should be > . and
Z=p+/2s.
dz r
o(s)g (S)E = (p+\ﬁs) (\Es)
$(0)=0
¢"(0)=2rp" M e2rps = 4rp"
¢V (0)=16n(r=1) (r-2) p°
¢vi — 2(I’)5 lllr-5

and so on,
¢(2k) (0) _ 22k (r)2k71 r—2k+1
(2k)
1| = 2 0
W= T Jor 47 (0)

:\ﬁi {(lﬂ)le_(‘(lll(J.r)2k4rl GZk_l]. (38)
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When p =0 then
W =+m/2ric" IT(r+1/2). (3.9)

The mean and variance of Rayleigh distribution when p =0 are

and

i, = 26° (1—%).

3.4 Asymptotic Moments of Inverted Rayleigh Random Variable
Theinverted Rayleigh distribution is obtained from

— 2 2
f(x)= X_Zl“ef(xfu) 25 > (3.10)
(e}

By letting z = 1 , We obtain
X

f(z):lzujexp{—é(x—u)z}, 2>

The rth moment about origin is

':_Il—‘

@ 1—p2) [ 1 2}
r_ Zr( ex B, dZ_ 311
M g 5273 p 2(52( u) ( )
Let
2
h(z):_%(é_u) .h'(2)=09ivesz:i,

Thus the transformation is

2= (n+2s)

Now consider

1=]z"3 (1—HZ)GXP{—é(%—MjT dz.

Now
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_ZS—r —uz _\/5
o) )
B N S—r+3 3 u _\/E
_(H \/5) (1 u+«/§SJ (p+\ﬁ5)2
(I)(s):—(p+\/75)_r 2s
$(0)=0

¢0"(0)=42rp™"*
¢" (0)=1632(r),n "
V2r (™

My - >
r 62 =0 F(k) (\/Ep)ZKJrl
:\/Eni r# T2k g2k (3.12)
& T

As an illustration of the usage of the method we consider the estimation of the inverse
of mean and compare our results with those obtained by Srivastava and Bhatnagar (1981)
who consider a similar problem.

The maximum likelihood estimatedof 1/p is 1/X which does not possess finite
moments. Srivastava and Bhatnagar (1981), Zellner (1978) and others have recently
discussed the estimation of 1/p. {Srivastava and Bhatnagar (1981) considered the
estimator

t, =ni/(ni2+ksz) for k>0 (4.1)

where X and s® arejunbiased estimators of population mean p and variance o?

respectively of a normal population. They obtained E(tk) and E(tf). The moments of

t, exist for k >0 and for small values of k or large values of n. t, is an approximate
estimate of 1/u. Following Srivastava and Bhatnagar (1981) notations, Ahmed et al.
(1982a,b) find explicit expressions for the rth moment of S-B estimator when
(i) r=2m and r =2m-1:
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i[Zm;a—l}[l_ril]ar(a)ﬁ(b,c)

G

, 1 (n/20)" e
Hom =%
u r n-1 a=0
2

M8

[—

where a=j—2m+g, b=j+2m+g andc:aﬁtﬂ—l and

.1 (n/29)me‘“’29§ g (am+a-2)( K :
M2m+l_u2m+1 F(n—lj a=0 j=0 a n-1 .
2

F(a-1)B(b-2, C)L%T_ (4.4)

(i)

If m=1, we obtain S-B expressions for E(t, ) and E(tk2 )

Similar results can be obtained when the variance 6° is unknown. If o2 is unknown

then o? is replaced by its unbiased estimator,s’. Ahmed et al. (1982a) find the

asymptotic expression for the rth moment of thefandomvariable (X)™ for large n using
the formula (2.6). Here

_ X

9(X) ===

_ 1 2 2

h(X)=——=(X=pn)%,

(%)== (%)
and

p=n,

The saddle point is X, =p and also h(X,) =0. The transformation from X to s is
given by

{3

and the function ¢(s) s given by

o(s)= fc(u+fs)

Substituting these values in (2.6), we have for large n
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[°¢) . 2j
u’r=u{1+2 ) [Ej } (4.7)
iz 2int {p

where (@), =a(a+1)..(a+k-1). The rth moment about origin is not finite unless n is

large. Using the first two terms of (4.7), we have

w{Hm@r<r+1><r+2><f+3>[zﬂ, 49

2n \n 8n? n

If r =1 and 2, the results are identical to the S-B estimator when k — 0.

If p and o2 are unknown, o/ can be replaced either by their unbiased estimators

or by the consistent estimator of o/p which is the coefficient of variation of the
observations.
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ABSTRACT

In this paper we introduce the theory of generalized functions developed by
L-Schwartz (1950-51) and discuss the generalized Fourier Transform and its applications
in probability and statistics. The notion of the generalized weight functions for
orthogonal polynomials is introduced. The use of the generalized function technique in
determining the probability functions corresponding to the given moment functions is
discussed.
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INTRODUECTION

The singular functions have long been used insthe fields of Physics and Engineering,
although these cannot be properly defined within the framework of classical function
theory. The simplest of the singular functions,is'the delta function. It is common defined
as

6(5):{0 if x =0 O
1 ifx=0
and

17 8(x)dx=1 )

According to the classical definition of a function and integrals, the definitions (1)
and (2) are inconsistent. There are several extensions and generalization of the concept of
a mathematical function, see [3], [5] and [10]. However, we shall briefly discuss here the
theory of generalized functions developed by Schwarts [14] and point out its applications
in probability in the subsequent sections.

NOTATIONS
Ka:{xeR”:|x2|£a,1£i<n} is a compact subset of R" and

||x||:(x12+x§+...+xr2,) is the norm of x=(x,..X,). Let k=(ky,kp,...k,) ZI. Then,

“Published in Pak. J. Statist., (1989)A, 5(1),
151
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we define
|k| = kl + k2 +...kn

XK = xflx'}....xr'j"

. oM
D=  —
ky K K

OX " X2 ...OX"

Supp f = The support of the function f (x) = the closure of the set of all points x
such that f(x)=0.

1. THE TEST SPACE, D(a)=D(K,)

An infinitely differentiable function ¢(x) is said to belong/to the space D(a) if for
each p=123,....

(& | =SupSup DK¢(X)‘ <

[k|< px

“”p ;P=12,3,.... define a sequence afnorms on,D(a) and :

ol <ol <--<[l¢], < (1.1)

Let D,(a) be the completion of D(a) with respect to the norm ||||p Then, it
follows from (1.1) that:

D (a) = D,(a) o..D, (a)=...2D(a)

As a matter of fact

D(a)= 0, Dy (8)

and therefore, it is complete countably wormed space [3],[9].

2. THE TEST SPACE D

The space D consists of infinitely differentiable functions outside a compact set
(depending upon the function) vanish identically. It can be seen that

D:;JD(a)

- 2t9)
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REMARKS:

(1) D is complete [1], [3], [9]
(2) D is not metrizable [3]
3) {6n},_, =D convergesto ¢ iff D¢, (Vnzlz,e,....andv|k|=o,1,2,3,...)

vanishes outside the same compact set K, and D*¢,, — D¢ for all k=0,1,2,3,...

EXAMPLE:
Let
exp —|a|2 for|x| <|a]
o(0ca) =1 ja’ @
0 for|x|>|a]
Then

¢(x:a)e D(a)= D and supp ¢=[-a,a]
Let
wa (%)=~ 4(x.a)

and
%(X)=%¢G:a]

Then, sup y,=supp ¢=[4a,a]=K,
and  supp&, =[-na.na]

Now &, (x)%o. However, {&n (X)}L does not converge to zero in the sense of

the convergence in D'because all of & (x)(n=12,3,...) do not have the same support.

3. THE DISTRIBUTION SPACE (D)’

Let d be the field of complex numbers. Then, f :D — d is said to be a continuous
linear function if:

(1) < f,odp+Py>=a<f,o>+f< f,y> and
(2) Whenever ¢, L>¢,> f.on>——>"f,¢>.

The space of all continuous linear functionals defined on D is denoted by (D)'. The
elements of (D)" are called generalized functions. The convergence in (D)’ is defined as
follows:
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A sequence f,,n=1 2, 3,.. of generalized functions is said to converge to
generalized function f (D)’ and we write:

f,— 2L £iff < £,,6>7—><f,0>VeD (3.1)

4. EXAMPLES OF GENERALIZED FUNCTIONS

1. (Regular Generalized Functions):

Let f(x) be alocally integrable function, i.e., | |f(x) |dx < oo for every bounded
Q

region Q in IR". Then, the map f =D — @ defined by:
<f.o>=] f(x)o(x)dxVdeD
IR

defines a continuous linear functional on D and hence is an®element of (D) Such type
of generalized functions are called regular.

2. (Singular generalized functions):
Let 8: D — d be defined by:

<8,0>=¢(0)voeD

Then. §e(D)". We cannot find any locally integrable function f(x) for which
<8, ¢>=<f,p>=] f(x)$(x)dxvpeD.
IR

Suppose there exists some f (x) (locally integrable) such that (10), is satisfied. Take
o(x)=d(x;a) as defined.in (2.1). Then,

L.H.S.=<38,0>=<8(X)s0(x;a)>=1/e
and
RHS.=<f,¢>=[ f(x)¢(x)o(x;a)dx >0 as a—0
R
which contradicts the assumption.

The type of generalized functions which are not regular (such as & -distribution) are
called singular.

REMARK
The singular generalized functions can be approximated by a sequence (or by a set) of
regular generalized functions in the sense of the convergence defined in (3.1).
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EXAMPLES
1. It can be seen in [1],[3],[6],[9] and [10] that among other coverging regular
generalized functions we also have

sin(nx)

i)

—D>8(x) asn—o
X
ii) The normal probability function coverges to §(x) as t—0", ie.

2
—X—JLRS(X) ast— 0" and

1
—€X
24nt p( 4t
n

n[x2+n2]

D 3(x)asn—0".

i)

2. Consider the Heaviside function H (x) defined by:

1 if x>0
0 if x<0

Than < H,¢>=T¢(x)dx
0
defines a regular generalized function on D.
One can define a probability functionton Has follows:
Since H (x—xj):Oif X< xjandH (x—xj):l if x> xj,
Then P(H(x—xj)=1)=F(x)andP(H(x—xj)zo):l—F(x).
3. Letus define, F*(x)s, D — d by;
<F" 0> 3¢ (n)
n=1

Then, F*(x)= is (x —n)
n=1

is a shifted singular generalized function. It is also called sampling distribution
because it gives the information about the function ¢(x) at x=n

. 1 . . .
4. The function — does not define a regular generalized function, because

X
(%) . : 1
| de is not convergent for all test functions. Let us define PV ” as

—00

follows.
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<PV (1)4) >=PV|[" de
X X

= lim | de
o0 [xze X
=f; Md

X

X

The integral in (11) is convergent because ¢(x) is differentiable at x=0.

1) . . 1) . .
Moreover PV (—j is continuous, [1],[3]. Therefore, PV (—j is a singular
X X

generalized function.
5. Let us define
1 1 1
S, (X)==8(x)¥| — |PV| =
Then, &,, are also singular generalized functions on_D<and are called the
Heisenberg distributions. It is shown [1] that:
. - 9%
<8, (X),d(x)=Flim— ——dx
- (9).0(x) [, s
It follows from (12) and (13).that:

= —mid(X) + PV (ijx

X

X+i0

1_0 = mid (%) + PV [ljx

X—1 X

(14) and (15).are called the Sokhotski-Plemelj relations.

6. OPERATIONS ON GENERALIZED FUNCTIONS

Since the locally integrable functions are examples of generalized functions it is,
therefore, natural to define operations on them that will remain valid for integrable
functions.

Letf,g € (D) ,aedand x=Ay—a where A is an nxn matrix with det A=0

and a is a constant vector, be a non-singular linear transformation of the space IR" onto
itself. Then, for every ¢ € D the following operations are defined:

(@) Addition: < f+g, 6> = <f, ¢ < +<g,0>
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(b) Linear change of variables:

< f(Ay-a),¢( |d tAI x), ofA (x+a)}> (6.1)

For a simple translation, i.e., when A =1, the unit matrix, (6.1) yields
f(y-a), ¢ (y)>= <f (x),0(x +a)>
For a simple scale expansion A=cl, a=0, (6.1) becomes,
1
<f (cy), ¢ (y) >Z[W] <f (x),0(xc)>
c
For a simple reflection take x=—vy, (c= -1)
<f(=y), o(y)p=<f (x), ¢ (1 ¥)>
For a simple rotation, a =0, AT =A1 , We have
1 T
< f AY), d(y) >= oA <f (x),6(A™x) &
(c) Multiplication by y(t)C” (IR"):

<yf,p>=<f,yd>
e.g.
<y8,¢>=y[0)$(0).

Therefore
v (x)3(2) 2w O (x)
(d) Differentiation: The generalized derivative DXf ofthe generalized function
f e (D) is defined as follows:

<D*f,¢>=(21)" < f,DK¢ > 6.2)

e. g.
< H(3),0(x) == < H (3),6'(X) >= 7' (x)x = 6(0)

Therefore

S H(x)=5(x)

In other words, the derivative of the Heaviside function is Dirac's & -function which
was one of the properties of the & -function deduced by Dirac.
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An important consequence of the definition (6.2) is that generalized functions have
derivatives of all orders. It reveals an important fact that continuous and locally
integrable functions are infinitely differentiable in the generalized sense which gives us
relief from the difficulties that arise with non-differentiable functions.

7. TENSOR PRODUCT AND CONVOLUTION OF
TWO GENERALIZED FUNCTIONS

The tensor product of two generalized functions: f e (D(IR“)) and g e (D(IRm))
is defined by:

< F()xg(y) d(xy)>=< f(x),<g(y).d(x.y)>> Vo(x, y)gD(uR”+m).

The product f(x)x g(y) belongs to(D(IR”*m)) . It is commutative and associative
when extended to any finite number of generalized functions.

Let f(x) and g(x) be two locally integrable functions onIR". Then, their
convolution;

f(X)* g(X)= I'L nf(t)g(x—t)dt

is also a locally integrable functiongfd], [2],/[6] and [9]. Therefore, if defines a
functional on D, i.e.,

< £(x)" g(x),0(x)>=T(x) fof (g (x —t)dt dx
=[] f(x)g(y)d(x+y)dxdy [By Fubini's Theorem]
=< f(x) x 9(x), (x+¥)>

The convolution of ‘two- generalized functions may be defined in the same manner.
The difficulty is ‘that ¢(x+ y) need not have a bounded support even if

¢(x) e D(IR") [3], [9]- To make the definition meaningful, we can put restrictions on

f and g such that the support of f x g intersects the support of ¢(x+ y) in a bounded
set.

DEFINITION:

A generalized function f is said to vanish on a set a Q<IR" if < f,¢>0 for all
¢ e D with supp ¢ = Q. The complement of the union of open sets Q on which f
vanishes is a closed set, called the support of the generalized function f .
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If g has a compact support, then the convolution f *g is well defined and is
given by:
<fxg 0> = <f(x)xg(y). n(y) o(x+y)>
where n is any test function equal to 1 in the neighborhood of the support of g [2], [6]
and [10].
It is easy to verify that 8™ * f = (™. Thus, if p(x) is polynomial, P(8)*y =f is

an ordinary differential equation. Another property of the convolution is that if f or g
has compact support, then

D¥(f*g)=(D"f)xg=f * D*g

These properties give a simple proof of the existence theorem for linear partial
differential equations with constant coefficients:

P(D)y=f (7.1)

The existence of the fundamental solution,i.e), the existence of solution of
P(D)E =35 is proved in [3], [6] and [9]. If f has a compact'support, then y=E = f
is the generalized solution of (7.1). If follows from.the fact:that:

P(D)[E*f]=(P(D)E)*f =8 f =f

8. THE'TEST SPACE S

A complex valued function ¢(x) is'said to belong to the space S if it has the
following properties:
(1) ¢(x) is infinity differentiable, i.e. ¢(x) C*(IR")

(2) ¢(x)as well, as its“derivatives of all orders, vanish at infinity faster than the
reciprocal of any,polynomial, i.e.,

| xPD*¢(x) |£Cp. p=0,1 2, .. (8.1)

where C, is a constant dependingon p, k and¢ .

A sequence {cl)m(x)}m:l of test functions is said to converge to ¢(x) in S if for each

|k|=0,1,2,3,..., the sequence {D*¢p (Xt converges uniformly to D*¢(x) in every
bounded region Qof IR". This means that constants Cp in (8.1) can be chosen
independently of x such that
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| X" (D¢, —D ¢ | < Cy
for all values of m.

The space S is closed and the testing function space D is dense in S [1],[3],[9] and

[12]. The dual space of S is denoted by (S)'. The elements of (S)' are called
distributions of slow growth or tempered distributions. If follows from the definition of
convergence in D and in S that a sequence {¢m(x)} converging to a function ¢(x) in

the sense D of also converges to <|>(x) in the sense of S. Accordingly every linear

continuous functional on S is also a linear continuous function on D and therefore,
(S)' = (D)'. This inclusion is strict because the distributions which grow too rapidly at

infinity are not elements of (S)'. For example the regular distribution

f =exp(x2)e(D)' but is not a member of (S)'.

9. THE FOURIER TRANSFORM

An essential part of the theory of generalized function and its.application rests on the
concept of the Fourier Transform. If ¢(x) is an absolutely integrable on the real line
then, its Fourier Transform is defined by:

d(u) =[7, e o(x)dx 9.1)
the integral in (9.1) exists, since'by assumption | ¢(u) | < |7 dx [p(x)| <oo. If

moreover, ¢(u) is absolutelysintegrable; thednverse Fourier Transform is given by;

¢(x)=2—lnjjo &"¢(u)du (9.2)

It follows that

A~
~

6(x)=2-0(-X) 93)
Now we state a theorem which reveals the characteristics feature of the space S [1]
[3] and [12].
Theorem 9.1

The Fouries Transform as defined in (9.1) and its inverse are continuous linear and
one-to-one mapping of S onto itself.

DEF (Fourier Transform of Tempered Distribution):
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The Fourier Transform 1(u) of a tempered distribution t(x)e (S)' is defined by:
<t(u), ¢p(u)<=<t (u),&)(u)>, des (9.4)
The functional on the right hand side (9.4) is well defined because J)(u)as .

It is clearly linear and continuous. Hence %(u)g(s)' . As a matter of fact we have the
following theorem [3],[6],[9] and [12].

Theorem 9.2
The generalized Fourier Transform as defined in (9.4) and its inverse as defined by:
<F(1), ¢>=<1,F*(¢)> (9.5)

are continuous linear and one-to-one mapping of (S)' onto itself.

The definitions (9.4) and (9.5) are consistent with the classical definitions (9.1) and
(9.2) whenever the latter are applicable.

The extensions to n-dimensional space of the definitions, and results art straight
forward. We shall mention the n-dimensional generalization of the results when it is
necessary.

107EXAMPLES
(@) The delta function

<8(x),¢ >=<8(x); (1A),>:<6(x),jjo eYo(y) dy=[" d(y)dy=<1,$>
Thus. §(x)=1
According to(9:3).we have

1] =[3] = (21)25(~x) = (2)"8(x)
or

FAB ()=
(2m)
For n=1 this gives the well-known integral representation formula for the delta
function:
1

1 o
8(x)=ZF[1]=2—an e™dy
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(b) If Te(S) , then,

) D*F[e]=F|()<|

i) F{P (;'_X

vii) F[t(Ax) ] =|det A F HAT’l (x))}
For the proof see [1], [9], [11] and [14] .

(c) The Heaviside function, n=1

Since (x-£)dp(x-&)=0 , it follows that y, =8(x—&) is a solution to the
homogeneous differential equation

(x— §)8(x— E_,)=O
1 ] . . .
Moreover, y,, =a(x) PV (X—J is a generalized solution of the inhomogeneous
differential equation:

(x—&)t(x—&)=a(x) (10.1)
where a(x)eé (IR).
Therefore,
1
y:6(x—§)+a(x)PV(r&j (10.2)
is the solution of (10.1).

Since I?j—?(x) =5(x) we find that
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F| 400 | (i (o) -1
Therefore, by using (10.1) and (10.2) we get:

FIH (x)1(u)=C (u)+iPV Gj
Changing x to —x in this formula we get:
F[H(-x)]=C3(u)-i PV Gj
F[H (X)]+FH (-x)] =2C6( ) (10.3)
= F[H (x)]+F[H(-x) |=F [1]=2m3(x) (10.4)

From the uniqueness of the Fourier Transform and by equating (10.3) and (10.4) we
get C=m.

F[H((u) = (v )+.Pvm (105)
If we write (10.5):
[Z H(x)e™dx =nd(u)+iPV (%j
and separate real and imaginary_parts we get:
[7 cos (xu) dx =md(u)
[y sin(xu) dx =PV (%)

(d) The signum function:
Since Sgn x =H(X)=:H\(-x)

=F [son () f(u)=F [H (x)](u)=FIH (-x)1(u)

=

Therefore, by inversion formula:

F [PV [%j] (x)=mi sgnx

=F {PV (ﬁﬂ (x)=nie™sgnx
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N\l ma

© Sincei:( Y d—[lj

x™ (m—l)!dxm1
1

- F{X—}(u)=(m_1)!(—iu)m1F[§}(u)

m-1
= imnmsgnu

By the translation property:

m1
F[ 1 (u)=im 4 e sgny

11. DISTRIBUTIONAL WEIGHT FUNCTIONS
Let P, (x) be a polynomial of degree n such that

I: Py (X) Py (X)W(x) dx =0, m=n

i.e., {P. (x)}n_l is an orthogonal sequence of polynomials with respect to the weight

functionw (x). The numbers u,(n=0,1,2,...) defined by
TR :j: x"w(x)dx (11.2)

are called moments. The moments play an important role in the theory of orthogonal
polynomials. As a matter of fact, every.polynomial can be expressed in term of its
moments [13].

It follows from (12:1) that if we know the weight function of an orthonormal
polynomial sequence, thenywe can calculate the moments. The theory of generalized
functions helps us_in solving the invers problem. That is, given the moments, we can
determine the corresponding weight functions. For this purpose (11.1) can be written in
the functional from as:

Py =<w (x), x" > forall n=0, 1, 2, 3,...

Let y(x) a real analytic function whose Taylor series converges to for all x.

Then,
w M
<W,p>=<w, Y v (0) X" >
n=0 n!
o M
_y Vv (9 x>
n=0 n!
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since (—1)" y™ (0)=<5 (x),y(x) > [By definition of s (x)]

Therefore,

<W,y >=< f} (-1)" %6(”) (), y>
n=0 .

which implies

w(x)= éo (_nl!)n 1™ (x)

in the sense of generalized function. It is important to note that when the moments{U;};-,
are those associated with the classical orthogonal polynomials-the Legendre polynomials,
the Laguerre polyomials, or the Hermite polynomials-the weight function w(x) yields the
same results as the classical weight functions concerning orthogonality and norms.
However, when the moment {U;}-, are those associated with'the Jacobi polynomials or
the generalized Laguerre polynomials, then w remains¢a suitable generalized weight

function belonging to certain space of generalized function[6],[22] and [13] .
12. APPLICATIONS TO PROBABILITY AND STATISTICS

The theory of generalized functions developed by Schwartz has advantage over the
measure theory and singular integral treatments, used to explain singular integrals
occuring in probability and statistics.

Probability Distributions
Let X be a random variable taking real values in (—o0,0) and d)(t) be the

probability distribution function. The,prabability distribution d)(t) is called discrete or
continous according toawhether t takes on discrete or continuous values. For example,
1 t —(t- )2/2('52
O(t)=—= [ e dt
0=
is well known Gaussiandistribution which is continuous, and in this case

_do 1 ()i
(I)(t)_ dt cﬁ ¢

It should be noted that d)(t) is a function, not a functional. Therefore, the probability
distribution and generalized functions refer to different mathematical objects.

Suppose that it is certain that the random variable X takes the value X, . Then:

o(t)=0for t< x,
o(t)=1for t> x,

Thus, ¢(t)=H(t— xo) is the Heaviside step function. In this case the probability
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density ¢(t) does not exist in the ordinary sense. However, in the sense of generalized
functions we have

o(t)=8(t-x)

Similarly, if the random variable X takes the values X, X,, ...,X,, with the

1\
probabilities p;, ps,... p,, respectively, such that > p; =1 then, the probability
distribution ¢(t) is given by:

n
¢(t):_21 piH (t-x)
i=
and the probability density function ¢(t) is the generalized function given by :

o()=3  pid(t-x)

EXAMPLE
The binomial probability distribution function ¢ (t)yis defined by:

o =-£ (4] oty

The probability density function is the generalized functions.
d NNk dk
t)=—a(t)= d(t=k
o(t) =G40 go(kjp ey

Characteristic Functions
Given a probability‘density ¢(t) ,the characteristic function x(u)defined as ;

x(u) = [ e“o(t)dt
i.e., x(u) is the Fourier transform of ¢(t). Since ¢(t) is the derivative of the bounded

function d)(t) , the characteristic function in (12.1) exists in the generalized sense.

Conversely, given a characteristic function x(u) it follows from (12.1) that the
probability density would be the inverse Fourier transform of x(u), i.e.,

o(t)=F* {x(u)} —Z—itjfwe‘i”tx(u)du

Distributional Fourier transform permits us to treat the discontinuous distributions and
the casual distributions alongside of the continuous distributions.

EXAMPLE 1
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Let us take X (u)=e™". Then, from (12.9)
o(t)=F{e™} =5(t-2)

EXAMPLE 2
For the Gaussian distribution the probability density function c|>(t) is given by;

(t-n)2
(=L

o 21

Therefore,
x(u)=F{¢(t)} = exp(iuu _%quzj
For the special case of taken to be zero, we have
x(u)= exp[—%czuzj
and

o(t)=F{x(u)} = 1 eg(%z), —e<'t < oo,

o\ 2T

Probability Fields

Let Q be the set of elementary events and IB be the class of the subets Q of a such
that

i) The family IB contains the empty set ¢ and the total set Q .
ii) If AeIB, and eis areal number. Then aAe IB; and
iii) If the sets A, A,,..5. A, belong to 1B, then their sum belongs to IB.

The probability measure P or IB has the following properties:

i) P(Q) =1

i) Ifthe sets of A, Ay,..., A,,...are mutually disjoint, that is, if A N A = ¢fori = j,
then

P[UA}ZP(A)-
i=1 i=1
The system (€, 1B, P) is called the probability field.

A random variable x is a mapping x;Q2 — IR such that

Xt ((—oo,t) = {WsQ : x(w)s(—oo,t)})alB.
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We associated with the random variable X a probability distribution function,
(t) as follows:

o(t)= P(x-l(_oo,t)) = p(x(w) <t)

The probability distribution function ¢(t) is locally integrable and hence generates a
regular distribution ¢ defined by;

<y >=[" ¢(t)y(t)dt;Vy(t)D

Therefore, ¢(D) .

On the other hand,

<O y>=—<dy, =7 ¢(t)w ( )dt

= o]+ w2
=0+[7 w(t)do(t)
:<¢1\V>

So the probability density it ¢(t) is the distributional derivative of the probability
distribution ¢(t).
Now we can define the classical quantities in the following way;

1) The expectation valug'is:

E(x)=<t,¢>=12 to(t)dt=[" tdo(t)

[ x(w)dp(w)

Q

2) The variancesis:

o? =<(t2E(x))" >= [ {t-E(x)}" do(t)

=L a{x(W)-E ()} do(w)
3) The non-central mth moment is :
t™, ¢ >= [ t"do(t) = [, x(w ]m dp(w)

4) The central mth moment is :

<(t=E ()" 4= 17 ft-E(x)}do(t) = [y={x(w)~E ()} dp (w)
In this notation we can define the characteristic function x(u) by:

x(u)= E(e"“)
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=< eitu ,d) >
and the Inverse Fourier Transform by
o=<e™ x(u)>

The foregoing concepts can be extended to a finite system of random variables
X1, X5,...X,, This system may be considered as a mapping from the set Q into the

n-dimensional space IR". Such a mapping is called an n-dimensional random variable,
the probability distribution is now:

Oty oty ) = P (% (W) <1, X, (W) <ty,...X, (1) <t,)

The moments are given by the formula :

ky 1k
My = fip 00 = 't77 .ty d

T {6 ()} (30 (W) (%, (W) 0P (w)

where |k| =k +k; +...+k,.
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ABSTRACT

Al-Sagabi et al. [4] defined a gamma-type function and its probability density
function involving a confluent hypergeometirc function @, of two variables [7], where

% (@) (o), (o) ()
1,k=0 (C)I+k k!

and discussed some of its statistical functionsd We proposesextension of @, by
introducing more parameters in following form:

( b b+1 d d+1
old,—,—,C—,—
2 2 2 2

-3 o (ij (bzﬂjm (S)leonc®)" (8x°)
N Kg)m (dzﬂjm (e)y (), mtn!

We then define gammas-type function involving newly defined hypergeometric
function of two variables and discuss its probability density function along with some of
its associated statistical“functions. We use inverse Mellon transform technique to derive
closed form of gamma-type function and moment generating function.

o) (a,b;c;faX_S,BXS): , |0LX_8|<1

e f; -ax'é,ﬁxéj

<1.

, |OLX_8|

KEYWORDS
Gamma function; inverse Mellon transform; hypergeometric function of two
variables; moment generating function; moments.
1. INTRODUCTION

Kobayashi [11] considered a generalized gamma function, I',(u,v) . Galue et al. [8]

generalized Kobayashi [11] gamma function by introducing Gauss hypergeometric
function in it. Agarwal and Kalla [1] defined and studied a generalized gamma

“Published in Pak. J. Statist. (2013), Vol. 29(2).
171
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distribution. They used a modified form of the generalized gamma function of Kobayashi
[11, 12]. Ghitany [9] discussed additional properties for gamma function defined by
Agarwal and Kalla [1]. Al-Musallam and Kalla [2, 3] extended gamma function by
involving Gauss hypergeometric function. Al-Musallam and Kalla [2, 3] and Kalla et al.
[10] then discussed some of its properties. Provost et al. [14], Saboor and Ahmad [16]
and Saboor et al. [17] discussed such generalizations.

The remainder of this section is devoted to the inverse Mellin transform technique,
which is central to the derivation of the closed form of gamma-type function and the
moment generating function of the gamma-type distribution.

If f(x) is a real piecewise smooth function that is defined and single valued almost

o k-1

everywhere for x >0 and such that jo X ‘ f (x)|dx converges for some real value k,

then M (s)=[ x**f(x)dx is the Mellin transform of f(x). Whenever f(x) is
continuous, the corresponding the inverse Mellin transform is

f(x)=% Ccfl'j XM (s)ds (1.1)

which together with M ¢ (s); constitute a transformupair.. The path of integration in the

complex plane is called the Bromwich path where Bromwich path is a part of integration
in the complex plane running from c—icoto c+ise, where ¢ is a real positive number
chosen so that the path lies to the right of all singularities of the analytic. Equation (1.1)
determines f (x) uniquely if the Mellin transform is an analytic function of the complex

variable s for ¢, <®(s)=c<c, wher¢ ¢, and c, are real numbers and R(s) denotes
the real part of s. In the case of a continuous nonnegative random variable whose density
function is f (x), the Mellin transform is its moment of order (s-1) and the inverse

Mellin transform yields f,( x) lLetting
TP, )T r(1-a-9)
H?=m+1 F(l_bi _s)}{Hi’):nA 1—‘(ai +5)} l

where m,n, p,q are nonnegative integers such that 0<n<p,1<m<q, are positive
number and @&,i=1..p,b;, j=L1..q, are complex number such that

(1.2)

Mf(s):{

—(bj +v)¢ (1-a+1) and v,A=0,12,.., j=1..m, and i=1..,n, the G-function

can be defined as follows in terms of the inverse Mellin transform of M (s):

f(x)=Gpa (X

a,..,a .
Lo :i_ S My (s)xSds, (1.3)
by,...by | 2mi
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where M (s) is as defined in (1.2) and the Bromwich path (c—ioo,c+ioo) separates the
points s=—(bj +v), j=1...m, v=0,1,2,..., the poles of 1"(bj +s), j=1...m, from

the points s =(1-g +1), i=1..,n, A=0,1,2,..., the poles of I'(1-a —s), i=1..,n.
Thus, one must have

Maxye P |- } <€ < Mingn R {1-a;} (1.4)

The integral (1.3) converges absolutely when m+n —%( p+q)>0
Moreover,

a,..,a 1-b,...,.1-b
oo |« | | L[ (L5)
by,....b, xl-a,..1-a,
For example, when p =q, the G -function is defined for’0 < x <1, and the identity

(1.5) can be used to evaluate the hypergeometric functions for x >1. For the main
properties of the G -function as well as applications to various disciplines, the reader is
referred to Mathai [13].

2. NEW ¢ FUNCTION

We introduce an extension of hypergeometric function of two variables in following
form:

(p(ab b+1 d,d+1 f _5ﬁxj

2) (bz”) (O ()" (o

m+n

(2.1)

! m§0 dy (d+1) ‘
2 m 2 m
Using Lemma 5, [15, p.22], (2.1) becomes

@73 (%57,

(2.1) becomes,

where ‘0( x‘s‘ <1.
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2 (8),(0),(B) » (a+n), (b),, (-ox)"

TE @, S (@), @2
rd) = @,00,(B) o @), ()" ¢ s e
ZF(b F(d—b)ngo (e) (f) n! m§0 mi {tl (1-1)7dy
r(d) = (3),(¢), (Bxé)nl b1 dba = (@+N) (_O‘X_Stlz)m
RO O NG S ST

(2.3)

JE0(a-) T Py )7H dt,

F(d) 1 d-b-1 5,22 &
:r(b)r(d—b)gtl (1=4)"7 (b o) Z (e), (), n!

rd) I'(e) r(f)

" T(b)r(d—b) T'(a)T(e<a) I (¢)E(f=c)

111 _
<[[[ 7, 1-4 )d_b_l (1-t )e_a_l (1-15) e (1+ ox "t ) )
000

3
exp(lf():xt_z;ilz ]dtldtzdt3 , (2.5)
since
pe )
el W
n=0 (e (f) n!

2 o) . } } 6 e (1) (1)
00

S
exp (Bx—tzﬁzj dt,dt;.  (2.6)

l+ax™®t
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3. AGAMMA-TYPE FUNCTION

We define a following gamma-type function involving newly defined hypergeometric
function of two variables ¢ .

H(a,b,c,de f;o.B,5 p.2)
- Ix“epxscp(a,g % ,c;%,% e f;—ax"s,ﬂx‘s)dx, (3.1)
where,
Re(p)>0,Re(8) > 0,Re(%.~1) > 0,|Arg (ax ™ <.
Using (2.1), one has
H(a,b,c.d.e, f;o.pB,5 p, 1)

m dx (3.2)

(a) (C: (B) Ofx“sn’le’pxﬁ3F2 [a+n,9 b+2.d E;—axsjdx. (3.3)
0

i (a x’B)S F(—S)F(a+n+s)r(2+s)1‘(b;rl+sj
ds dx

x d d
Cien F(+sjl‘(+1+sj
2 2
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0 —5)el
xjx“s(” e~ dx ds
0

PGS

- S
5P r(as n)r(gjr(b”j

2
L el A
“omi ds.
27 i F[d+5jl"(d+l+sj
2 2
Hence,
J'X?L+6n—l(:)—p><6 3F2( n,g,w;g, d +1;_ _dex
0 2 2 2 2

o F(—s)F(a+n+s)F[b+s]1‘(m+st(n+XI8—s) s
LT AV i (Lj ds
27 i r 9+s F(d+l+sj ap
2 2
ATV [
32
=8p”+m G s ' (3'4)

F(a+n)F gjr(b;lj * op a+n,%,%
where Re(p)>0,Re(5)>0,Re((n-s)5+1)>0.
Equivalently, in light'of (1.5), one has
H(a,b,c,de, f;o.B,8 p.2)

d d+1 b b+1
F[zjr(zj (c),(B/p) | [rA il

5 pHo b)(b+1):5 (e) (1) G 9Pl g
Prr(ar| S | 2o | B U On+2,1-— 1-—=
2 2 o 2 2
(3.5)
Since by Slater’s theorem [13], on can express Meijer G-function as a sum of residues

in terms of generalized hypergeometric functions , F,_;

M
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m * M
a4 a [17(b; ~by) TIT(1+by, —a;)2™
gmn| [ F2 e —i j=1 i=L
P9 Tlby, by, ... N + P
v2eta ) NI r(1+by—by ) TT T(a;—by)
j=m+1 j=n+1
1+b, —ay,1+b —a,,. 140y — 2
x oFia ()P |, (36)

1+by —by,1+b, =by,..c..., 1+ by by,

where p<g,orp=gqand |z|<1, and for the poles to be distinct no pair among
b;,j=12,...,m, may differ by an integer or zero. The asterisks in (3.6) remind us to
ignore the contribution with index j=h. Form=2, n=p=3,q=4, 3 =1-a—n,

az—l—g ag-l—% b = Obz_n+ , by = 1—9 b, =1- % we have from

2
(3.6).

H(ab,c.d.e f;o.B,8 p,A) =

I(a+n)r Dlp[bid
F(n+%j F[gjgfgzﬁf J
(a p)mmF(a+2n+k/5)F(—n—k/8)F(g+n+x/8jl“[b++n+x/8]

1
2
F((21+n+k/8j (d;l+n+k/6

__+ _— —
5 2 2

+

( Lb L 1b A1l ddkk_j]
xsFla+2n+—, —+Nn+—+—,—+N+—;—+—+N+—,—+N+— N+—+Lpa ||
8 2 5 2'2 52 38 22 ) )
After some simple steps, we get
H(ab,c.d.e f;o.pB,5 p, 1)
1(T013) & (2,019,061 p)
5L " i (e),(f),n
b b+1, Ao, d d+1, j
— _'_’pa
2 2

><3Fa(a+n2 > n—g+1,
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oor(d) = (a), (c), (aB)” T(a+2n+1/8)T(-n-1/8)T (b+2(n+1/3))

Tb) & () (). T(arn)r(d+2(nen/3))
( xb A 1b A1 oA ddxx_)j
xaFl a+2n+—,—+n+—+—-,—+N+—; —+—+N+—,—+n+—,N+—+Lpa|]|.
5'2 6 22 5 2 8 2 2 ) o
3.7)
3.1 Particular Cases
e For a=0, we get from (3.2) and (3.7)
H(a.c.e f;0,8,8 p,A)
5 n
:TXHe’pXS > (2 \P) (BX ) dx
0 n=0 (e)n(f)nn!
:Tx“g“‘le"”‘6 ,F, (a,c;e, f;BxS)dx
0
A
1 /R By A
:g(r(gjp & 3F2(a,g,c;e,f;[3/pjj. (3.8)
Forc=f,
A
H(a,e;0,B,8; p,A) :%[F(%Jp 5 2Fl(a%;e;B/ pn (3.9)

R.H.S of (3.9) is generalized gammafunction considered by Al-Zamel [5].

e For =0, we abtain from (3.2) and (3.7)

H (a,b;¢,d;0,0,8;p, )
_-[ kl—px FZ( Ewg_d-i_l,_ax_sjdx
0
1(T(r138) ( b b+l A ,d d+1 )
== —ah| s - h o
( pMs 3'3 5" o pa

5 2728
T (d) T(a+1/8)T(-1/8)r(b+2(1/35))
r'(b) r(a)r(d+2(r/s

A 1b
X3F3 a+g, +E,§

+

)
d
+ —_
2

o')|>)
o')|>)
o'z|>)

)

(3.10)

d
—+
2

N o
o | >
N
Oa|>’
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If we set b=d in (3.10) to get
H(a,c;a,0,8; p,2)

T - px® 3
= [x"e ™ 1F0(a;—;—ocx‘ )dx

0
1(T(A/8 A
:g( (A/s )lpl[a;—g-i-l;p(lj
oM (a+n/8) (118 A A
( F(a)) ( )1Fl[a+g;g+1,' pocj]. 3.11)

Ifweput a=B=0, p=1/k and 6=k in (3.1) then we obtain
jgo Xxfleka/k dx = Fk (k) '
which is k-gamma function [6].

3.2 The Incomplete Gamma-Type Function
The incomplete bivariate gamma-type function is defined as

X 5
qu—le—pu (p(ag b+1 .d E,e, f;-au'(s,/)’u‘sjdu

1V

0 22 20 2
=Hg (a,b,c.d,e, f;0,B:8 p, %), (3.12)
and the complimentary incomplete gamma-type function is defined as
fux_le_puacp(a,g,m,C;g,d+1 fi-au™, pu )
X 2 2 2.2
(3.13)

= H;O(a’bycld,e’ f1a1B181 p,x) )
4. A GAMMA-TYPEPROBABILITY FUNCTION USING A NEWLY DEFINED
HYPER GEOMETRIC FUNCTION OF TWO VARIABLES

We define the following gamma-type probability density function involving the
newly defined hyper geometric function of two variables specified by (2.1):

5 b b+1 d d+1
f (x)=C x* 1 P¥ (a,—,—,c,—,— e, f-ax™, 5), x>0, 4.1
(x) olas 6o o, px (4.1)

where C*=H (a,b,c,d,e, f;0.B,8 p, 1), A-1>0, p>0, a<p, >0,|Arg(a) <

As f(x)=0, )I(irg)f(x):o; )!i’gof(x):o and {)f(x)dx:l, f (x) defines a bona

fide probability density function.
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0.5
0.4l
0.3f
0.2

0.1}

1 2 3 a 5 6
Fig. 4.1: The gamma-type pdf.a=1.3;b=0.6;c=2.7; p=0.4;d = 3.4;
e=24;h=46;9=34;f=17, =03;p=22; 6=1.2;

A =4.2(solid line); A =5.2(dotted line); A =6.2 (thick line) .

1.0f
o8l
0.6}
0.4}

0.2

1 2 3 4 5
Fig. 4.2; The gammastype pdf.a=13;b=0.6;c=2.7; A=4.1;d=3.4;
e=24,h=46;9=34F=17, a=03; =04; 6=12;

p =2.2(solid line);’ p = 3.2(dotted line); p = 4.2 (thick line) .

151
1.0

0.5F

:i. .-2 3 4 5

Fig. 4.3: The gamma-type pdf. a=1.3;b=0.6;¢c=2.7; A=4.2;d=3.4;
e=24,h=46;9=34;f=17, a=0.3; p=04;p=22;
d=1.2(solid line); &=2.2(dotted line); 5=23.2 (thick line).
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Figure 4.1, Figure 4.2 and Figure 4.3 illustrate how the parameters A, p and & effect

the gamma-type distribution.

4.1 Particular Cases of Probability Function
I. Ifweset a=0andc= f, (4.1) becomes,
Mo 1= F (ae; fx°
f(X):Spr();/se) ZF:(;,(x/a;ﬁﬂzp)'
which is modified form of pdf defined by Al-Zamel [5].
Il. Ifweset =0 and b=d, (4.1) becomes,

s N
X e PRy (a; -; —ocx"))

f(x)= :

n
where,
1(T(n/8 A
T]Zg{ (px/s )1|:l(a;—g+1;p0tj-
M (-
F(a) o o

5. STATISTICAL FUNCTIONS

Closed form representations ofsthe ‘moment generating function of a gamma-type
random variable which is denoted‘by X4 as well as the associated moments are provided

in this section.
The Moment Generating Function of X
The moment generating function for density function is defined as

My (t)= E(etx):ze“f (x)dx

The inverse Mellin‘transform technique will be used to derive the moment generating
function of the gamma-type distribution. Let X be a random variable whose pdf is

specified by (4.1).

The moment generating function with respect to the distribution specified by (4.1), is

given by
My (t)=C[ye™ x”‘le‘pxa(p(a,g,%,c;%,%,e, f;-ax"’,ﬁx"jdx.
=C§ (a)n (C)n (B)noj?xk+8n—le—px5etx = (a+ E EE E._
no (e) (f),n'o 32 202 2]
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Letting & =1and using (3.8), (5.1) becomes

Cr[g]r(dzﬂj i (c), ([3)"
F(a)r(b)r(b”j n-o(e) (f) n!

2 2
1 ke ((x)SF(—S)F a+n+s)F(g+sJF(b;l+s

J (
X——
2 i F(d+sjr(d;1+s

My (t):

\J Of)(?wr(n—s)—le—( p—t)xdx ds

where, Re(p)<Re(t), Re(1)>Re(s).
Hence,

. cr( 94 94
()
; (C)n(pﬁ_t]n N 1—n—x,1,%,ﬂ

2
S G )
W (N % alp0),, b bit
2

Equivalently, in light of (1.5), one has
LY Cr(gjr(dglj
RS

p-t r(a)r(gjr[b;lj

n
; (c)n (pﬁ—tj 1—a—n,1—%,1—%
5 APt gaal oy . (5.2)
n=0 (e)n(f)nn! > 0,n+&,1_9,1_ﬂ

) 2 2
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The r'™ moment about the origin of a continuous real random variables X with

density function, f(x) defined by
uy = [x"f(x)dx.
0
For the density function defined in (4.1), we have
py =CH(ab,c.d,e ;0,8 p,A+r),
where C™*=H (a,b,c,d,e, f;o.B,8 p,A).

Variance
The variance for the distribution of X is given by

V(X)=C(H(ab,c,d,e f;op,5 pr+2)
—CH?(a,b,c,d,e, f;0,B,5; p,x+1)),

The Factorial Moments

(5.3)

(5.4)

Factorial moments for probability density function defined'in (4.1) are as follows

E(X(X=1)(X =2)..(X —i+1))
= E(Xi +alxi‘1 +oc2Xi‘2 +...+ociﬁ1X)
= Iil oy (—1)k E(Xifk),
k=0
where o is integer, o, =0 ; which satisfy the first identity
Now,
E(X (X =1)(X=2)us(X —i+1))
= If oy (—1)k CH(ab,c,d,e, f;o,B,8 p,A+i—k).
k=0
The Negative Moments

Negative moments is defined as

[

using (5.5), we derive negative moments for density function defined in (4.1)

E(%j:CH (a,b,c,d,e, f;o.B,8p,A—r), A>r+1.

(5.5)

(5.6)

(5.7)

(5.8)
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CHARACTERIZATIONS OF A PROBABILITY
FUNCTION USEFUL IN SIZE MODELING"
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Dhahran- 31261, Saudi Arabia

ABSTRACT

A relationship between the inverse Gaussian density function and the density function
introduced by Chaudhry and Ahmad is exploited to find some characterizations of the
new density function.

1. INTRODUCTION

Chaudhry and Ahmad (1992) have recently introduced a newrprobability density
function (pdf)

f(x)= \/7exp[ (J_x JBx )} o>0820 x>0 (1)

found useful in size modeling.

The mode of the function in (1) is py =(B/ a)m. The substitution of B=oaug in (1)
leads to

f(x)= ZJ%exp(Zaué)exp[—aué ((X/Ho )2 —(Ho/x)2 )}
a>0,u, >0,x>0. 2

Here, p, is the location parameterand aug is the shape parameter.

It may be noted that if a'random variable X follows the inverse Gaussian distribution
(see Johnson and Kotz, 1970), then the pdf of the }/ X will be the probability

distribution (1) (see Chaudhry and Ahmad (1992)). In this paper we exploit this
relationship of the new pdf with the inverse Gaussian pdf to find some of its
characterizations.

2. CHARACTERIZATIONS

Some characterizations of the new probability function are stated in the following
theorems.

“Published in Pak. J. Statist. (1993), Vol. 9(1)A.
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Theorem 1.
-1
Suppose E(X’z), E(X4‘),E(X2)and[E(X’2)} exist and are different from
zero. Then the necessary and sufficient condition that the variates Y and Z follow the

-1
probability distribution (1) is that Y=YX?andZ =Y X?-n? (Z X’l) are
independently distributed.

Theorem 2.

Let Xg, X;and X, be three independent random variables and let

leé(xf—xg)

W, =%(x§—xf)

Then the necessary and sufficient condition that X,, X;and X, beddentical new pdf
(1) random variables is that (W, , W, ) has the joint probability distribution

(l+ le)(1+ W§)|:]_+(Wl +\W)2 +(W2 +\/1+:W2)2}

—00 < W, < 00,—00 < W, < 00,

%

Proof:

The proofs of the theorems_(1)<and (2) are involved. However, they can be traced

following Khatri(1962) andhthe fact that the probability distribution of 1/ X2 is inverse
Gaussian when X*foellows the pdf (1) (see Johnson and Katz, 1970 and Chaudhry and
Ahmad, 1992).
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ABSTRACT

In this paper, a size-biased Geeta distribution (SBGET) is defined. Recurrence
relations for central moments and the moments about origin are given. Different
estimation methods for the parameters of the model are also discussed. R- Software has
been used for making a comparison among the three different estimation methods and
with the simple Geeta distribution.

KEY WORDS

Geeta distribution; Size-biased Geeta distribution; Moment estimator; Maximum
likelihood estimator; Bayes estimator.
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1. INTRODUCTION

The weighted distributions arise when the observations generated from a stochastic
process are not given equal chance of being recarded; instead they are recorded according
to some weight function. When the weight function depends on the lengths of the units of
interest, the resulting distribution isicalled /length biased. More generally, when the
sampling mechanism selects units with prabability proportional to some measure of the
unit size, resulting distribution is Called size-biased. Size-biased distributions are a
special case of the more general form known as weighted distributions. First introduced
by Fisher (1934) to model, ascertainment bias, these were later formalized in a unifying
theory by Rao (1965)..These distributions arise in practice when observations from a
sample are recorded with unequal probability.

If the random variable X has distribution f (x; 6) , with unknown parameter 6, then
the corresponding size-biased distribution is of the form

. “f(x0
£ (x0)= 50 (1.1)
He
pe = [X°f (x;0)dx for continuous case
and
e =2 x°f(x0) for discrete case. (1.2)

“Published in Pak. J. Statist. (2009), Vol. 25(3).
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When c=1and2, we get the simple size-biased and area-biased distributions
respectively.

In this paper, a size-biased Geeta distribution (SBGET) is defined. Recurrence
relations for central moments and the moments about origin are obtained. The estimates
have been obtained by employing the moments, maximum likelihood and Bayesian
method of estimation. In order to make a comparative analysis among the three
estimation methods for the parameter of the size-biased Geeta distribution (SBGET), one
of the standard software packages R-Software is used which is meant for data analysis
and graphics. Also, Comparison is made with the simple Geeta distribution.

2. GEETA DISTRIBUTION

Consul (1990a) defined the Geeta distribution over the set of all positive integers with
the probability mass function as

P[X =x]=L( ﬁx_ljocXI(l—oc)ﬁxx; x=12{".
Bx—-1\ x
1<B<a™ and Ox@ <1. (2.1)

The Geeta distribution has a maximum at x =1 and is L-shaped for all values of
o and B. It may have a short tail or a long tail depending upon the values of o and B.

Its mean and variance are given by

p=@1-o)d-ap)™ (2.2)
, a(l-a)(B-1)+(1-a)’ (14ap)
MZ = 3
(1—0(5)

o’ =(B-Dalea)l=ap) =uu-HPu-H(E-1) ™"

The family of.Geeta prabability models belongs to the classes of the modified power
series distributions (MPSD)and the Lagrangian series distributions. Consul (1990b) also
expressed it as a location-parameter probability distribution given below:

RIX :X]:L( Bx‘lj{(“‘1)TT“(B_1)TX_X; X=123... (23)

px-1{ X Pu-1 Pu-1

3. SIZE-BIASED GEETA DISTRIBUTION (SBGET)

A size-biased Geeta distribution (SBGET) is obtained by applying the weights x°,
where ¢ =1 to the Geeta distribution (2.1).

We have from (2.1) and (2.2)
S x-P(X = X) =(1—a)(1—ap) L.
x=1
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This gives the size-biased Geeta distribution (SBGET) as

RIX =x]= (1-043)[ Ei;ZJaXl(l—a)BXXl x=12...
1<B<atand O<a<1 (3.1)

3.1 Moments of SBGET
The r'" moment ! (s) of SBGET (3.1) about origin is obtained as

W) =E(X)=SXP[X=x]  ;r=12...
x=1

h©) = S aﬁ)[ Px Zj L1 )Pt (3.2)

Obviously pg(s)=1andforr>1

( OLB) ri1l BX_Z x-1 Bx—x—1
r() (1 OL) XZ—:]_X ; x—1 a (1—0(.)

(l_ '3) r+l
o) Elx P[X =X]

My (S) (1—0() l’lr+l’ (33)

where p;,, isthe (r + 1)" moments aboutiorigin of Geeta distribution (2.1).

The moments of SBGET ¢an be obtained by using relation (3.3) as

’( ) N (1— 20c+oc26) (3.4
S)=Mean =———= :
M (l—aB)Z
and similarly Variance of SBGET (3.1) is given as
2(B-1)a(1-
Mz(s):m_ (3.5)

(1—(1[3)4

The higher moments of SBGET (3.1) about origin can also be obtained if the higher
moments of Geeta distribution are known.

4. RECURRENCE RELATIONS FOR THE MOMENTS ABOUT
ORIGIN OF SIZE-BIASED GEETA DISTRIBUTION

The recurrence relation can be obtained by differentiating (3.2) as
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oy (s) _ i " {zxIZJ[ai{ax’l(l—aﬁ)(l—ot)ﬁx_x_l}}
= - o

-3 xr( ix__lzJ(l—ocB)oc“(l—a)BxXll:(x_l)(l_a)_a(ﬁ X_H)}

L a(l-o)
2
BZ ( B_l Jax 1(1 )Bx—x—l

(1(— ai)) f x”l[ ix_—l 2j o)1)t
B2 o
((xl(l OLB)) () ((12((11__ i)) ue (8)- (1_Baﬁ) u(s)
s ls), o (s)—%m (5). (@)

The above recurrence relation can_be used for getting the higher moments of the
model (3.1)

4.1 Recurrence Relations for Central Moments of Size-Biased Geeta Distribution
We define the k-th'central moment , of size-biased Geeta distribution (SBGET) as

x=1

-2
e — % (e aB)(B ]“(1 o r L,

Differentiating with respect to o, we get

op - Bx-2) o x-1pq _ABx—x-1(,, K
E g | S (]
Oy (1-aB) B +(1—0(B)Mlk (2a-1)py o

oo _a(l—a)ukﬂ_(l—aﬁ) a(l—a) i oc(l—oc) - %““'

The above expression gives the recurrence formula
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~ a(ot—l)6ﬂ+ koc(l—a)a_u
P = (1-oB) 6o (1-ap) oa
(20-1)(1-ap)-a(l-a)p+p(l-ap)’

(1—(xB)2

The above recurrence relation can be used for getting the higher central moments of
the model (3.1).

Mk-1

K -

5. ESTIMATION METHODS

In this section, we discuss the various estimation methods for size-biased Geeta
distribution and verify their efficiencies.

5.1 Method of Moments
In the method of moments replacing the population mean and variance by the
corresponding sample mean and variance, we have

(1—2a+a2[3)
K=" (5.1)
(1-ap)
and
@ _2B-Ya(l-a) (52)

(1-ap)’
On simplifying (5.1), we get
o’B(BX —1)— 2a(BX—1)+ X —1 =04

Solving above equation for o, we get the estimate of o in terms of X and B.

Substituting that value in‘equation(5.2) and using the iterative method with the help of
R-software, we get therestimate for { .

5.2 Method of Maximum Likelihood Estimation
The likelihood function of SBGET (3.1) is given as

n

L(x;oc,B)=_lﬂ[[ Bxi_z] (1-op)" o (1—oc)B§Xi‘§Xi‘”
i=1 Xi -1
L(x0,B) =C(1-ap)’ o/ (1-a)* " (5.3)

n n BXI_Z
Where y=3x; and C= []

i-1 il X% -1

The log likelihood function is given as
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=2
Log L= ilog[ﬁx' j+(n¥—n)loga
i=1 XI _1
+(BnX —nX —n)log(1—o)+nlog(1-ap) (5.4)
The likelihood equations are given as
alogL_(nf—n)_(BnY—ni—nJ_ B _, (5.5)
b a 1-a (1-ap) - '
ologL _ nou
=lognx+nxlog(l-a)-——==0. (5.6)
P (1-a) (1-ap)

For the numerical solution of above two likelihood equations, we operated with the
iterative method of (NLM) function in R- software and the estimates of o and 3 are

reflected in Tables 1.1 and 1.2.

5.3 Bayesian Estimation of Parameter of Size- Biased GeetaDistribution (SBGET)
Since 0 <a <1, therefore we assume that prior information about'a when f is

known from beta distribution as

a??t (1- oc)bf1

:0<a<l,a>0 b>0. 5.7
B(a.b) ¢ ®.7)

Thus f(a)=

The posterior distribution from (5.3) and.(5.7).can be written as
(1_(1[3)“ o V-1 (l—a)ﬁy_Y+b_l_n

(1_(1[3)“ oyl (1_a)BY—Y+b—l—n do.

M(e/y)=

Qe—r

The Bayes estimator of @ _is given as

o= }oc [T(a/y)da
0

(1- aB)n V" (1- a)ﬁy_wb_n_l da

O

(5.8)

Q>
Il

(1_ aB)n oyl (l— a)ﬁy—erb—n—l do

o

1
where [(1-af)" /" " (l_a)ﬁyfy+b—n71 da
0

=T(y+a-n+1)T(By+b—y-n)?R[-n,y+a—n+Lpy+a+b-2n+1p] (5.9)
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1 n —n-1 By—y+b—n-1
and  J(1-oB) " (1-0a) da
0

=I(y+a-n) [(By+b—y-n) *R[-n,y+a-npy+a+b-2npl.  (5.10)
Putting these values in equation in (5.8), the Bayes estimator of o is obtained as

(y+a-n) *R[-n,y+a-n+Lpy+a+b—2n+1p]

6=
R [-ny+a-nBy+a+b—2n,p]

. (5.11)

6. COMPUTER SIMULATION AND CONCLUSIONS

It is very difficult to compare the theoretical performances of different estimators
proposed in the previous section. Therefore, we perform extensive simulations to compare
the performances of the different methods of estimation mainly with respect to their biases
and mean squared errors (MSE’s), for different sample sizes and of different parametric
values. Regarding the choice of values of (a, b) in the Bayes estimator (5.11), there was no
information about their values except that they are real and{positive numbers. Therefore 25
combinations of values of (a, b) were considered for a, b=1, 2,3/4,5 and«those values of a, b
were selected for which the Bayes estimator & has/minimum variance. It was found that

for a=b=5, the Bayes estimator has minimum variance“and Xz values between the

simulated sample frequencies and the estimated Bayes freguencies were the least. Data
given in tables (1.1) and (1.2) are the zero-truncated data of P.Garman (1923) and Student
(1907) on counts of the number of European red mites on apple leaves and yeast blood cell
counts observed per square. In table-1.1, comparison is made between the different methods
of estimation for the parameter of size-biased Geeta distribution and it was observed that
the Bayes estimator provides_ussthe better fit against MLE or moments estimator. Also,
table-1.2 reveals that the /size-biased ‘Geeta distribution provides a better result in
comparison to simple Geeta distribution.

Table1.1
No,.ef mites Leaves Expected frequency

per leaf Observed Mom MLE Bayes
1 38 37.96 37.95 37.98
2 17 16.34 16.56 16.92

3 10 9.43 9.53 9.83

4 9 9.10 9.15 8.97

5 3 2.46 2.73 2.95

6 2 1.96 197 2.01

7 1 1.14 0.98 0.99
>8 0 1.61 1.13 0.35
Total 80 80.00 80.00 80.00
a 0.02 0.24 0.56

B 2.3 2.53 2.0
2 0.254 0.057 0.017
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Table 1.2

No. of cells | Observed No. Expected frequency
per square of squares GET SBGET
1 128 126.58 127.34

2 37 36.12 36.92

3 18 17.34 17.62

4 3 2.58 2.93

5 1 1.34 0.97

>6 0 3.04 1.22
Total 187 187.00 187.00

o 0.01 0.43

B 2.58 1.98

x? 0.255 0.028
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ABSTRACT
In this paper we have derived the distribution of weighted mean of two correlation
coefficients r; and r, and obtained its moments using Bessel function and confluent
hyper geometric series function.

1. INTRODUCTION

Correlation was explored much before the 20™ century.<Recently Paul (1988, 1988 a)
discussed the estimation and testing the significance of a common correlation coefficient.
Bhatti (1990) developed the moment generating function of the mean distribution of
correlation coefficients and computed the upper tail area but:did not provide its moments
(see Aboukalam, 1997).

In this paper we have derived the distribution of weighted mean of two correlation
coefficients r; and r, and obtained its moments using Bessel function and confluent
hyper geometric function.

2. WEIGHTED MEAN OF TWO CORRELATION
COEFFICIENTS rp AND r,

By considering the,two independent sample correlation coefficients r, and r, with

arbitrary weights a, andha,, the"moment generating function (mgf) of the weighted

. . _ o tayr

mean is defined as ¢, (t), where T, = =222
() a+ay

The m.g.f. of the sum of two independent random variables is

¢, © =05 (ct)d, (c;t),

a a
where ¢ =| —2 and c,=|—2—|.

Following Bhatti (1990) the characteristic function of the sample correlation
coefficient (r) in terms of Bessel function, is
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b, O=[T(v+1) 2°()™ I (a)][T(v+1) 2 (ct)” 3,(ct)]

“[r(v+)] 22(c)™ 273, (), (czt).
Using the relation (Slater, 1960),

0o e " (t/2)"

J, (1) WlFl(v+l/2;2v+l;2it),

We have
o) =e ) B (v+1/2;2v+L200t) 1R (v+1/2;2v+126,it),
replacing it =y

o(y) =@ %) R (v+1/2;2v+120y) JF (v+Y22v+12c,Y)
The first derivative of the confluent hypergeometric series (Slater, 1960) is
% R(asbit)] :% F(a+Lb+1t).
The mean (p) is
m=0
The second derivative of ¢(t) att=0is

O"M®)],_, =(c1+¢ )2 “(cy+cy)e=(€ +¢c,)c,

3/2
+cl{—(c1+cz)+clvv++i +c2}

v+3/2}.

v+l

+c2{—(cl+cz)+cl+c2

or

“5:z(v+1)(°12+c§)'

Replacing v=(n-3)/2 , Cl:[a :i_la J and sz[aiza J we have, as p, = 0
1 2 1 2

and

1| af+a;
Hp=——| ———5 |
n-1 (a1+a2)2
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Similarly s is

)V+&Q
+1
v+5/2

g —(c+6,)° +3(c +¢,) (¢, +¢,)-3(c, +cz)(cl

v+3/2
+301C, (¢ +C5) v+i

~6e,C, (c1+c2)+(cf +cg)

9 3v+3/2 v+5/2 9 3v+3/2 v+5/2 0
v+1 v+1 v+1 v+1

Hence p; =0

For fourth moment ¢™) (t) is,

v+1 v+1 v+l Av+2
v+3/2+6v+3/2 v+3/2
v+1 v+l vl )

WF[@%§§10+&h4J+@fﬁfLﬂif}

The skewness and kurtosis'are

¢(|v)(t)‘ Cl +C2)(_3+6v+3/2 _4v+5/2 N v+5/2 v+7/2j

+cic? (6 -12

or

B =0
and
2
B, =3 n (312—322)
, = _
"L (ne1)(al+ad)
B, =3 ,when n—>o, and 2—2—>oo,
1

1t 22 -0, then B, _3“—1

a1 n+1

v+l
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ABSTRACT

In this paper, a size-biased generalized Poisson distribution is defined. Moments of
the distribution are obtained. Estimation for the parameter of the distribution is studied by
employing different estimation techniques. R-Software has been used for the purpose of
comparison among different estimation methods. Also, efficiency of the model is studied
by AIC, BIC and chi-square techniques.
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1. INTRODUCTION

The generalized Poisson distributions (GPDs) arise when the populations are
Poissonian type having unequal mean and variance. Consul and Jain (1973a) are the early
workers who derived a class of discretedistributions of the Poissonian type. The different
aspects of these distributions.have been studied by Consul and Jain (1973b), Jain (1975),
Consul and Shoukri (1985, 1988), Consul (1986), Famoye and Lee (1992), Lee and
Famoye (1996), Tuenter (2000), Sheth (1998), Shanumugam (1984) and Nandi et al
(1999). The detailed review works.on the book authored by Consul (1989) have been
done by Kemp (1992), Olkin (1992) and Shimzu (1992).

The probability function of the generalized Poisson distribution (GPD) is defined for
A, >0 and [i,| <1 with.the probability function as

A (0 + x4, ) Fexpl —(2y + x4
R(X =x) = (M1 +k2) f:p[ (a +x 2)}, x=012... (1.1)

For A, =0, the distribution (1.1) reduces to Poisson distribution. The model (1.1) has

been found to be a member of the Consul and Shenton’s (1972) family of Lagrangian
distributions.

“Published in Pak. J. Statist. (2013), Vol. 29(3).
201


mailto:khrshdmir@yahoo.com

202 Chapter 3: Moment Distribution

2. ZERO-TRUNCATED GENERALIZED POISSON
DISTRIBUTION (TGPD)

Shoukri and Consul (1989) redefined the distribution (1.1) by taking A, =o and
Ay =0f as

(1+ BX)X_l o exp [—a (1+ Bx)]

x!

P,(X=Xx)= ;X=O,1,2,-~-,0L>0,0<B<l. (2.1)
o
The distribution (2.1) can be truncated at x = 0 and is defined with the probability
function as

(@L+Bx) o exp[—o(l+ Bx)](l— e ® )_1
P(X =x)= or ;

x=1 2., a>0,0<B<l. (2.2)
(04

For B =0, the distributions (2.1) and (2.2) reduce to Poissonddistribution and David

and Johnson’s (1952) truncated Poisson distribution. The‘different aspects of the
distribution (2.2) have been studied by Consul and Famoye (1989),4Jani and Shah (1981),
Hassan and Mir (2007), Hassan et al (2007). A brieflist of authors and their works can be
seen in Consul (1989), Johnson, Kotz and Kemp (2005) and Consul and Famoye (2006).

In this paper, we have made an attempt to obtain.the Bayes’ estimator of size-biased
generalized Poisson distribution (SBGPD) for'one parameter oo when other parameter f

is assumed to be known. Furthermore,  recurrence relations for the moments of the
parameter are also obtained. In order.o make'comparative analysis among different
estimation methods for the parameter of the size-biased generalized Poisson distribution
(SBGPD), one of the standard software packages R- software is used. Also, the efficiency
of the model is compared with truncated Poisson and truncated generalized Poisson
distributions.

3. SIZE-BIASEDiGENERALIZED POISSON DISTRIBUTION (SBGPD)

Rao (1965) has discussed a situation where an event that occurs has a certain
probability of being recorded (or included in the sample). Let X denote an integer-
valued random variable with the probability function P(x,0) and suppose that when

X =X occurs, the probability of recording it is w(x,A) depending on the observed value
x and the unknown value of the parameter A . The probability function of the resulting
random variable X" is

w(x)P(x,0)

PY(X =x) = E[WX)]

If the weight functionw(x) = (A, +XA,), then we obtain the Jain’s (1975) linear
function Poisson distribution with the probability function as
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Py(X =X)= (1722)0a + XKZ)XIEXp[_(M 292)] o1 (3.1)

Mir and Ahmad(2009) defined the size-biased generalized Poisson distribution as

(1-2,) (g + X0, ) " exp [(+x05)]

(x-1)! ’

R(X=x)= x=12,..24 >0, |n,|<L.

(3.2)
At A, =0, we get the size-biased Poisson distribution.

For the mathematical tractability, the modified form of the model (3.2) can be
obtained by putting A, =a and A, =af as

(1-aB)a*? (1+Bx) " exp[ —a(1+Bx) ]
(x=1)! ’

x=1 2....0L>0,0<B<£. (3.3)
o

P (X =x)=

Mishra and Singh (1993) also studied the distribution’(3:2):

3.1 Recurrence Relation for the Moments of SBGRD
The rth moment of the size-biased . GPD is given by
1-A ) ®
E(X" =(—Zz xR (X£X),
( ) = 1
where B, (X =Xx) is the probability function of GPD.
Thus, knowing the moments'of:GPD we find out the moments of SBGPD.

Using above relation, the mean and variance of SBGPD are

e + , (3.4)
T(1-R) (12, )

2\ A
MHo = 2 + L 3" (35)

4
(1-%)" (1-2y)
3.2 Graphical Representation of Size-Biased Generalized Poisson Distribution
(SBGPD)

We present below some probability functions of SBGPD in figures 1,2,3,4 and 5
considering various values of A;and A, .
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Figure 1- Size-Biased Generalized Poisson Figure 2-Size-Biased Generalized Poisson
Distribution (Lambda2=0.05) Distribution (Lambda2=0.09)
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Figure 3- Size-Biased Generalized Poisson
Distribution (Lambda2=0.1)

Figure 4-Size-Biased Generalized Poisson
Distribution( Lambda2=0.5)
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Figure5- Size-Biased Generalized Poisson
Distribution(Lambdal=5.0)
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£ 008
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In figure 1, for each small value of A, the SBGPD curve changes from L-shaped to
symmetric and with the considerable change in the value of A, it becomes positively
skewed. In figures 2, 3 and 4, we consider A, =0.09,0.1,0.5. For each small value of A, ,

the SBGPD curve is unimodal and extremely positively skewed. But it gradually changes
to bell-shaped as the value of A, and A, increase. In figure 5, we take A, =5.0 and the

different values of A,. It is observed that the variation in the values of A, alters the
shape of the distribution substantially. For larger values of 2,, the bell-shaped form

becomes more flattened.
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4. ESTIMATION OF SIZE-BIASED POISSON DISTRIBUTION
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The estimation of the parameters of the GPD model have been studied by Consul and
Shoukri (1984), Consul and Famoye (1988), Bowman and Shenton (1985) and Famoye and
Consul (1990). In this section, the estimation of the parameter of SBGPD is discussed by

various estimation techniques and their efficiencies are discussed in section 6.

4.1 Moment Estimation for Size-Biased Generalized Poisson Distribution

By letting 1-A, =0, in equations (3.4) and (3.5), the mean and variance of SBGPD

(3.2) can be expressed as

, (B+1)
SR
[2(1-0)+2,60]
Ho =9—4

This gives an equation in 0 as

1,0% —10% +20-1=0

Replacing p; and p, by the corresponding sample values X
we get

S%0% —x0% +20-1=0

(4.1)

(4.2)

(4.3)

and S? respectively,

(4.4)

It is a polynomial of degree fourin 0 and can be solved using the Newton-Raphson

method to estimate X, . An estimate of 4; is then obtained as

. (ézi—l)
M=—F".
0
4.2 Maximum Ldkelihood Estimation

The log likelihood\function of a sample size n from (3.1) is

(4.5)

logL=n Iog(l—kz)J{i X; —njlog(k1 + xkz)—(nkﬁkzi X; J— ilog(xi -1.
i=1 i=1 i=1

The log likelihood equations are given as

ologL _ 2. (x-1) neo
Ny i (A +Xky)

olgL _ -n 1 (x —-1)x _anx_zo
Ay, (1-2%) E(M+xh,) T

By solving the above equations, we get the maximum likelihood estimates.

(4.6)

(4.7)

(4.8)
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4.3 Bayes’ Method of Estimation

Let x;,X,,...X, be arandom sample from size-biased generalized Poisson distribution
(3.3), the corresponding likelihood function is given as

L =KoY "exp[ —a(n+By)|(1-ap)’ (4.9)
(1+Bx; ) n
where K = H (1 ) ,y=_2xi.
We assume that before the observations were made, our knowledge about a was only
vague. Consequently, the non-informative vague prior of o, g(o) proportional to E is
(04

applicable to a good approximation.
Thus

g(oc)=1, a>0 (4.10)
o

The posterior distribution from (4.9) and (4.10) is\given as

Maly)=—9

[ Lg(a) do
0

_ oyt exp[ n+By):|(1—OLB)n |
gay " exp[ -a(n+By)J(1-aB)"

Under squared errorloss function, Bayes’ estimator of o is given as

00

[ o exp[“a(n+py)](1-ap)" da
G 0 , (4.11)

o’ exp [—a(n + BY)J (1- ocﬁ)n da

o8

where

Tay’n e () (1- aB)n da

(B r(-1-y)r (@ y-n) 'Ry-n+ly+2,7]
) r(-n)
(BT (ary) *H[-n-y.7]
(n+[3y)erl

, (4.12)
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and
Tay—n—l e—a(n+By) (l—OLB)n do.
0
_ ()" T (=y)T(y-n) *R[y-ny+17] +(—B)n1“(y) 'F[-n-y+1z]
r(-n) (n+By)’ '
(4.13)
where z =M

Substituting the values from equations (4.12) and (4.13) in equation (4.11), we get the
Bayes’ estimator of o .

5. NUMERICAL EXPERIMENTS AND DISCUSSIONS

It is very difficult to compare the theoretical performances of different estimators
proposed in the previous section. Therefore, we perform extensive simulations to
compare the performances of the different methods of estimation mainly with respect to
their biases and mean squared errors (MSE’s), for different sample sizes and of different
parametric values.

5.1 Average Relative Estimates and Average Relative Mean Squared Errors of o .

We consider sample sizes and different valuesof ou» We take n =15, 20, 30, 50,100
and o =0.2,0.5, 1.0, 2.0. For each combination of n and o, we generate a sample of size
n from SBGPD (3.1) and estimatede. by different methods. We report the average values
of [gj and also the corresponding averagedMSE’s. All the reported results are based on

(08

10,000 replications. The results are presented in table-1.1. Here we report the average

A

values of (gj for each method and the corresponding MSE’s are reported within
(04

brackets. From the table it is immediate that the average biases and the average MSE’s

decrease as sample size increases. It indicates that all the methods provide asymptotically

unbiased and the consistent estimators. It is also observed that the average biases and the

a

average MSE’s of [ J depend on o. On comparing the performances of all the
a

methods it is clear that as far as the minimum bias is concerned, Bayes’ works the best in
almost all the cases.
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Table 1.1
Average Relative Estimates and Average Relative Mean Squared Errors of o
n Method a=0.2 a=0.5 a=1.0 a=2.0

n=15 Bayes’ | 1.056(0.256) | 1.254(0.123) | 1.125(0.365) | 1.221(0.778)
MLE | 1.432(0.788) | 1.412(0.547) | 1.351(0.541) | 1.366(1.241)

=20 Bayes’ | 1.051(0.241) | 1.214(0.119) | 1.114(0.288) | 1.211(0.554)
MLE | 1.416(0.657) | 1.401(0.501) | 1.301(0.412) | 1.297(0.201)

n =30 Bayes’ | 1.041(0.145) | 1.1254(0.104) | 1.109(0.251) | 1.187(0.441)
MLE | 1.368(0.514) | 1.356(0.335) | 1.201(0.226) | 1.202(0.154)

=50 Bayes’ | 1.034(0.036) | 1.121(0.021) | 1.015(0.125) | 1.101(0.0254)
MLE | 1.221(0.299) | 1.215(0.2151) | 1.154(0.119) | 1.165(0.125)

=100 Bayes” | 1.09(0.017) | 1.011(0.019) |1.001(0.0101) | 1.021(0.021)
MLE | 1.145(0.054) | 1.152(0.014) | 1.012(0.032) | 1.125(0.031)

5.2 Fitting of SBGPD

In order to see the efficiency of the SBGPD model in comparison to truncated Poisson
and truncated generalized Poisson distribution, we have taken the<data from Plackett
(1953) which is listed in table-1.2. From Pearson’s chi-square, AIC and BIC measures, it
was observed that the size-biased generalized Poissonrdistribution provides us a better fit
and simultaneously, it is seen that Bayes’ works as a best/estimator against maximum
likelihood and moments method of estimation.

Table 1.2

A data set from Plackett (1953) showing the number of
workers N; having i accidents

Expected Frequency
i N; SBGPD
\ & y GPD Mom MLE Bayes’

1 2039 | 2034.27| 2039.00 | 2036.58 | 2037.24 | 2039.00

2 312 319.48 311.18 311.25 311.54 311.92

3 35 33.45 35.97 35.21 35.11 35.05

4 3 2.63 3.50 4.01 3.02 2.98
>5 1 0.17 0.35 2.95 3.09 1.05
Total | 2390 2390 2390 2390 2390 2390

v’ 0.772 0.034 0.243 0.128 0.00018
AIC 285 276 261 260 252
BIC 310 302 295 291 289

a 0.3141 0.2705 0.321 0.311 0.412

fs - 0.0759 2.15 2.35 2.0
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ABSTRACT

Inverse ascending factorial moments of the hyper-Poisson distribution have been
derived in terms of hypergeometric series function. A recurrence relation for the negative
moments and inverse ascending factorial moments is also derived. The Poisson
distribution as a special case of the hyper-Poisson distribution has also been dealt with.

KEYWORDS

Negative moments, inverse ascending factorial moments;y hypergeometric series
function, hyper-Poisson distribution.

1. INTRODUCTION

Negative moments have been under studyafor quite.some time. Many authors [Grab
and Savage (1954), Mendenhall and Lehman (1960);,Govindarajulu (1962, 1963), Tiku
(1964), Stancu (1968), Chao and Strawderman/(1972), Lepage (1978), Cressie et al.
(1981), Cressie and Borkent (1986)<and Jones (1986, 1987) Roohi (2002)], have worked
on the negative moments of discrete distributions, mainly binomial, Poisson, geometric
and negative binomial distributions.. Ahmad and Sheikh (1983) used Chao and
Strawderman (1972) technique to obtain the first negative moment of the hyper-Poisson
distribution and stated the conditions under which this moment is identical to that of the
Poisson distribution.

In this papergswe. derivesinverse ascending factorial moments of the hyper-Poisson
distribution in terms,of hyper-geometric series function. The expressions are simple and
easy to compute. A recurrence relation of negative ascending factorial moments is also
derived so that higher moments are easily calculated. Similar results have been given for
the Poisson distribution.

2. INVERSE ASCENDING FACTORIAL MOMENTS

Theorem 1:
Suppose the random variable X follows a hyper-Poisson distribution with parameters
6 and ). Then the inverse ascending factorial moment of X is:

“Published in Pak. J. Statist. (2003), Vol. 19(2).
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-1
Mg = E{IEI(X”)} =Co (k)" 5 [LL A,k +1,0] k =1,2...

i=1
where

Cop = {1F1 [1? x?e]}_l 1)

Proof:

Since [(x +1)(x + 2)...(x+k)]_1 :i ()"

l sa(s=1)(k—s)(x+s)’
gy = E{IE[(X +i)}

i=1

K ( 1)S+1 1
=> E( j (see Jones 1987)
S_1(5 D(k=s)! (X+s
K ( 1)S+l » P
=3 CoiS 2R [1, s;k,s+1;e] =Gy, 87 2R [1,1,7»,s+1;6]

S (s-1)(k—s)!

(see Ahmad and Sheikh 1983, and Ahmad and Roohi 2002).

Corollary:
For X =1 we get the inverse ascending factorial moment of the Poisson distribution,
S
—e [k!]_l 1P Lk +156] k=12,.... (see Ahmad and Roohi 2002).

€ ST R [si7s+1,0]

3. RECURRENCE RELATION OF NEGATIVE MOMENTS AND
INVERSE ASCENDING FACTORIAL MOMENTS OF
THE HYPER-POISSON DISTRIBUTION

Theorem 2:

Suppose the random variable X has a Hyper-Poisson Distribution with parameters 6
and L. Then

E(X+A)" :1{1 %CM +(A=A)E(X + A—1)_1} for A>1 )

Proof:
We have

E(X+A)" = ACy, ,F, [L AL, A+10] (see Ahmad and Sheikh 1983)
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Using the identity (see Rainville 1960)

2F2[a1,a2;[31,[32;x]=2F2[ocl—l,oc2;[31,[32;x]+x{[ﬁé2—__ﬁll31)
2F2[al,a2;131+1:[32?x]+[32a(2T__B[§2)2F2[0‘110‘2?[317'32 +1§X]} 3)
For oy = Ao, =18, =AB, =Aand x=0 we get:
F[LALAG]=,F[LA-LLAG]+6 LA [LALA+L6]
2P b A ) 2P 4 ] ) A(X—A)Zz”
1-x
— R |LAM+LA
+A(A—x)2 > [L AR+ 6]}
We know that
2P [LAXA6]=1F (L2;6)
and
2P [LAL+LAB]=,F (LA+10) )
Then
A-1 ,9054)
1R —E(X+A-1 —E(X+A
1(17:0) =g E(X +ASY A E(X 4 A)
) R (LA +10)
H(A=2)
Hence

R
E(X+A)1=1_A{7”9A Aol A 19]} ARyt

We know that
1R [EA+16]= {Fl[me] 1 5)

Substituting (5) in (4) we get:

1-x

Co _
E(X +A)1:—A{l eA L2 e]—T}ﬁ A

E(X+A-1)" 6)

Hence the result.
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Corollary:

For A =1, we get the recurrence relation for the negative moment of the Poisson
distribution.

E(X+A)" =%{1—(A—1)E(X +A-1)" ] A>1

This result was also obtained by Chao and Strawderman (1972) by integrating the
probability generating function.

Theorem 3:

Suppose that the random variable X has a Hyper-Poisson distribution with
parameters 6 and A, and pik] is the kth inverse ascending factorial moment of X . Then

the relation
kzeHL[kJrl] = (k + e)(l—k + k)l.l:[k] —(k +1_>\')”’L[k_1]

0(2.-1)*
+TC“ 2Fo [LLA#1,k+16] holds for k >1

Proof:
We know that (see equation (1)),

C
W = % P [LL 2,k +2i6]

Then

C
M) = ﬁ o, [Lg 2,k 2;0]

Using the identity,(see Rainville 1960)

(al_Bl+1)2F2 [allaz;ﬁlnﬁz?x] = 5 [oc1+1,oc2;[31 -1B,; X]

(7
_(Bl _1) 2P [ab ;B —1,B,; X]

If oy :L(xz :1,61:k+2,[32 =A,X=0, we have

(—k) 2P [Ll;k,k+2;6]= 2F [1,2,7\.,k+2;6]—(k+1)2F2 [Ll;k,k+l;6] (8)

Using the identity (3) for oy =2,0, =1,B; =A,B, =k+1, x=6, we get:
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1-A
(k+1-2)
k

_WZF2 [2L0k+2; 9]}

Hence

ko

T ka2l ah ke 20 = 2R [L2 2 k0] R [LL A K+ 10]
+1)(k +1—

Jre(k—_l)zF2 [L2A+1k+16]
n(k+1-2)

(k+1)(k+1-2)

2P [L 20 +1k +4;6]

_Wﬁ [LL2k+10]+

C-=DEA) 1 o 1k z0]

9)
Substituting (9) in (8) we get:

(k +1)k+1—7»

k), B |LLAk+2;0[=
(k) 2R [LL Ak +2;6] <0

2P [L20,k+1;6]

ketd)(k +1=
_(k)(k Hgh) )(k6+ 7“)2F2[1,m,k+1;e]

+w25 [L21+1k+30]-(k+1) ,F, [LL A,k +16]

Thus
(k+1)(k+1-2+ko)
k2?0

k+1)(k+1—2
—%ze[l,m,kﬂ;e]
(k—l)(k+1)
+—
Ak?

2R [LLA,k+2,0] = P [LL 2,k +1;6]

2P [L 2 +1k+1;6] (10)

Using the identity (7) for, we have: oy =L a, =1, =k+1B, =A,x=0, we have:
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2B [L2Ak+2,0] =k ,F, [LLA,k; 0] —(k—1) ,F, [LL A, k +1;0] (1)

Again using (7) for oy =1, 0, =1,B; =A+13, =k+1,x=0, we have:

2P [L2k+LA+10]=(1) ,F, [LLk+1,2;0]—(A—1) ,F, [LLA+L k+10] (12)
Substituting (11) and (12) in (10), we obtain:
(k+1)(k+1-2+k0)

k20
—%{(k)2F2[1,1;k,k;9]—(k—1)2F2[1,1;x,k+x9]}
A—1)(k+1
—%&”{(K)ZFZ[l,l;x,k+l;e]}
~(A-1) R, [LLA+1k+10]

2R [LLAk+2,0]= P [LLA k+1;6]

(k+1)(kO+K* +k—kn—61.+0)
- % 2P [LLAk+16]
(k+1)(k+1-2)

R (L k6]

2
+w25 [LLr+1k+10]

k2
Hence
(Ko Iaek =k~ 02.+ 6) Kl
M) = 20 M = zg Mk

(-12)° . _
+Cq . eV 2 [1,1,7»+1, k +1,9]

kzeHL[kJrl] = (k + e)(l—k + k)l.l:[k] —(k +1_>\')”’L[k71]

0(n-1)’

k!

+

Cos 2P [LLA+1Lk+16], k>1
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Corollary:

When X =1, in equation (6), the recurrence relation for the inverse ascending
factorial moment of Poisson distribution is:

ke},l’_[k+l] = (k + G)M'_[k] _M'—[k—l]’ k>1.

4. ESTIMATION

Consider the hyper-Poisson distribution with . known and 6 unknown.

] PR
1 o R[L2Ke])
—121 1[1;%;9]{SFS[LLLZ’ZX,G]_—l N

(See Roohi and Ahmad 2003)

F Var (é) = (13)

for A =1 in (13), we get the variance of the negative moment.estimator 0 of 0, the
parameter of a Poisson distribution.

o (e e 1) e {1F1 (L2 9]}2
Var(e):(—j — [F1152,20]=————

02 gd
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ABSTRACT
In this paper sum of some hyper-geometric series functions have been derived, using
properties of discrete probability functions.

INTRODUCTION

Jones (1987), Lepage (1978) and Roohi (2002) have worked on the negative moments
and inverse factorial moments of some discrete probability functions. In Statistics, some
discrete probability functions have been expressed in terms of hyper geometric series
functions (See Bardwell and Crow, 1964). Using properties of‘the discrete probability
functions, simple solutions of sums of hyper geometric series functionshave been found.

Theorem 1:
Let ,F (a, b; c; 6) be defined as:

ab . a(a + 1).b +1pe?

,F(a, by ¢ 0)=1+ ?9+ (el 5 +...,C#O ()

then if a or b is negative, , R will be defined as terminating series, then

k k
z(—l)s*l(sjzFl(s,—n;s+L-—e)=2Fl[1—n;k+1;—e] )
S=
0>0,nk=123,..
Proof:
Suppose X is a binomial random variable with parameters n and 6,
n X
f(x)=( j 0 -, x=0,12,....n,0 >0 3)
X)(1+6)

It is known that
k1 ko (<)Y
ss1X+s  sa(k—s)l(s—1)! x+s
(See Rainville 1960)

. x20k=123,... @)
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By definition of E[g(x)] =>g(x) f(x),we have

E(sl%—lX]-i-Sj:sil(k—(g;-!)(tl—l)!.E[X]:i-Sj

Now
1 x 1 (n 1
E = " =———— R [s,—n;s+1-0
(XHJ onﬁ[xqu o Al 1-6]
Thus

e S o Al s

s (k=s)(s=1)! 5(1+0)

1 k s+1 K
:(1+9)nk|sz:1(_1) [SJZFl(s,—n;sH.;—e) (5)

Also

k1 n(n) o k(1
E[Sl_[—1X+SJ:><Z—()(X)(1+9)nsl_[—l[x"'sj,

Expanding the summation, we have

1 n . n(cl 12 2 n! ;
- {“me* 21 (k+1)(k+2)e+""+(k+1)...(k+n)e}

_n (=n)(—n+1)1.2 2
l {l+k+1(_e)+ (k+1)(k+2) %)
(-n)(-n+1)..(-1)1.2..n

A YR P Y (‘e)}

__ 1 R (L-nk+1,-0) (6)

(1+0)" k!

Thus, we get the result from (4) and (6),

Theorem 2:

Let ,F (a, b; c; 6) be defined as in (1), then
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si1( K
Z:(—l) l(SJZFl(r,s;s+1;q):2 F(Lrk+1q) 7

r=12,.., k=12,..., 0<q<land p=1-q holds.
Proof:

Suppose X has a negative binomial function

(=" ®

r=12, .., k=12,.., 0<g<land p=1-q¢

If X has the probability function (8), then

1 © 1 (x+r-1
E — roX
[X+sj E)XH( X Pd

:p_[H st T(r+1)s(s+1) ¢ }

S
s+l (s+l)(s+2) 21

=?2F1[r,s;s+1,'q] 9)

K
By definition of expected of.a.function, H(
s=1

K 1 « K (_1)S+l 1
E(Sl‘[_lx+s]—520(k_s)!(s_1)!E(x+SJ (0
Substituting (9) in(10), we have

_ k (_1)S+1 pr | |
_EW(S_]_)!?ZFl(r,S,S+l,q)

SJ and defined as in (3), we have
+

rk

=%Z(_l)m[kj2F1(r*3;5+13q)’ (11)
!s=1 S

Also by definition of expectation (X + s)f1 when f (x) is defined as (8), we have
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k 1 ®© (X+r-1) , K 1
e )5 el

r 1)1.2 g2
_P |:1+ rl + r(r+) g +:|

Tk ke (ke D) (ke 2) 2
:%zFl[l,r;kH;q] (12)

We get the result from (11) and (12)

Corollary 1:
If r=1, then

i(—l)“l[:]za<1,s:s+xq)=2F1<1,1:k+m> 13)

s=1

Proof:

This follows immediately from (6) by putting r =1.
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ABSTRACT

Characterization of the Poisson distribution has been obtained using a recurrence
relation for the first order negative moment of the Poisson random variable.

KEYWORDS
Negative moments, hyper-geometric series function.

1. INTRODUCTION

Tiku (1964) discusses the case where sample size is a random variable and gives an
approximate result for the first order negative smeoment “of the positive Poisson
distribution. Ahmad and Sheikh (1983) obtain the first order negative moment of the
hyper-Poisson distribution and hence that of a Poisson distribution as a special case.
Daboni (1959) gives a characterization of thesPoisson'distribution based on mixtures of
binomial distributions. Rao and Rubin (1964) using,conditional probabilities obtain a
characterization of the Poisson distribution.#/Ahmad and Roohi (2004) obtain a
characterization of the binomial distribution using a recurrence relation of the negative
moments of the binomial random variable.

In this paper, first a recurrence relation is derived for the negative moment of a
Poisson distribution using a property of the hyper-geometric series function, and then it is
used to obtain a characterization of the distribution.

2,, RECURRENCE RELATION

Chao and Strawderman (1972) by integrating the probability generating function of

the random variable (X + A—1)71 >0, obtained a recurrence relation for the first order

negative moment of the Poisson distribution. The same recurrence relation was derived
by Kumar and Consul (1979) as a special case of the Lagrangian Poisson distribution.

In this section, we use a property of the hyper-geometric series function and give an
alternate method of deriving the recurrence relation for the negative moment of the
Poisson distribution.

“Published in Pak. J. Statist. (2004), Vol. 20(2).
223



224 Chapter-4: Discrete Distribution

Theorem 1:

Suppose X has a Poisson probability distribution with parameter 6 >0, then for
A>1, the relation

E(X +A)_1=%—%E(X+A—1)_l 6

holds

Proof:

Since X is a Poisson random variable with parameter 6, then Ahmad and Sheikh
(1983) show:

1 051
E =e A F|A A+L 6. 2
[X ~ Aj 1R ] @)
2
where ,; F [a; b; x]:1+3 xi2@+h x|
b~ bb+1) 2!
Replacing A by A-1in (2), we get
1 -6 1
E = A-1 F|A-LA; 6. 3
(X+A-1j AR ] @)

Using the identity (see Rainville 1960 page 124).
b 1R [a; b; x] =b,F [a-1; by x]+xX1F [a; b+1; x]

for a=A b=A and x =04 we get:

AR [A A 0]=AR[AL A6]+6,R [A; A+L 6] (@)
Now
JR[A A 6] =€, ©)

Substituting (2), (3) and (5) in (4) we get the required result.

3. CHARACTERIZATION
In this section the recurrence relation derived in theorem 1 is used for the
characterization of the Poisson distribution.
Theorem 2:

X has a Poisson probability function B, (8), 6>0, if and only if, for A>1 and
x=0,1,2...; (1) holds.
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Proof:

If P,(0) is a Poisson probability function, the recurrence relation (1) holds
(Theorem 1).

Now
E(X+A)1=——%E(X+A—1)_l,
gL o 1 Ale 1,

1-R A1z 1

P
0 0 Eo X+ A <

Re-arranging, we have

0f L p_ % xl

x=0 (X+A) XX+ A

z (epX —(x+1) PMJ o,

P

X+11

or
x=0 X+ A

Since 6P, —(x+1)Py; is either >= or <O, then in each case, we get
OP, X+1

=2=p ..
Xx+A x+A

Thus

6

P = —
+1 x+1 X

X

Giving x values 0,1,2,... we get

0. 0 0 6° 0
Plzepo,P2=EP1=§PO’P3=§P2=—P0 =

Since

> P, =1, weget P, =e . Hence the result.
x=0
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ABSTRACT

Ahmad and Roohi (2004) derive the sum of some hyper-geometric series function in
terms of a simple hyper-geometric series. In this paper, sums of another set of hyper-
geometric series functions have been obtained using properties of discrete probability
functions.

1. INTRODUCTION

Jones (1987), Lepage (1978) and Roohi (2002) have worked on.the negative moments
and inverse factorial of some discrete probability functions. AJsing properties of the
discrete probability functions, simple solutions of sums “of hyper geometric series
functions have been found by Ahmad and Roohi (2004). In this paper, sums of another
set of hyper-geometric functions have been derived.

2. SUM OF HYPER GEOMETRIC,SERIES FUNCTIONS

Theorem 1:

Let ,F,[(a);(b);0] be defined as:

8423 a (a +1)..a, (ay +1)i+___ (2.1)

biby. B, by (b +1)..by, (b, +1) 2!

hFa[(a);(b); 0] £1+

No term in (b) is zero. Then

k
z(—1)s*l(::js sF(LLs+152,5+2,0) =, (L L k+2, 0),
S=

0<0<1,k=1,2,... (2.2)
Proof:

Suppose a random variable X has logarithmic series function

X
f(x):ae—,x=1,2,...0<e<1. (2.3)
X

where a= —[In(l— q)]_1 . Now by definition of expectation of random variables, we have
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228
k 1 © @ ko1
i) as T il
5= +S x=1 X s=1X+S
a 0 1 1212  ©?
= 1+ 0+ — ..
(k+1) 1| k+2 (k+2)(k+3) 2!
o 0
=—_— ,R(L L k+2 6 24
(k+1)1 ° 1 *20) @4
Alternatively, if X has Logarithmic probability function (2.3), then
( 1 j = 1 o
[ =Q e
X+s x=1 X+S X
2
_ab +s+1e+(s+1)(s+2)l.2.e_+m
s s+2  (s+2)(s+3)1.2 2
_ 0 s B [LLs+12,5+2,6] (2.5)
Now
K 1 K (_1)S+l 1
E = E J 1987
51—1_1()(4-5) Z (k—s)(s-1)! (x J it Jones 1987)
ek—(_l)ws o1 '5+2,2,0
- szzl(k—S)!(S-i-l)!s g[Mhs+1is+2,2.0].
We get the result (2.2).
Theorem 2:
Support , F,{i(@);(b); 01, be defined as in (2.1). Then for 6>0.
(2.6)

k s+1 k
Zl(—l) [sj 1R(s s+L 0)=R(L k k+1 6), k=12,...
S=

Proof:
Suppose X is a Poisson random variable with parameter 0.
6>0

X

x=0,1,2, ...,

_.09
f(x)=e x

Now by definition of expectations of random variables, we have
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k 1 0 50" 1
E = 0
[Emsj ¢ 1 () (ke 2)(x oK)
-0 2
et k12 kkeD) 02
k 1 (k+1) (k+1)(k+2) 2
o0
=W2F1(1’ k; k+1, 0) (2.7)
Alternatively,
1 ©» 1 e’%*
(X+s B X§0x+s x 1
-0 2
:e_ 1+ S 0+ S(S+l) 9_+
s s+l (s+1)(s+2) 2!
-0
=—— 1 F(s; s+1 0) (2.8)

Thus

s+1 _
E(rk[ : j=§ ) e:

s=1 X +S
Hence the result.

Theorem 3:

For 620, s>0, 0<p<L O<qg<liand p+q=1, the limit of 2F1(S,—n;5+1;—£)
q
when n— o0, p—0 suchthat np— 6 is ;F(s; s+1; 6).
Proof:

Expanding ,F (s,—n;s+1; p/q), we have

za(s,n;wgj_lw(£j+s<s+1><n><n+1>(Jn+...

p
s+1 | ¢ 21(s+1)(s+2)

+s(s+1)---(s+n—1)(—n)(—n+1)---(—1) [_BJ

(s+1)(s+2) -(s+n)n! q




230 Chapter-4: Discrete Distribution

s s(s+1)(1—ij (np)2

—1
T sl l—p+(s+1) (s+2) 21(1- p)2+

. s(s+1) -+(s+n-1) 1 (np)"
(s+1)(s+2) --(s+n)n! (1-p)’

As n—o0 and p — 0 such that np — 6, we have

S g4 s(s+1) o?

F(s,-ns+L ) =1 —
2Ri(sms+t 0) =Ly (s+1)(s+2) 2!

+oo =1 R(s s+1 0)

Theorem 4:
For 6>0, s>0, 9<p<l 0<qg<l p+qg=1, the limit of 2Fl[l,—n;s+1;—£]
q

when

n—o, p—0 suchthat np—6 is,F(Ls+L 6).

Proof:

Following Theorem 3, we get the result.

Corollary:

2Fl{l,—n; 2, —E]—)l Fi (12 6)d@s n—oo, p—>0 suchthat np—>6.

Proof:

Puts =1 in Theorem 4, we get the result.
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ABSTRACT

Abdalla and Hassan (2004) proposed a new parametric Lorenz curve and found Gini
coefficient associated with their Lorenz Curve. In this note we have represented Gini
coefficient for Abdalla and Hassan Lorenz Curve in terms of confluent hyper-geometric
series funtion. Using a property of the hyper geometric function, a recurrent relation of
Gini coefficient and Hassan Lorenz Curve has been derived.

1. INTRODUCTION

Abdalla and Hassan (2004) have proposed a/new parametric Lorenz Curve in a
functional form and computed Gini coefficient and fittedsthe.function to UAE income
data of Emiratisand Expatriates. Abdalla and Hassan propase the curve in a functional
form defined as

LN(P)=DG[1—(1—p)6eBp},aZO,OSBSSSl, Q)

and Gini coefficient is

- o[ T(o+ jerl) T(5+1) B
Gini= * 142 (o) _) ( .)B : ()
a+l G0 L(a+8+ j+2) I(j+1)
2. GINBREPRESENTATION AND CONFLUENT
HYPER-GEOMETRIC FUNCTION
We define confluent hyper-geometric series function as
a(a+1) x
1R [ab; x]:1+%+ (a+1) (3)

for all a,b=0,-1,-2, ... and x>0. If a=0, R [0;b;x]=1. If a=-n an integer,
1R [-n;b;x] is a terminating series, otherwise it is called non-terminating series. If

x=0, 1R [a; b; 0] =1. Properties of confluent hyper geometric series functions can be
found in Rainville (1960) and Erdyli et al. (1953).

“Published in Pak. J. Statist. (2004), Vol. 20(3).
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If we expand Gini Coefficient (2) as
_ r HT(d+1 1
Gﬁ(a8)=a 1+2 (0+1) T(8+1) + (o+1)
a+1 I'(a+8+2) (a+8+2)

(a+1) (a+2) E
(aa+8+2)(a+5+3) 2!

and represent the summation in terms of confluent hyper-geometric series functions, we
have

GB(oc,S):Z—:+2B(a+1, 5+1) 1R [a+L a+5+2 B], @)

r I'(b
where B(a,b) =M is a beta function.

I'(a+b)
If
a=1 Gy (i,8)=2p(2,8+1) ,F [25+3p]

and if
2
a=0, GB((O,6)=_1+m lFl [1, 8+2,ﬁ]

A recurrence relation for Gg (a, 8) can be derived for computation purposes by
using a relationship of confluent hyper-geometric series function:

a R [a+Lb;6]=(b-1) R [a;b<L6]+(1+a-b) |F [a;b; 6] (5)

if a=a, b=0+6+2 and 6=, then the equation (5) becomes

o R [a+La+8+28)

=(o+8+1) B[ oo +8+18]-(8+1) | F [a;0+8+2;B]. (6)
Using the relation (6) and after algebraic manipulation, we have
Gy (,5) = 224Gy (a-15)G, (4-15+1), 21 0<p<d<l. @)
(04

The recurrence relation (7) seems very useful in computing G (a, 8) for different
value of a, 6 and B.
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A SHORT NOTE ON CONWAY-MAXWELL-HYPER
POISSON DISTRIBUTION®

Munir Ahmad
National College of Business Administration & Economics
Lahore, Pakistan
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ABSTRACT

Shmueli et al. (2005) have generalized Conway and Maxwell (1962) one-parameter
Poisson distribution to a two parameter distribution called Conway-Maxwell-Poisson
(CMP) distribution, discussed some of its properties and have fitted the CMP distribution
to non-Poisson count data. In this paper, we have found a natural extension of two-
parameter CMP to three-parameter distribution, which may be called Conway-Maxwell-
Hyper-Poisson distribution (CMHP). We have discussed some additional moment
properties. Using the property of proportionality of probabilities, we characterize CMHP
and other special distributions.

KEY WORDS
Property of proportionately, Truncated Poisson, Truncated Hyper-Poisson.

1. INTRODUCT.ION

Hyper-Poisson distribution has been in literature for some time. It is a natural
extension of the Poisson distribution providing information on super-Poisson, and sub-
Poisson depending on one of its parameters [Staff (1964, 1967) and Bardwell and Crow
(1964)]. It was further shownsthat truncated Poisson at an arbitrary point is a hyper
Poisson and truncated hyper-Poisson is again a hyper-Poisson distribution. Now
following Bardwell and (Crow (1964), we find Conway-Maxwell Hyper-Poisson
distribution by truncating. CMP at the point 6;

2(2v.0) [r(y+6+1)1]
y=012,., 6>0,v>0 and >0, (1.1)
© [
where Z(2,v,0) =| _r .Z(Av,0) converges for any A>0 and

=0 [T(i+06+1)1]°
v>0 except for v>0 and A >1.1f 6=0, P(Y = y) is CMP distribution. P(Y =) is

also true for any non-negative real values of 8. Further, it may be noted that a displaced
or truncated CMP is CMHP and a displaced or truncated CMHP is again CMHP.

“Published in Pak. J. Statist. (2007), Vol. 23(2).
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2. MOMENTS OF CMHP

The positive moments of CMHP at (1) following Shmueli et al. (2005) procedures,
are:

6-1
nOE(Y AL O r=0

E(Y+A) ™= Z(3.v,0) (69"

A %E(Y+A)r+E(Y+A)rE(Y+A), r>0

The rth negative moment of Y + A, A>0 of CMHP is

£ 1 }\’y
)3

E(Y+A) =z(k,v,9)y=0 (y+A) [T(y+06+1)1)

Following Shmueli et al. (2005) procedure, we have the relation

E(Y+A)" :{E(Y+A)1_r—k;—k E(Y+A)_r}[E(Y+A)J1, r=12,...

3. CHARACTERIZATION OF CMHP AND CMP

There has been a considerable”work in"literature regarding characterization of
Poisson and hyper-Poisson distributions™ using conditional distribution, property of
proportionately, etc. We also use.a property of proportionately to characterize CMHP and
CMP.

Theorem:
Y is a discrete CMHP random variable if and only if

P(Y =y)

7)) v > 1
P(Y=y—1) 7“/(y‘l'e) , v,06>0and A>0 (3 )

Proof:

Suppose Y is a discrete non-negative integer-valued CMHP random variable. The
relation (3.1) is trivial. Let P, =P(Y =y). If the proportion (3.1) holds, then

P, __r Poi.Fory=12.... we have

y (y+0)"
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-1

OO i
Since ) P, =1then By =| > o
=0 [T(i+0+1)1]

On simplification, we get (1.1).

If 6=0, Y is a CMP random variable. The characterization theorem holds for CMP
and under conditions stated by Shmueli et al. (2005), the characterization holds for
ordinary Poisson, bernoulli and geometric distributions.
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ABSTRACT

In this paper Bayes estimators and reliability function of one parameter of decapitated
generalized Poisson distribution (DGPD) is derived by considering a non-informative
prior when the other parameter is assumed to be known. Furthermore, recurrence
relations for the estimator of the parameters are obtained. Afcomparison has also been
made for the Bayes estimator and reliability function of DGPD with the corresponding
maximum likelihood estimator (MLE) by using Monte Carlo simulationtechnique and R-
Software.

KEYWORDS
Decapitated generalized Poisson distributionyreliability function, Bayes estimator,
recurrence relation. Monte Carlo simulation, maximum likelihood estimation, R-Software.
14 INTRODUCTION
Consul and Jain (1973) defined the generalized Poisson distribution (GPD) as

M X)) e )

R(X=x) o

 x=0,1,2,...,1>0,|% |<1 (1.1)

The distributions(1:1)_reduces to Poisson distribution at A, =0. Consul and Shoukri

(1985, 1986) studied:GPD when the sample mean is larger than the sample variance and
for negative integer maments. Tuenter (2000) also discussed the GPD. The model (1.1)
has been found to be a member of the Consul and Shenton’s (1972, 1973) family of
Lagrangian distributions and also of the Gupta’s (1974) modified power series
distribution (MPSD).

The problem of estimation for GPD has been discussed by many authors. Whereas
Famoye and Lee (1992), Consul and Famoye (1988, 1989) and Consul and Shoukri
(1984) studied the maximum likelihood estimation. Kumar and Consul (1980) and Gupta
(1977) discussed the minimum variance unbiased estimation. Shoukri and Consul (1989)
and Hassan and Harman (2003) also studied the Bayes estimator for GPD under different
priors.
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1.1 Zero-Truncated Generalized Poisson Distribution (ZTGPD):
Shoukri and Consul (1989) redefined the distribution (1.1) as
(1+ Bx)x—laxe—zx(1+[5x)

X!
where A=a and A, =of} as

P, (X =X) x=012,--, a>0, 0<5<é (1.2)

The distribution (1.2) can be truncated at x =0 and is defined as

(1+BX)X71 X n—0(1+BX) o\t 1
Py (X =x)="" F e (1-e) " x=12,, a>0,0<p<= (13)
: (04

It can be easily seen that at B =0, the distribution (1.2) and (1.3) reduce to Poisson

distribution and to David and Johnson’s (1952) truncated Poisson distribution. Consul
and Famoye (1989) defined the truncated generalized Poisson distribution (TGPD) and
obtained its maximum likelihood estimation of the parameters. They also obtained
estimate based upon the mean and ratio of the first two frequencies. Jani and Shah (1981)
also studied the truncated generalized Poisson distribution. A brief list of authors and
their works can be seen in Consul (1989) and Johnson, Kotz and¢Kemp (1992) and
Consul and Famoye (2006).

In this paper we have made an attempt to obtain Baygs estimator and reliability function
of dicapitated generalized Poisson distributiony(DGPD) for one parameter o when other
parameter (3 is assumed to be known. Furtherimore, recurrence relations for the estimators
of the parameter are also obtained. MonteyCarlo'simulation and R-Software were performed
and a comparison has been made of the Bayes estimator and reliability function of (1.3)
with the corresponding maximum likelihood estimator (MLE).

2. BAYESIAN ANALYSIS OF DECAPITATED GENERALIZED
POISSON DISTRIBUTION

Let X;, X,,..., X, be'arandom’sample from (1.3). The likelihood function is

_ . % 1] ixi —[nﬂiixi}x
L= H % ol e i=1 (l— e—d)—n — Kaye—(m—ﬁy)a (1_ e—a)—n
i:]__ XI H )
(2.1)
_ 1]
where K :fn[ A*Px)" - and y = ixi
i=1| X! i-1

when B is known, the part of the likelihood function which is relevant to Bayesian

inference on the unknown parameter o is aYe (™% (1—e~*)™ we assume that before
the observations were made, our knowledge about o was only vague. Consequently, the

non-informative vague prior of o, g(a) proportional to E is applicable to a good
(04

approximation. Thus
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g(a)=§, o>0 (2.2)

The posterior distribution o of from (2.1) and (2.2) is

T(a]y) == o e M Ae )" 2.3)

[y e e ey,

Under square error loss function, the Bayes estimator of o is the posterior mean
given as
JaYe mma(_gayngy

p(y,n) =-2
[oY e (e _gm*)"dq.

(2.4)

_ n+k-1
Using identity (1—v) —Z( jk,|v|<1 and the relation

je""‘ttb ldt——b a,b>0, t>0, we obtain
0
[ale (1 g ) dg = 3 NHRCH D) - (2.5)
0 kol K (n+By+k)¥*
=T(y+1) z ; (2.6)
P& A By kd |
and similarly,
- \ k-1 1
oV e @B ey "da =T —_— 2.7
I ( ) () a -1/ By 1K) 2.7)

substituting the value of(2.6) and (2.7) in (2.4), we obtain

. ( \J y+1
oy - A @140
n

1) By +k)

1) (By+k)™

yz(k l) B N
cn=1) @y+io™ (2.8)

:i {k 1) L i(k—l} 1
Byt & -1 By sk
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Using the relation T'(b+1) = bI'(b) and

(k—lj (k—lj [k—l]
k =n +n (2.9)
n-1 n n-1

We obtain
yZ(k 1] 1
p"(y.n) = =, cnn=1) By + k)" (2.10)
S gt
kend (By +k)¥* n—1)py+k)’*
= yz__(y.n) ; y=n n+l... n=12.. (2.11)
nZ(y,n+1)+(n+py)Z(y,n)
where
o (k-1 1
Z(yyn):kzn[n_JW (2.12)
o (k-1 1
Z(y,n+1)_k_2n;+1( 0 jW (2.13)
After simplification (2.11) becomes
y _ y Y = e n=12
p (y'n)_{(n+[3y)+n8(y,n)}’y_n’n+l ,n=12 (2.14)
where
Z(y,n+1)
S(y,n)=——"—— 2.15
(y,n) 2o (2.15)

3. RECURRENCE RELATIONS

- - * .
In order to obtain a recurrence relation for p (y,n), first we need recurrence

relations for the numbers Z(y,n) and S(y,n), which are obtained by the following two
lemmas:

Lemma 1: The number Z (y n) satisfy the recurrence relations:

Z(y,n+1):%Z(y—Ln) (n+By)Z(y,n) y=n,n+l.,n=12,.. (3.1)
with initial condition
Z(yh=F—— ;y=12 - (3.2)

K By +k)7*
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Proof: From the relation (2.12), we have

2z k-1) (By+k)
Zly-Ln = E:n(n—lj ([3y+k)y+l (33)

using the relation (2.9), (3.3) becomes

> (k-1) 1 2 (k-1 L
=g [ remE ()

From (2.12) and (2.13) we have,
Z(y-Ln)=nZ(y,n+1)+(n+By)Z(y,n) (3.4)

from which, we have (3.1). Also from (2.12) for n = 1, we can easily obtain the relation
(3.2

Remark: Combining equations (2.11), (2.12) and (2.13) we get

1 1
=Z(y-1Ln)-=(M+By)Z(y,n) 4
S(y,n =1 n {Z‘y 1’n)—(n+By)}/n (3.5)

Z(y,n) Z(y,n)
and
P’ (y.n) = 1y_Z(y,n) ] = ;(Z(_)g :))
{<n+By)Z(y,n)+n{nZ(y—l,n)—n(nwy)zw,n)} o
(3.6)
Lemma 2: The number S(y,n) satisfy.the recurrence relation:
S(y.ns1) < LBOD+OBYISELn) [(n+1)+py] a7)
(n+DS(y,n) (n+1)
where n=1,2,..., y =n,n=+1 withfinitial condition
_Z(y-1h)
S(y.1) =0 d+By) (3.8)
Proof: From the relation (2.15) and the recurrence relation (3.1), we get
_Z(y,n+2)
S(y.n+l)= Z(y,n+1)
1 1
o Z(y-Ln+1)- (n+1) (n+1+By)Z(y,n+1)
- Z(y,n+1)
1 [Z(y—l,n+1)
—{(n +1)+By}8(y,n)}
ORI A 39)

S(y,n)
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Z(y-1n+1) Z(y-1n+1)/Z(y,n)

We have 3(y-1n)= Z(y-1n)  [nZ(y,n+1)/Z(y,n)]+(n+By)

From (3.4) we have

_Z(y-1n+1)/Z(y,n)

S = S+ (n+By) 10
or
—Z(é; :)+1) =[nS(y,n)+(n+py)]S(y-1n) (3.11)

Substituting (3.10) into (3.9) we obtain (3.7). Also from (3.5) for n=1, we easily
get (3.8).

Theorem 1: The Bayes estimator of the parameter o satisfy the recurrence relation:

[y—(n+By)P(y,n)]P(y—1,n)

p (y.n+1) = (3.12)
(y-1—(n+By)P(y-1n)

with initial conditions

* y Z(y.1)

Q) =—"""= 3.13

p(y.) Z0-1 (3.13)
Proof: From the relation (2.14), we have

P (y.n+D) = 4 (3.14)

(n+1+By)+(n+HS(y,n+1)

substituting (3.7) into (344) and using’ (2.14) we get (3.1) after some algebraic
manipulation. Also from the relation (3.6) for n=1, we easily get (3.13).

4. BAYES ESTIMATOR OF THE RELIABILITY FUNCTION OF
DECAPITATED GENERALIZED POISSON DISTRIBUTION
The Bayes estimator R™(t), for R(t)=P(X >t) where variable X has the
distribution (1.4) in given by
[Rt)aY e MM _e*)"dq

R'(t)=E[RM)/x %, | = 2 (4.1)
Jay—le—(m[}y)a (l— e—a)—n da

where
0 (1+ BX)X*laXef(x(]&BX) (1_ e—(x)—l
R(t) = , 4.2
(t) X:%ﬂ o (4.2)

and [t] is the integer part of t . Making similar computations, as for P(y,n) we obtain
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" ¥—1 o
D @+ BT) Ie—(n+[3y+1+[3x)aay+x—l(l_ e—a)—(ml) do.
x! g

R*(t) _ x=[t]+1 — (43)
I oLy—le—(n+[3y)ot (1_ e—a)—nd o
0
Using same identity, we obtain
< _ oo » (k-1 1
-[e (n+[3y+1+Bx)(xa(y+x 1) (1—6 a) (n+1)dOL :F(y+x) Z ( j
0 k=nsa N ) (By+PBx+k)Y*>
(4.9)
Similarly
°° » (k-1 1
o e Me e ) "do =T ( ]— 45
£ () 2P N s (4.5)
Using (4.4) and (4.5) in (4.3), we obtain
& Ty g (k—l} 1
R (1) = K0 x!T(y) kenetl N J(BY+Px + k)Y 4.6)
e '
k=n\N-1) (Bystk)”’
and using the relation (2.9) , (4.6) becomes
w x-1
R (t)= 3 (1+Bx)" I'(y#X)
ke X! L(y)
0 k—l X k-1
(n+d) X [ JQ+(n+l+By+Bx) > ( ]Q
k=n+2( NH1 k=n+1\ N
n i [k_1JR+(n+By)§{k_ljR
k=n+1 n k=n n-1
where Q = X L

7and R=————
(By +Bx+K)¥™ (By +k)”*
The Bayes reliability estimator R™(t) is

o T(y+X)A+pX) | (N+)Z(y+xn+)+(n++By +Px)Z (y+xn+1)
KJt+1 XIT(y) nZ(y,n+1)+(n+py)Z(y.n)

R*(t) =
(4.7)

© (k-1 1
where Z (y. n) = E:n[n —lJW
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5. COMPUTER SIMULATION AND CONCLUSIONS

In order to compare the estimation, Monte Carlo Simulations and r-software were
performed on 1000 samples for each simulation. The following steps summarize the
simulation. 1. A value is generated from a non-informative prior. 2. Based on the
realization from the non-informative prior a sample of size n=8 or 30 is generated from
the decapitated generalized Poisson distribution. 3. The estimates of the parameters and
reliability function are computed from the generated sample, and the estimates and their
squared error losses were stored 4. Steps 1-3 were repeated 1000 times. 5. Average
values and root mean square errors (RMSE’s) of the estimates over the 1000 samples.

Tables 1-4 show some of the results. In comparing the estimators the root mean
square error criterion will be used, namely the estimator with the smallest RMSE’s is the
best estimator. The reliability function was evaluated arbitrarily at times 1, 2 and 3. Two
sample size of n=8, 30 were utilized in the simulation.

Table 1
Average values and RMSE’s for the estimators of the Decapitated Generalized
Poisson. Non-informative prior with sample size n =8and p=0.3

Parameter
True value Bayes MLE RMSE Ratio
Ave, RMSE Ave, RMSE MLE/Bayes
1.8904 1.8912 | 1.6665 | 1.8792 | 1.6708 1.0026
Reliahility
Time Exact Bayes MLE RMSE Ratio
value Ave. RMSE Ave. RMSE MLE/Bayes
1 24034 | 2.39154| 1.7026 |, 2.3771 | 1.7142 1.0068
2 2.1588 | 2.1526 | 247305 | 2.1403 | 1.7396 1.0052
3 1.9387 | 19435 | 1.7244°| 1.9321 | 1.7324 1.0046
Table 2

Average values and RMSE’s for the estimators of the Decapitated Generalized
PoissonzNon-informative prior with sample size n=30 and =0.3

Parameter
True value Bayes MLE RMSE Ratio
Ave. RMSE Ave. RMSE MLE/Bayes
8.2200 8.1870 | 7.9306 | 8.1840 | 0.9311 1.0001
Reliability
Time Exact Bayes MLE RMSE Ratio
value Ave. RMSE Ave. RMSE MLE/Bayes
1 8.7363 | 8.6992 | 7.9502 | 8.6961 | 7.9520 1.0002
2 8.5006 | 8.4641 | 7.9642 | 8.4617 | 7.9655 1.0002
3 8.2798 | 8.2466 | 7.9619 | 8.2438 | 7.9630 1.0001
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Table 3
Average values and RMSE’s for the estimators of the Decapitated Generalized
Poisson. Non-informative prior with sample size n=8 and p=0.5

Parameter
True value Bayes MLE RMSE Ratio
Ave, RMSE Ave. RMSE MLE/Bayes
2.8832 2.8776 2.6190 2.6785 | 2.8201 1.0767
Reliability
Time Exact Bayes MLE RMSE Ratio
value Ave. RMSE Ave. RMSE MLE/Bayes
1 3.1816 | 3.1724 2.9230 3.0095 | 3.1264 1.0695
2 3.0879 | 3.0769 2.3392 3.0779 | 2.3908 1.0220
3 2.978 2.9681 2.3523 2.9699 | 2.3842 1.0135
Table 4

Average values and RMSE’s for the estimators of the Decapitated Generalized
Poisson. Non-informative prior sample size;n~=30 and 3 =0.5

Parameter
True value Bayes MLE RMSE Ratio
Ave, RMSE Ave. RMSE MLE/Bayes
17.4660 17.4720 | 16.9077_| 17.4690 | 16.9080 1.0000
Reliability
Time Exact Bayes MLE RMSE Ratio
value Ave. RMSE Ave. RMSE MLE/Bayes
1 17.8595 | 17.8649 4 16.8902 17.8619 | 16.8905 1.0000
2 17.8232 | 17.8275 | 16.9021 17.824 16.9024 1.0000
3 17.7492 | 177526 | 16.9181 | 17.7500 | 16.9186 1.0000

In comparing the estimators, the Bayes ones have the smallest RMSE and are better.
This is to be expected since the-Bayes estimators take advantage of the known prior
parameter o . Bysexamining, the RMSE ratios we can conclude that the estimates are
sensitive to the choice of prior parameters and to sample size.
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ABSTRACT

In this paper a Bayes estimator of generalized geometric series distribution (GGSD)
under different priors and its characterization has been introduced. Comparisons are made

of the Bayes estimate of P(X :k) to the corresponding maximum likelihood (ML)

estimate for any given sample for different values of k with the help of Monte Carlo
simulation.
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Squared error loss function, Bayes estimator, Beta’ distribution, Monte Carlo
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1. INTRODUCTION

The probability function of generalized geometric series distribution (GGSD) was
given by Mishra (1982) by using the results.of the lattice path analysis as

1 (1+4BX
)_1+Bx X

P(X=x jex (1-8)"P7*; x=0,1,2,... 0<0<1 and |0p| <1 (1.1)

It can be seen that@t B'=1, the model (1.1) reduces to simple geometric distribution

and is a particular case of Jain and Consul’s (1971) generalized negative binomial
distribution in the samenway»as the geometric distribution is a particular case of the
negative binomial distribution.

The various interesting properties and estimation of (1.1) have been discussed by
Mishra (1982), Singh (1989), Mishra and Singh (1992), Hassan (1995) and Hassan et al.
(2002, 2003). They found this distribution to provide much closer fits to all those
observed distributions where the geometric distribution and the various compound
geometric distributions have been fitted earlier by many authors.

In this paper we have characterized the distribution (1.1) and discussed the Bayesian
estimation of generalized geometric series distribution (GGSD) under different priors and
a comparison is made of the Bayes estimate of P(X=Kk) to the corresponding maximum
likelihood (ML) estimate for any given sample for different values of k with the help of
Monte Carlo simulation.
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2. CHARACTERIZATION OF GGSD
Theorem: Suppose X has the prob. mass function (1.1) if and only if
T(1+Bx)T (Bx—p-x+3)a(l-a )
X! T (1+Bx—B)I(Bx—x—2)

P(X =x)=a,P(X =x-1), where o, =

Proof:
1) = F(l+l3(x—l))ex—l (1_9)1+B(X—1)—(x_1)
P(X =x-1)= (x-2)! T (B(x—1)-(x-1)+2)

Let x=12,3,...... then
R =a(l-0 "R

2 (1_ )26
o _ 280 (1-96)

2 2 PO
p - L () (1-0)" Y g,
32T(3p-1)

X P 21)
» T(px+1)™ (120)¢

2F= == I'((B=1)x%2) x!

P (2.2)

Putting P, in(2.1) anduafter some algebraic, we get (1.1).
3. BAYESIAN ESTIMATION OF PARAMETER 6 OF GGSD

UNDER DIFFERENT PRIORS

The Bayesian estimation of parameter of GGSD does not seem to appear in literature
so far.

The likelihood function from (1.1) is obtained as

L(X/O,B)=lﬂl{ : [“ﬁ X‘]}e”i(l—e)"*”i‘”i=key(1—e)”*ﬁ” (3.1)

i=1 1+ BX, Xi

no1 1+Bx; n
where k=T] and y=>x .
X

i-1 1+ BX; i =
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When B is known, the part of the likelihood function which is relevant to Bayesian

inference on the unknown parameter 9 is Y (1-9)”+By—y,

3.1 Bayesian Estimation of Parameter 6 of GGSD under Non- Informative Prior
We assume prior 6 of as

g(@):%, 0 <0<l (3.2

The posterior distribution of 6 from (3.1) and (3.2) is

y-1(1_ @\ By
[1(0/y)= Lx/6.o®) 07 (1-0) , 0<0<1,y>0. (3.3)

~ [L(x/6,8)g(6)d6 B(y,n+By-y+1)
Q
The Bayes estimator of parametric function cp(e) undersquared error loss function is

the posterior mean which is given as

o)} 000 do
o B(y,n+By—y+1)

If we take ¢(6) =0, the Bayes estimate of .0 is given by

. 107 (1-0)" "V do B(y+Lntpy-y+1) (3.4)
o B(Y:n+By-y+ly B(V.n+By-y+1)  n-py |

This coincides with the moment and ML estimate of 0.

3.2 Bayesian Estimation of Parameter 0 of GGSD under Beta Prior
The more general. Bayes estimator of 8 can be obtained by assuming the beta
distribution as prioriinformation of 0. Thus

ea—l (1 - e)b—l

g(6;a,b) = B(a.b)

: a,b>0, 0<06<1. (3.5)

The posterior distribution of 6 is defined as

6a+y—1 1-0 n+(B-1)y+b-1 ea+y—1 1-0 n+(B-1)y+b-1
TC(e/y) — - ( ) — ( )
j ey+a—l (l— e)n+([3—l) y+b—1d 0
0

B(y+a,n+By—y+b) (36

The Bayes estimator of parametric function ¢(6) under squared error loss function is
the posterior mean and is given as
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* 1 e ea+y—1 1_6 n+([3—l)y+b—ld6
0400077 00) 37
o B(y+an+py-y+b)
If we take ¢(6) =6 then Bayes estimator of 6 is given as
* 1pa+y_ o\n+(B-1)y+b-1
0 0" (1-0) ae a+y (3.8)

"o B(y+an+py-y+b) n+a+b+py
Ifa=b =0, (3.8) coincides with (3.4).

Similarly, the Bayes estimator based on beta prior of some parametric functions are
listed in Table 3.1

Table 3.1

¢(6) Bayes Estimate 6

91(1_e)k B(y+a+l,By—y+n+b+k)/B(y+a,By—y-+n+b)

{e(l—e)ﬁ‘l} B(y~+k+a,By+Bk—y+n+b—k)/B(y¥apy—y+n=+b)

1 (“BKJ
P(X =k) 1+Bk( k

B(y-+k-+a,py+pKk—y+n+b—k+1)/B(y+a,py—y+n+b)

o) (y+a)(|)/([3y+n+a+b)(|)

k)
(1—9)( (By—y+n+b)(k)/(By+n+a+b)(k)

where X, denotes the ascending factorial X(x+1)....(x+m—i) and k are non-

negative integers

4. APPLICATIONS OF BAYES ESTIMATOR OF GGSD

To illustrate the practical application of the results of section 3, we consider a known
GGSD population given by (1.1) with 6=0.3 and =2 and take a random sample of
size n = 200. The data obtained are given in Table 4.1.

Assuming that the parameter 6 is unknown and it has a beta distribution with
parameters a and b, we have estimated the Bayes relative frequencies by using the Bayes
estimator of P(X = k) . Since there is no information about the values of a and b except
that they are both positive real numbers, a wide range of values from 1 to 100 were
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considered for a and b, and the values of P(X = k) are computed for k=0,1,...,20 for

the following five broad categories:

I) a=1and b=1,10,20,30,40,50,100

I) b=1and a=10,20,30,40,50,100

I11) increasing values of a and decreasing values of b
IV) decreasing values of a and increasing values of b

V) equal values of a and b but increasing from 1 to 50.

In each case the values of estimated Bayes frequencies are compared with the
simulated values in Table 4.1. It discovered that the estimated Bayes frequencies were
quite close to the simulated sample frequencies when a and b are equal and the variation

in the Bayes frequencies are small. It is found that the 2 -values between the simulated

sample frequencies and the estimated Bayes frequencies are least when a=b=2.

Table 4.1
Random sample of size n=200 from GGSD with 0=0.3 and =2
Expected frequency
Observed Bayes estimate under Bayesestimate
X frequency | Non-informative/prior under beta prior
0 0
0 139 140.00 139.66
1 25 2950 2956
2 18 12.40 1251
3 07 6.60 6.66
4 01 4.01 4.02
5 01 248 258
6 03 1.65 1.65
7 02 1.49 1.50
8 0 0.83 0.80
9 0 0.64 0.65
>10 04 0.40 0.41
Total 200 200 200

Mean = 0.755, Variance = 2.445 and 6 = 0.301. They,’ =3.2 with p = 0.362.
The estimated frequencies obtained by the Bayes method based on non-informative and
beta prior seem to be very close to each other. Accordingly, the x?-values for the two

methods are close to each other.
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1. INTRODUCTION

Recently negative moments have been studied by Roeohi (2003) who obtained
negative moments of some discrete distributions dnnterms of hypergeometric series
functions. In this paper we have extended her work by<{considering further discrete
probability distributions and expressed the moments in terms of newly defined
generalized hypergeometric series function.

2. NEGATIVE MOMENTS OF,. SOMEDISCRETE DISTRIBUTIONS

Theorem 2.1

Let X be a geometric-compound random'variable, with parameters o and  having
probability mass function (pmf)

I'(a#p) Bfa+x—1) C(B+1)

P(X =x) = ,o.>0, 0, x=L2,..... 2.1
(X =) Lo LB T(a+B+x) >0, >0, x=1 @D
The negative moment,of k™ order is given by
K B
E(X+A) =—F—3H,| (A+Lk), 0, (A+2,k),(a+B+1);1|, (2.2)
() =i gy (A0 0420, ()]
where A>0.
Proof:

Since X is a geometric-compound random variable with parameters o and B then
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_ T+ E+1) & 1 T(a+x-1)
TalB G (x+AX T(a+p+Xx)’
_ B 1. (A+Da 1
(A+D)*(a+B)|  (A+2)*(a+B+1)

(A+DX(A+2)Xa(o+1) 1.2 1,
(A+2)  (A+3)“ (a+B+D(a+B+2) 2!

E(X +A)*

___ B . :
S A @D sHa [(A+1K), 0,3 (A+2,K), (o +B+1);1].

where
oHa | (80,K),(82,K),vve (5K )5 (01, K) (B ) (Bg K ) 2]
. a{ ,ag,__af . [ay(a + D] [a, (@, +D)]" . [ ag(a, +D) | 2
b bz.bg  [by by + )] [b, (b, + D). byee +1 2
is a generalized hypergeometric series function with-usual conditions (Ahmad, 2008).

If k=1, theanq = qu.

=1

If k=2, then ;H, is,,F, [al,al,az,az,...,ap,ap;bl,bl,bz,bz,...,bq,bq;z],
In general ;Hy =, Fg-

If k's are different say kj, then ‘H, =", F ,
If k =1, then negative.moment.is

E(X + A)_l = W[?Ea_l’_ﬁ) 3H2 [(A+l,1), a,l; (A+ 2,1), ((X,+B+l),l] .

Theorem 2.2
Let X be a beta-binomial random variable with parametersa., oo>0, §, B>0 and
pmf

,Xx=0,12,....,n, (2.3)

P(X:x):(njF(OHB) '(x+a) T'(n+B—Xx)

X o T T'(h+a+P)

Then the negative moment of k™ order is given by
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E(X+A)* = % sH, [(A, k), a,—n; (A+1,k),—n —B+L'1] ,A>0, (2.4)

T'(a+pB)C(n+P)

where By =P(X =0)= TBL(hToip)

Proof:

Suppose X is a beta-binomial random variable with parameters o and  then

EX+A) = L@+B) Mt ln+p-x)
TFal'BT(N+a+PB) x=0| X (x+A)k

_D@+prn+p) |, Aa(n)
ATBI(n+a+B)|  (A+D)¥(-n—B+1)
A (A+D) oo +1) (-n)(=n+1) 1,
(A+D*(A+2)*T(-n-BEII (“n—p+2) 2!

2% S H [(AK), o, —n; (A+1k),—n—B#Ed]

If k =1, then negative moment is
E(X +A)’1=EA° sHy [(AD), ae=; (A+2T), -n—B+11].

Theorem 2.3

Let X be a hypergeometric random variable, with parameters a, a>0, b, b>0 and

pmf
P(X :x)=(aJ( 3 J/{‘Hbj, X=0,1,2,....min(n.a), (2.5)
X \n=Xx n

then the negative moment of k™ order is given by
«x P
E(X +A)X =A—i sH> [(A, k),—a,—n; (A+1, k),b—n+1;1] ,A>0 (2.6)

bl(a+b-n)!

where By =P(X =0)= (b_mi@sb)’

Proof:

Suppose X is a hypergeometric random variable with parameters a and b then
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- ()
x=0 (x+ A) (x ){n—x n

bl(a+b-n)! |, A¥ (=a)(=n)
= +
A¥(b-n)a+b)!|  (A+D)*(b-n+1)
. AX(A+1)¥ (—a)(—a+1) (-n)(-n+1) 1,
(A+DX(A+2)X(b-n+D(b-n+2) 2!

E(X +A)* =% sHo [(Ak),—a,—n;(A+1k),b-n+11].
If k =1, then negative moment is

E(X+A)™ =% sHo[A-a,-n;A+Lb-n+11].

Theorem 2.4
Let X be a Waring random variable, with parameters a, a > 2,.¢,¢ > aand pmf

(c—a)(a+x-=1l(c)!

P =0 = Dica !

, &xa=2,x=012,... 2.7)

then the negative moment of k™ ordersis given by

E(X +A)* :% sHo[(AK)aL (A+1k),c+L1],A>0, (2.8)
where B, = P(X =0) N Chi
C

Proof:
Suppose X is a Waring random variable with parameters a and ¢ then

_clc-a) & 1 (a+x-D!
c(@-D! o0 (x+A)X (c+x)!

E(X +A)*

_(-a), Ak (a).1 AY(A+DX (@)(a+D).1.2 1
= + + —+
A c (A+D)*(c+1) (A+D*(A+2) (c+1)(c+2) 2!

E(X +A)¥ =% sHo[(A k), aL(A+L1k),c+L1].

If k =1, then negative moment is
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-1 I:JO . .
E(X +A) = 3HZ[A,a,l,A+J,c+1,1].

Corollary 2.1

If a=1, the Waring function reduces to Yule probability function and Waring results
holds for Yule function.
Theorem 2.5

Let X be a random variable having Poisson-binomial distribution with parameters
nand p,0< p<1, a,a>0 and pmf

OOam

P(X=x)=e?3 _(nm] p*L-p)" 7, (n,m)eZ*,x=0,12,..,nm. (2.9)
m=0 M X

The negative moment of k'™ order is given by

E(X+A)’k: z (1 p)”mZHl((Ak) =nm; (A+1, k); pj A>0,

(2.10)
Proof:

Suppose X is a Poisson-binomial random variable and negative moment of first order
is given by

E(X + )+ = St iﬁ(” Jp(l o™,

%20 (X + A)_m-0 m!

_et ety Smfgd ACm)( —p
- mzom!(l p) {1+ AT (1_pj

L AN (ASD (Ccm)(- nm+1)( JZ...
(A+Df(A+2)F21  \L1-p ’

_ ed = g™
E(X +A) k:—kZ—.

@-p™ 2Hl[(A k), —nm; (A+1k); pj

If k =1, then negative moment is

E(X+A)‘1_e—§a—(1 n™, Hl((Al) —m; (A+1,0); — )
A noom! -P



260 Chapter-4: Discrete Distribution

Corollary 2.2

Let X be a random variable having Hermite distribution with parameters p,0< p <1
and a, a >0, having pmf

OOam

2
P(X =x)=e2 ZOW( )I;n) p*(l-p)*™* meZ*, x=012,....2m. (2.11)
m=f H

The negative moment of k™ order is given by (2.10) whenn=2.
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ABSTRACT

Ahmad (2007b) has recently defined a generalized hypergeometric series function and
referred to it as a hypergeometric power series function or . H-function which is an

alternative notation for the |, F,-function, the  H, notation has advantages when the

arguments are large and parameters are repeated and discussed the some basic properties.
In this paper further properties of the hypergeometric power series functions have been
developed.

KEY WORDS

Generalized hypergeometric series function; hypergeometric power series function;
poission distribution; hyper poisson; negative moments.

1. INTRODUCTION

Ahmad (2007a) has discussed the Conway-Maxwell Poisson distribution and
Conway-Maxwell Hyper Poisson (CMHP) ‘distribution. The structure of CMP and
CMHP distributions shows that a more general definition of the hypergeometric series
function is needed. When a largednumber“of,identical parameters are introduced in the
generalized hypergeometric series function, its notation becomes cumbersome. Use of
generalized hypergeometricsseries function’is sometimes difficult and time consuming
especially when we have/a large number of parameters. We take powers on those
parameters which are repeated and as such Ahmad (2007b) has introduced an alternative
form of a hypergeometric series function called hypergeometric power series function or
. H -function. (Seesalso.Saboor, 2007).

1.1 Definitions

The hypergeometric power series function or . H, -function is defined as
+H, [(al,ml),(az,m2),...,(ar,mr);(bl,nl),(bz,nz),...,(bs,ns);z}
my
{[ |:(ak ).J Z_'
U
[(bi ).J

N

r
S

L1

i

—
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where a, R, |7 <1, b; #0,-1,-2,..., n;, m, are positive integers.

j?

r S
LIf Xm;< kz n, , the  H, -function converges for all finite z ;
j=1 =1

r S
2. 1f > m;j=3n+1, the H-function converges for |zi<1 and diverges for

j=1 k=1
|z|]>1;

r S
3. If X m;> 3 n +1,the  H_-function diverges for z #0.
j=1 k=L

When all m, and n; are equal to 1, then  H_ becomes

M(a), ]

r Fs[apaz:-...,ar;bl,bz,...,bs; Z:I: i k:l—._|
i=0 H[(bj )I} i!

2. PROPERTIES OF ; Hg-FUNCTION

We have discussed some basic properties:of the ,H,-function and developed
different types of recurrence relationships, which are as follows:

Theorem 2.1:

Let Re(m)>0, Re(n)>0 and/b=0,-1,-2,.... If |z1<1 and B(m,n) is the beta
function, then
1

i (@-1)™  Hy[(a, r); (b,s);tz)]dt

0

=pB(m,n),H,[(ar),(m1);(b,s);(m+n,1),z]. (2.1)

Proof:

Expanding ;H, [(a,r); (b,s);tz] in (2.1), we have

g s (@] 02 2 [@] 2 T(m+k)r)
it -0 Eo[(b)k]S k! . Eo[(b)k]sﬂl“(mmw)'

|z] <1. (2.2)

After a simple algebra we obtain R.H.S of (2.1).
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Theorem 2.2:
Let neither ¢ nor d be zero or a negative integer. If 5>1 and |t z| <1,% <1, A>0,
then
Tt H, [(am,), (.m,); (c,n,), (d,n,); zt]dt
0
r() . .
:WgHz[(a. m,), (b,m,),(8,); (¢ ), (d,n,);2/ 4], (23)
Proof:
my m; i
w oo | (a) b). zt
LHS. = [e™*ty [( )'] HE( )'J n( ) dt (2.4)
i o .
0 =0 [(C)|:| [(d)|:| I
Let At=v and after taking integral, we get R.H.S of (2.6).
Similarly we obtain
Te“’z H, (@ 1); (b, s);t]t* dt = z°T'(a) , Fyl(a, r +1);(b, s); z], (2.5)
0
when b=0,-1,-2,..... If |z] <1.
Theorem 2.3:
i) Let a:&l,O,—E,—ﬁ,..... If |7/ <1, then
2 2, 2
H [ @1252);(a<1/2,1); 2], H,[(a/2,2);(a+1/2,1);2]
=, H,[(a.3);(2a-11),(a+1/21);z] (2.6)
Similarly we find
i) (,H,[(a/2.2);(a+1/2,1); z])2 =,H,[(a3);(2a,1),(a+1/2,); 7], 2.7)

where a # O,—%,—L—%,—Z.... (If |z]<1. (see Clausian, 1828).

iii) ,H,[(a,2);-;21,H,[(a 2);-;- ] :SHI[(a, 2), (a,l),((2a+1)/2,1);(2a,1);422], (2.8)
where a#0,-1/2,-1,-3/2,..... If || <1.

Proofs are trivial.
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3. NEGATIVE MOMENTS OF SOME DISCRETE
PROBABILITY FUNCTIONS

We now consider the negative moments of the form E(X +A)™, k>0, for some
discrete distributions.

Theorem 3.1:

Let X be a geometric-compound random variable, with parameters o and B having
probability mass function (pmf)

I'a+p) T(la+x-1) T(PR+D)

PX=X) =10 T() T@sprx)

, >0, >0, x=1,2,.... (3.1)

Then the negative moment of k™ order is given by

- _ p ) )
E(X+A) = D oh) H, ((A+1,K), (0,2), L ); (A% 2,K),(0+B+11); 1) .

(3.2)
Proof:

The k™ negative moment of (3.1) is
E(X + A :F(oc+B)F(B+1) ® 1 T(a+x-1)
T()TP) e (x+ A T(o+B+X)

After some algebraic computations;we get (3.2).

Theorem 3.2:

Let X be a beta-hinomial random variable, with parameter o >0, $>0 and
probability mass function

P(X = X) :(n] [P+ )TN+B-X) 515 (3.3)
X F')TB)r(n+a-+p)
Then the negative moment of k™ order is given by
E(X +A) = % aHo ((AK), (o, 1), (—n,2); (A+12), (—n—B+11); 1), (3.4)

where P, =P(x=0) :W_

Following the procedure of theorem 3.1, we obtain (3.4).
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Theorem 3.3:
Let X be a Waring random variable, with parametersa, a > 2, c¢,c >a and pmf

(c—a)(a+x-1!(c)!

cla-Ylc+x)! c>ax>2,x=01L2,...

P(X =x)=

Then the negative moment of k™ order is given by
EOC+H AT =2, (AK), (2D (L1: (A+LK) (0 +12) 1), 35)

(c-a)

where By =P(X =0) =
c

, A>0.

Proof is trivial.

Theorem 3.4:

Let X be a truncated Poisson random variable, with parameter A, A> 0 and pmf

(e* -1)x

Then the negative moment of the «" order is given by

P(X =x) =

LkZHZ((A+1,k),(1,1);(A+2,k),(2,1);1), (36)

E(X+A) = (]

where B, =P(X =1)=(KL1, A>0.
Theorem 3.5:

Let X be a truncated, binomial random variable, with parameters n and p, 0< p<1,
and pmf

1
a-q")

Then the negative moment of k™ order is given by

P(X =x)=

@ p*q"*, x=12,...n, g=1-p.

E(X +A) = (A-F:ll)k H, ((A+l, K),(L1), (~n+1,1); (A+2,K), (2,2); ‘?p] 3.7)

4. SUMMATION OF , H,-FUNCTIONS
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Ahmad and Roohi (2004, 2005) have derived the sum of some combinations of
hyoergeometric series functions using the binomial and logarithm probability functions.
In this section, we have derived another set of sum of some combinations of
hypergeometric power series function using Dacey (1972) probability function. Ahmad
and Roohi (2004, 2005) summations of series become its special cases.

4.1 Lemma (Gould, 1972)

For a, by, ¢; #0,~1,-2,...and some Kk ,

K s K
>(-1) l(sj (Fo[a by, by, b gy a+d ey, €7

s=1
= RLb, b,..., by k+Lc,...., C4; 2],

where Fg is a hypergeometric series function with usual conditions for convergence.

Theorem 4.1:
Let b#0,-1,-2,...or a>0. Ifs>1, k>1 and 0<0<1.Then

k

si1( K
3 (-1) 1@2H2[(s,1),(a,h);(s+1,1),(b,m);e]

s=1

= ,H,[(LD), (a,h); (k+1Du(b,m); 0] (4.1)

Proof:

We have (4.1) as a repeated case of Lemma (4.1). Alternatively suppose X is a
discrete random variable with probability:function (See Dacey, 1972).

P(X=x)= ch| [ (@h); (b,m)] 5 x=0,12,..., (4.2)
h m
where ¢ = Y and v, [(a,h);(b,m)]= [F(a+x)Jm[F(b)}h .
e 0 i) [r(o-x)]"[r(a)]
It is known that
k 1 B k (_1)s+1 1 ~
SH_I(X +S)—Sz_l(k_s)!(s_1)! 9’ x>0, k=123,..., (See Jones, 1987).

Using the definition of mathematical expectation E(X )= i xf (x), we get
x=0

Kk 1 _k (_1)s+1 ( 1 j
ELE(X+sﬂ_sz_l(k—s)!(s—l)!E X+s) (43
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Now

%1j=§inmmmm

X +s x=0 X
=s"c,H,[(s,2),(a h);(s+11),(b,m);0].
It thus follows from (4.3) that

E—Iki( ! j— i (G H,[(s,1),(a,h); (s +1,2),(b,m);6]. (4.4)
|s=\ X+s )| sa(k—s)X(s )|
Also,
SVARERY
E sH1(X +sj —cZ— v [(a.: b, m)] s=1(X+5)
= c(ki) ™, H, [@D), (@ h); (k +12), (b,m); ] (45)
(4.4) and (4.5) imply (4.1).
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ABSTRACT

In this paper, some size-biased probability distributions and their generalizations have
been introduced. These distributions provide a unifying approach for the problems where
the observations fall in the non-experimental, non- replicated, and nonrandom categories.
These distributions take into account the method of ascertainment, by adjusting the
probabilities of actual occurrence of events to arrive at a specification of the probabilities
of those events as observed and recorded. Failure to make such adjustments can lead to
incorrect conclusions. This paper surveys some of the possible uses of size- biased
distribution theory to some real life data.

KEY WORDS

Size-biased discrete distributions; generalized “size=biased discrete distributions;
Chi-square; Akaike Information Criterion; Bayesian Information Criterion; R-Software.

1. INTRODUCTION

Size-biased distributions are a’special case of the more general form known
as weighted distributions. Fisher) (1934) “introduced these distributions to model
ascertainment bias and were later,formalized'in a unifying theory by Rao (1965). These
distributions arise in practice when observations from a sample are recorded with unequal
probability and provide a unifying approach for the problems where the observations fall
in the non-experimental, non- replicated, and non-random categories. If the random
variable X has distribution f(x; e), with unknown parameter 6, then the corresponding

size-biased distribution is of'the form

f*(x;e):w, (1.1)
Ha
where
py = [Xx*f(x;0)dx. (1.2)

When a=1and 2, we get the simple size-biased and area-biased distributions
respectively. Here in this paper, only size-biased distributions are considered as these are
simple to calculate and moreover, the examples deal with size-biased sampling.
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Warren (1975) was the first to apply them in connection with sampling wood cells.
Van Deusen (1986) arrived at size-biased distribution theory independently and applied it
to fitting distributions of diameter at breast height (DBH) data arising from horizontal
point sampling (HPS) (Grosenbaugh, 1958) inventories. Subsequently, Lappi and Bailey
(1987) used weighted distributions to analyze HPS diameter increment data. More
recently, these distributions were used by Magnussen et al. (1999) to recover the
distribution of canopy heights from airborne laser scanner measurements. In ecology,
Dennis and Patil (1984) used stochastic differential equations to arrive at a weighted
gamma distribution as the stationary probability density function (PDF) for a stochastic
population model with predation effects. In fisheries, Taillie et al (1995) modeled
populations of fish stocks using weighted distributions. Most of the statistical
applications of weighted distributions, especially to the analysis of data relating to human
populations and ecology, can be found in Patil and Rao (1977, 1978). Gove (2003)
reviewed some of the more recent results on size-biased distributions pertaining to
parameter estimation in forestry, with special emphasis on the weibull family. Mir (2007)
also discussed some of the discrete size-biased distributions.

In this paper, some of the results and estimation on size -biased discrete distributions
and of their generalized form have been used to real life dataand their.comparisons have
been made with the help of Pearson’s Chi-square, Akaike Information Criterion (AIC)
and Bayesian Information Criterion (BIC) technigues.¢For ‘computation purposes
R- software has been used.

2. SOME SIZE-BIASED DISTRIBUTIONS

In this section, we have obtained"some basic size-biased discrete distributions by

using equations (1.1) and (1.2).
2.1 Size-biased Binomial Distribution (SBBD)
The probability mass function of binomial distribution (BD) is given as

P[X =x]= p(x)=(§) p5g™ ™ x = 0,1,2,-, n. (2.1)

We know that § X P[X = x] =np, which on solving gives a size-biased binomial
x=0

distribution (SBBD) as

-1
P[x=x] :(Z_J Pl g™ i x=12.... (2.2)

2.2 Size-Biased Poisson Distribution (SBPD)
The probability mass function of the Poisson distribution (PD) is given as

— X
P[X :x]:&;x:o, 1,2, - and A, > 0. 2.3)
X1
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Here i X P[X = x] =),, which on solving gives size-biased Poisson distribution

x=0
(SBPD) as
B B 7\.1)(_16_7\1 . B
P[X_x]_W, x=12..... (2.4)

2.3 Size-biased Negative Binomial Distribution (SBNBD)
The probability mass function of the negative binomial distribution (NBD) is given by

X+r=-1 ., (-r) ., «

P[X =x]= p g = p (-a)"; x=0,1,2.... (2.5)
r-1 X

where parameters satisfyg=1-pand0O<p<Zlandx=1,2,3 ...

n
Here, 3 xP[X :x]=%. This gives size-biased pegative/binomial distribution
x=0

(SBNBD) as

X+r-1 g
P[X =x]=( - j P gt x=12,... (2.6)

2.4 Size-Biased Logarithmic Series Distribution (SBLSD)
The probability mass function of logarithmic series distribution (LSD) is given by

P[IX=x]= -

X
y aT X=1,2- (2.7)

[log (1- o]

® 1 L . N .
Here, Y, x.P[X = x] . This gives the size-biased logarithmic series

< (04
x=1 _log(1— o) (1-a)
distribution (SBLSD)as

P[X =x]=a*"(1-a) ; x=12.... (2.8)

3. SIZE-BIASED GENERALIZED DISCRETE DISTRIBUTION
In this section, we have obtained size-biased generalized discrete distributions by
using equations (1.1) and (1.2).
3.1 Size-biased Generalized Negative Binomial Distribution (SBGNBD)

Jain and Consul (1971) defined the probability function of generalized negative
binomial distribution (GNBD) as
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PIX = X] = mI"(m +Bx)

= o (L—o)™ P x=0,1,2.... (3.1)
XIT(m+Bx—x+1)

= 0; Otherwise

where 0<a<1 m>0 and p=0or0<p<a™

which m+1+(B-1)t>0.

and t is the largest positive integer for

mox On solving the equation i X-P(X=x)=

E(x)= . mo

A-oap) x=0 @-ap)

the probability function of size biased generalized negative binomial distribution
(SBGNBD) as

Pl =)= 1-af)

where O<a <1, m>0,0<B <],

we obtain

m+px-1 -
P jax_l (1-a)"P*  x=12... (3.2)

At B=0and B=1, we get size- biased binomialudistribution (2.2) and size-biased
negative binomial distributions (2.6) respectively.

3.2 Size-Biased Generalized Poisson Distribution (SBGPD)
Consul and Jain (1973) defined the probability mass function of generalized Poisson

distribution (GPD) as

MO + XA VEXP [- (0 + X A)] -

P[X =x]= ]

0,1,2,.. (3.3)

A . L& A -
Here E(x) = —="20n solving the equation x.P[X = x] =1 _ the probability
(1-7) =) =y
function of a size-biasedigeneralized Poisson distribution (SBGPD) is given as
(190) (Ag +30) ™ EXP[~(hy +30)]
;X
(x-1) !

NV WIRS BV

P[X =x]= =12,.... (34)

At A =0, we get size-biased Poisson distribution (2.4).

3.3 Size-Biased Generalized Logarithmic Series Distribution (SBGLSD)

A generalized logarithmic series distribution (GLSD) was given by Jain and Gupta
(1973) with probability function as
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1 '(Bx)
logl—a) XIT(Px—x+1)

P[X =x]=- X @-a)* 7 x=1,2,3,- (3.5)

—o

0<(X,<l, |G,B|<l Also ﬂizm

On solving the equation f‘, x.P[X = x] , the probability function
x=0

—a
~ log(1-a)(1-ap)
of size-biased generalized logarithmic series distribution (SBGLSD) is given as

P[X = x] = (1-ap) (Bx‘l

. jaXl (1-0)" ™ x=1,2.... (3.6)
At B =1, we get size-biased logarithmic series distribution (2.8).

4. ESTIMATION OF PARAMETERS

In this section, we estimate the parameters of the generalized distributions only and
for classical ones we can get easily as their particular cases.

4.1 Estimation of Parameters in Size-biased Generalized Negative Binomial
Distribution

The likelihood function of SBGNBD (3.2) can be.given as

n m+px -1 ixi—n mBY x-S
N M S s

— K (1-ap)" @’ M1-a)™ P (4.1)

n n(m+px -1
where y=3x and K= [] .
i-1 =1 % -1

Since 0<a <1, therefore we assume that prior information about o come from beta
distribution. Thus

a?? (1- oc)b_l

The posterior distribution from (4.1) and (4.2) can be written as
(1_ OLB)n qyran-1 (1_ a)m”+ﬁy—y+b—1

(1- ocB)n oyl (1- cx)mn+By7Y+b71 da

[T(aly)= (4.3)

o—r

The Baye’s estimator of a” is the posterior mean and is given as
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1
6 = [a? T](aly) do =
0 J-(l_ aB)n ay+a—n—1 (l— a)anrB)’*erbfl da
0

1 n —n+z-1 mn+py—y+b-1
[(1-ap)’” a2 (1-a) da
_0

(4.4)

1 n —n+z-1 mn+py—y-+b-1
[A-ap)’ o™ (1-0) do
0

_T(y+a-n+z)L(By+mn+b-y)°R[-n,y+a-n+z,py+mn+a+b-n+z,p] 45)
- I'(By+mn+a+b-n+z) '

and

}(1— (xB)n gyt (1—oc)mmﬁyf)“rbfl da
0
_ [(y+a-n)L(By+mn+b—y)?R[-n y+a-n,Bytmn+a+b—n,p]

- I'(By+mn+a+b-n) - (40

a(@+Db(b+1) ,

where %R [a;b;c;x] _1420,
c c(c+12!

Putting these values in equation in (4.4), the'Baye’s estimator of o.® is obtained as
I'(y+a-n+z) I'(By+mn+a-+b)
’R[-ny+#a-n+zBy+mn+a+b—n+z,p]

"o [(y+a-n)B(By+mn+a+b—n+z) : 4.7

2R [-n y+#a-npy+mn+a+b—n,p]
For z=1, we get the Baye’s estimator of o as

. (y+a—ny®R[=ny+a-n+Lb+mn+py—n+a+1p]
o=

. 4.8
(By+mn+a+b-n) °R[-ny+a-nb+mn+py—n+a,p] (48)

For B=1and 0, we get the Baye’s estimate for the size-biased negative binomial

(2.6) and size-biased binomial (2.2) models which are given by (4.9) and (4.10)
respectively.

a= _y+ta-n (4.9)
y+mn+a+b
and
a= _y+ta-n (4.10)

mn+a+b—n’



Chapter-4: Discrete Distribution 275

4.2 Estimation of Parameters in Size-biased Generalized Poisson Distribution

The estimation becomes tedious in this distribution when taking Bayesian or MLE
estimation method into consideration. Mishra and Singh (1993) obtained the moment
estimators in case of size-biased generalized Poisson distribution (3.4) by letting
1-X =06. The mean and variance of SBGPD can be expressed as

. (k16+1)
M= (411)
2(1—e)+k16
Uy, = # (4.12)
0
This gives an equation in 6 as
1,0% — 6% +20-1=0. (4.13)

Replacing p; and p, by the corresponding sample values X and S2 respectively,
we get
S20% —%0% +20-1=0. (4.14)

It is a polynomial of degree four and_can be solved/using the Newton-Raphson
method and so an estimate of X, can be obtained. An,estimate of 2, is then obtained as

. (ézi—l)
jg=i—o_ (4.15)
0
The moment estimate for size-biased,Poisson distribution can be obtained easily by
putting 6 =1 in (4.15).

4.3 Estimation of Parameters iniSize-biased Generalized Logarithmic Series
Distribution

In this sub-section;we have introduced the Bayesian estimation of size-biased GLSD.
The likelihood function'of SBGLSD (3.6) is given as

L(x;a,B):(l—aB)nlﬂ[( P "1] o (1o BT

i=1 X —1

—k(l-ap)" @’ " (1-a), (4.16)

n n BXi -1
where y=3% % and k= [] .
i=1

Since 0 < a <1, therefore we assume that prior information about o when f is known
is from beta distribution.
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Thus

a?t (1- oc)lnfl

f(a)zw; O<a<1,a>0, b>0. (4.17)

The posterior distribution from (4.16) and (4.17) can be written as

(1_(*6)” oY1 (1_a)l3y*y+b*1

[T(aly)= 1 (4.18)
.[(1_ OLB)H oyl (1_Q)BY—y+b—1 do
0
The Bayes estimator of o’ is given as
1
6’ =[a’ [1(aly) do
0
}(l—aﬁ)n qYra-n+z-l (1_G)BY—Y+b—1 do
=% . (4.19)
I(l_ aB)n qYran-t (l— a)ﬁy—erb—l da.
0
where
1
1-af nogyranzli o By-y+b-1 de
f(1-ap) (1-a)
r(y+a-n+z)0(By*b-y)*R[-ny+a-n+z,py+a+b-n+zp]
- (4.20)
M(By+a+b-n+z)
and
1
I(l_ OLB)n oyl (1_a)l3y;)’+b*1 do
0
_ I'(y+a-n) F(By+b-y) *R[-ny+a-npBy+a+b-n,p] | 4.21)

I'(By+a+b—n)
Putting these values in equation in (4.19), the Baye’s estimator of o’ is obtained as

_I(y+a-n+z) I(By+a+b-n) ’R[-ny+a-n+z,By+a+b-n+zp]

AL

r(y+a-n) C(By+a+b-n+z) 2F[-ny+a-nBy+a+b-n,p]
(4.22)

For z=1, we get the Baye’s estimator of o as

(y+a-n) *R[-n,y+a-n+Lpy+a+b—n+1p]

b= (4.23)

(By+a+b-n) 2R[-ny+a-nBy+a+b-np]



Chapter-4: Discrete Distribution 277

For B=1 we get the Baye’s estimate of the size-biased logarithmic series
distribution (2.8) as

y+a-n

o= .
y+a+b

(4.24)

5. APPLICATIONS OF SIZE-BIASED DISTRIBUTIONS

The following examples are used to illustrate a few situations generating size-biased
distributions and their applications. R-software has been used to facilitate the use of size-
biased distributions to real life data. With the help of R, we can fit two- and three-
parameter probability distributions. It computes the moment, Mle and Baye’s estimates.
Results are presented in the tables 1-5.

5.1. Data in Table 1 is regarding the defective teeth in 14 year old boys having at least
one affected teeth.

Table 1
112|314 |5]|6 |<= 89101112 | Total

Number of
Teeth affected

Number of Boys |47 |43 (35|28 15|20 |5 (512 | 1|2 | 1| 204

Since in the above data set no boys were found having zero teeth affected, therefore
this indicates that the data can not be adequately/described by a Poisson distribution and
instead we should look for size-biased Poisson distribution (2.4). Moreover, the index of

% (% -X)’

dispersion | = given by Selby (1965) comes out to be 302, giving a unit

normal deviate of 4.95. For simple‘Poisson distribution the index of dispersion would
be larger because of the frequency of zero-class group, which substantiates the use of
size-biased Poisson distribution torabove data.

5.2. We have fitted the models (2.8) and (3.6) to the data given in tables (2) and (3) by
P.Garman (1923) and Student (1907) on counts of the number of European red mites on
apple leaves and yeast cell counts observed per mm square respectively. For the choice of
values of (a, b) in Baye’s estimator, since there was no information about their values
except that they are real and positive numbers. Therefore 25 combinations of values of
(a, b) were considered for a, b=1, 2,3,4,5 and those values of a, b were selected for which
the Baye’s estimator o has minimum variance. It was found that for a=b=2 and f =2.0,

the Baye’s estimator has minimum variance and y” values between the simulated sample
frequencies and the estimated Baye’s frequencies were the least.
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Table 2
No. of mites Leaves Expected Frequency
per leaf Observed SBLSD SBGLSD
1 38 32.36 31.92
2 17 23.56 17.56
3 10 10.25 10.53
4 9 7.36 7.66
5 3 2.95 4.83
6 2 1.46 3.38
7 1 1.65 2.40
>8 0 0.41 1.72
Total 80 80.00 80.00
x? 2.91 2.44
AIC 285 226
BIC 294 246
a 0.2568 0.407
Table 3
No. of cells per Observed Expected Frequency
mm square (mm?) | Frequency SBLSD SBGLSD
1 128 130.43 129.56
2 37 36.09 37.12
3 18 14.56 15.02
4 B 3.54 3.02
5 1 1.84 1.02
>6 0 0.54 1.26
Total 187 187.00 187.00
x? 1.5035 0.929
AlC 310 285
BIC 321 301
a 0.422 0.455

5.3. Data in table 4 shows the number of mothers (f,) in Srilanka having at least one

neonatal death according to number of neonatal deaths (x) [Meegama (1980)]. The
models (2.6) and (3.2) have been fitted to this data for a=b=2 and  =0.5
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Table 4
X f Expected Frequency
X SBNBD SBGNBD

1 567 548.38 537.22

2 135 164.51 165.03

3 28 28.79 35.65

4 11 3.84 6.69

5 5 0.48 1.41
Total 746 746 746

y? 37.52 16.45
AIC 295 234
BIC 308 255

& 0.05 0.04

p 0.5
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5.4. Data set in table 5 showing the number of workers N;havingd‘accidents. The models
(2.4) and (3.4) have been fitted to this data.

Table 5
i N Expected Frequency
' SBPD SBGPD
1 2039 2034:27 2039.83
2 312 319.48 309.76
3 35 33.45 36.38
4 3 2.63 3.66
5 1 0.17 0.37
Total 2390 2390.00 2390.00
2 0.772 0.069
AIC 594 321
BIC 704 365
711 0.3141 0.2631
A 0.0912

6. DISCUSSION AND CONCLUSION

The discussion on estimation and applications of size-biased distributions to this point
demonstrates that they both have a solid theoretical underpinning and practical use to real
life data. From AIC and BIC fit measures the proposed size-biased models appear to offer
substantial improvement in fit over simple classical and simple generalized models. Also
the fitting in these tables reveal that the size-biased distributions provide us better fits in
the situations where zero-class is missing and simultaneously it has been shown that the
generalized form of these distributions give generalized results in comparison to

classical ones.
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ABSTRACT

The geometric Poisson (also called Pélya-Aeppli) distribution is a particular case of
compound Poisson distribution. In this article we prove that geometric Poisson
distribution (GPD) is infinitely divisible, not log-concave, unimodal and also obtain its
survival function. Moreover, first order negative moment of GPD is given and finally its
characterization is done via recursive relation of factorial moments.

KEYWORDS

Infinite divisibility; log-concavity; unimodality; survival, function; negative moment;
recursive relation; characterization.

1L.INTRODUCTION

The geometric Poisson (or Pélya-Aeppli)distribution_is‘a particular case of classical
compound Poisson distribution where the ' contribution of each term is distributed
according to the geometric distribution..In realdife situations, it has many applications
appear in the literature. Randolph<and Sahinoglu (1995) presented the application of
geometric Poisson distribution for'control of defects in software, and Chen et al. (2005)
developed the geometric PoissonsCUSUM control scheme for the process control. Robin
(2002) and Robin et al. (2007) modeledit for the distribution of overlapping word
occurrences. Rosychuk etial. (2006) used it to model DNA substitution. This model
assumed that substitution events were Poisson distributed in time and the number of
substitutions associated with each'event was geometric distributed. Ozel and Inal (2010)
presented its applicationito.traffic accidents data.

Johnson et al. (1992) derived a linear formula to compute the probabilities of the
compound Poisson distribution that can be simplified in the geometric Poisson case. Nuel
(2008) obtained recurrence relation for the GPD using Kummer’s confluent geometric
function. Since some terms could be out of the machine range and set to zero, an algorithm
has been prepared for the logarithmic version of the cumulative distribution function for the
GPD. However, a direct formula and an algorithm have not been obtained for the
probability function of the GPD. Ozel and Inal (2010) derived the explicit probability
function of the GPD and obtained an algorithm for the computation of the probabilities. Ata
and Ozel (2012) derived the survival functions for the geometric-Poisson process and other
class of compound Poisson process. Ozel (2013) provided the moments, cumulants,

“Published in Pak. J. Statist. (2014), Vol. 30(2).
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skewness, kurtosis and covariance of the univariate compound Poisson process including
Pélya-Aeppli process or geometric Poisson process as special case.

Although many studies have already been done using the GPD but the question of its
infinite divisibility, log-concavity (strong unimodality), unimodality have not been
addressed. The property of unimodality is very important for many decomposition
problems of probabilistic and statistical nature as indicated in the well-known book by
Medgyessy (1977) and by Steutel and Van Harn (1979). Many discrete distributions on
the lattice of integers have a unimodal character for which comparable results may be of
interest. Unimodality is also of interest in connection with optimization and mathematical
programming. Arguments involving unimodality have been used quite often in statistical
inference. When applying the method of maximum likelihood for the estimation of
parameters, the unimodality of the likelihood function often facilitates the required
computation. In general, most of the likelihood functions can be shown to be unimodal
with respect to the parameters involved. Some inequalities depend on unimodality like,
Gauss's inequality, Vysochanskii—Petunin inequality. The recurrence of symmetric
random walks involves the concepts of unimodality and peakedness comparisons.

Kielson and Gerber (1971) have proved a number of results on the strong unimodality
of discrete distributions. A necessary and sufficient_condition that the sequence p, be

strongly unimodal is that p, be log-concave, i.e. (g )2 > P, 10,4 for all values of x.

But this does not seem to apply to the GPD. However, we use Theorem-1 in Hansen
(1988) to prove that GPD is not log-concave (strongly unimodal) and prove that GPD is
unimodal using lemma by Steutel and Van Harn (1977)r Consul and Famoye (1986) use
the same lemma for proving the unimodality of'generalized Poisson distribution.

In this study, we provide a recursiveformula for computation of probabilities of GPD
and prove that GPD is infinitelyxdivisible, not log-concave (strongly unimodal), unimodal
and obtain its survival function. Moreover; first order negative moment of GPD is given
and finally, characterize it\via recursive relation of factorial moments. In Section 2, we
present some basic definitions and/lemmas that will be used in subsequent sections.
Section 3 deals with infinite divisibility and in Section 4 we prove that GPD is not
strongly unimodal. Section. 5,addresses the unimodality of GPD. Survival function is
obtained in Section G.and first order negative moment of GPD is given in Section 7. In
Section 8, a characterization theorem based on the recursive relation of factorial moments
is given. The conclusion is given in Section 9.

2. PRELIMINARIES
In this section, we present some basic definitions and lemmas that will be used in the
subsequent sections.
Definition 2.1

Let N be a Poisson random variable with parameter A >0 and let Y;,i=12,3,.... be

i.i.d random variables, independent of N . Then, X has a compound Poisson distribution
if it is defined as


http://en.wikipedia.org/wiki/Vysochanski%C3%AF%E2%80%93Petunin_inequality
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If E(Y;)=nV (Yi)zcz,i:1,2,3, ..... the expected value and variance of X are

E(X)=mV (X)= 7»(62 +n2) , respectively.

Lemma 2.1
The probability function of X is given by

px (K)=P(X =K)= 3. P(¥,+Y, +--+Y, =k|[N=n)P(N=n), k=0,1,2,... (2)
n=0

The GPD stated by Johnson et al. (1992) as in Lemma 2.2.

Lemma 2.2
If N has a Poisson random variable with parameter > 0@and Y;,i=12,3,...., are

geometric distribution with parameter 8 in Equations(2), the probability mass function

(pmf) of X is given by

— AN 4»& k-1 N ok=n _
px(k)_P(x_k)_Ele n![n_lje A-0)0 k=123, 3)

pX (0) = e_l '
where A >0,0<0 <1 and recallithat ‘E(X) =4/0 and V (X) :7»(2—6)/62 .

Lemma 2.3
If the random variables="V,,i=1,23,... are geometric distributed i.e.
P(Y,:j):pj:e(l—e)j‘l,j=L2,3,.... then the common probability generating

function of Y;,i =1,2,8,....is given by
[ 9 VS (sasey =%
0 @) =( 155 |3 (s - = @

=1

Lemma 2.4
If X has the GPD then the probability generating function (pgf) of X is given by

_a oA n_ A(s-1)
gx(s)—goe n![gY(S)] _eXpK—l—(l—e)sj'k>0’0<9<1' (5)
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Lemma 2.5

If X has the GPD, then the factorial moment generating function (fmgf) of X is
given by

At

9x L+t = eXp[l—(l—e)(lH)

],x>o,0<e<1. (6)

Lemma 2.6 (Steutel 1970)

Let (py, );o be a probability distribution on the non-negative integers with p, >0
is infinitely divisible if and only if it satisfies

n
(”+1)pn+1=k20rk Prk, N=012,...., 7)
with non-negative r, and necessarily, i N /(k+1) <oo.
k=0

Lemma 2.7 (Hansen 1988)
Let (p,) and (r,) be related by (7) with r, >0, py>0 and let (r,) be log-
concave. Then (p,) is log-concave if and only if = >0.

Lemma 2.8 (Steutel and VVan Harnd979)

Let ( Py );O be a distribution on the nen-negative integers with pgf gy (s) satisfying
d 0k
d_ln gx (s) =R(s) =2 s 8
S k=0

where 1, are non-negative. Then (p,); is unimodal if (r);

0 is non-increasing, and

(py );0 is non-increasing if and only if in addition ry <1.

Lemma 2.9 (Park 1972)

Let X be a discrete random variable with probability function p, , for0<s <1,

E(X+A) " =[g(s)ds, )

o —r

where (X +A)>0, k is non-negative integer and g, (s) is the pgf of (X + A)k -1.
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3. INFINITELY DIVISIBLE

In this section, we examine the infinite divisibility property of GPD by making use of
Lemma 2.6 by Stuetel (1970).

Theorem 3.1
The GPDwith pmf (3) is infinitely divisible.

Proof
To prove infinite divisibility of GPD, we need to show that (3) satisfies (7).
The pgf of GPDgiven by (5) is

9x ()= exp( n(S)j A>0,0<0<1, (10)
where n(s) = (s-D(1-2(s-1)) ", z=(1-6)/6.

If D denotes the differential operator d/ds, then after successive differentiation of
(10) we get

D"“(gx(s))%i( JD” “(gx ()R (n(8)),n=0,%>0,0<0<1,(11)

where
DX (n(s)) = (k+D12* (1€2(s - &P 2 = (1-0)/0 .
Setting s=0, in (11) gives;
D™ (gx (0)) = z( jD” “(9x(@)D*" (n(0)) ,n=012... (12)
where D**!(n(0)) =(k +1)!6°(1-0)*.
As
[D"(gx ()], =(+D!py.s. (13)

Substituting (13) in (12) we get;
(N+1)!pyy =20, (E](n—k)! P (k+D)1A-6)F
k=0

which on simplification gives
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(n+1)pn+1=é:0rk P, N=012,.., (14)
where r, =A0(k +1)(1-0)* are non-negative, necessarily
éork/(ku):xmo.

Hence complete the proof.

4. NOT STRONGLY UNIMODAL
We use Lemma 2.7 by Hansen (1988) to prove that GPD is not strongly unimodal.

Theorem 4.1

The GPDwith pmf (3) is not log-concave for all values of 6<and .

Proof
In Theorem 3.1, it is shown that (p,) ands(r,) are related by (14) with

Po =e™* >0, let (rn) be log-concave. In order to prove.the log-concavity of GPD, we
2

have to show that o >1. Therefore
n
2
o__*  gcp<1a>0,
n 2(9*1—1)

which can be <or >1 depending upon the values of 6 and A, so the GPD is not log-
concave for all values of 6'and A.

5. UNIMODALITY

In this section, we use Lemma 2.8 by Steutel and Van Harn (1979) for proving
unimodality of GPD.

Theorem 5.1
The GPD with pmf (3) is unimodal for all values of 6 and A.

Proof

The pgf of GPD satisfy

d A0 z kK Kk
Dingy () =R(s) =—  — S 0(k+1)(1-0) s*
ds X (1—(1—9)8)2 =0 ( )( )

where 1, =A0(k +l)(1—6)k are non-negative.
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Therefore

C:(uk-l)(l—e)g,

as 0<0<1and lim (1+k‘1)—>1.

k—00

Hence (K ), is non-increasing, and so the GPD is unimodal for all values of 6 and 7.

When 1, =10<1, (P,); becomes non-increasing.

Accordingly, the mode will be at x=0 if A0 <1 and at the dual points x=0 and
x=1if A0=1.

6. SURVIVAL FUNCTION

The survival function (sf) of a nonnegative discrete random variable X is defined as
the probability S(x) =1-P(X <Xx).

By definition

P(X <X)= 3 P(X <x|N =n)P(N =n)/x=012,....
n=0

As P(X <x|N =n) is a negative hinomial distribution, we get;

o kn X X_j_l X—j-n
_ A n(_ J
P(XSX)—nZ::le _n!,-_o( 1, je (1-0)""" x>1,

P(X <0)=g.", where A >0,0<0<1.

It follows that

]

[°s) n R .
$(0)=1-e, §(x)=1-¢" ZL[X J 1]9”(1—6)*“‘",
=0n=1 | n—l

Xx>1,A>00<0<1.

7. NEGATIVE MOMENTS

In this section, we give first order negative moment of GPD using Lemma 2.9 by Park
(1972).

Theorem 7.1

Let X be a non-negative integer valued random variable with pmf (3). Then
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D

2k (1-0)B(k+ A, j+1),

|
>
SN—
-
—~

E(X+A) =3 5
=0
where A>0, (), =1, (i), = i(i+1)...(J+k-1),for k=12,......

0

Proof
According to Lemma 2.9,

1
E(X +A) " =[g,(s)ds, where A>0 and g, (s) = E(S(X+A)k’l),0£s£1.
0

Taking k =1, we have

E(X +A)" =[0g,(s)ds, where g (s) = E(s(“A)‘l), 0<s<1,

-1
E(X+A)" = ésA‘lexp(—k(l+16—ssj st,

=0 J! -
o () 4 A = ()
- EO( j!) 5" (1-s)’ kgo—!k(s(l—e))kds,
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8. CHARACTERIZATION THEOREM
In this section GPD is characterized via the recursive relation of factorial moments.

Theorem 8.1
Let gy (s)= i skP(X =k) be the pgf of a distribution with support 0,1,2,...., and
k=0

parameters, A, A >0, 6,0<0<1. Then

= -0 | L
I’ :62[ j(]"‘l)'[ \] u[r_l_j],for-rZI with H[O] :l, (15)
holds if and only if X has GPD with pmf (3).
Proof
Suppose that X follows GPD then the fmgf of X given by (6) is

gx (1+1) = exp( n(t)j A>0,0<0<1, (16)

where n(t) =t(l-zt) ™, z=(1-0)/6.

If D denotes the differential operator d/dty.then we can obtain a recursive
relationship between factorial moments;by successive differentiation of (16) as

r A (r—A o j+
D' (9x 1+1) =% _zo(rj JD 1 (gy L+ 1)) DI ()
=
r>1,A2>0,0<0<1, @an
where

DI (@)= + 1)) (- 2t) 02
and
DI (n(0)) = z1¢j +1)!.

As [D7 (95 @) |, =iy [0x @] =nfy =L

Setting t =0 in (17) gives (15).
Suppose (15) holds and after putting r =1,2,3,....., we get;

p[l] k , A>0,0<0<1,
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= 525

i 5 o) e( 5 .

4| (5] + 02 (52 o050 (52 |
= () ool (52 emo (5]

+(10>4![%j[%j3+5![$j4}, ........ .

Factorial moment generating function is given by

© i
gx A+t) = EOM[,] i (18)
On substituting p['o], },lfll,piz],HiS],uf4],uf5], ....... iny(18) we get;

t t2 ; 1t
gx(1+t):1+ocﬂ+oc[oc+2!2]z+oc[oc +(3)2!az +(3)3!z ]a

4
+oc[oc3 +(6)2!e%z +(6)3!az? +4!Z3]%

5

+a[cx4+(10)2!a3z+(20)3!(x222+(1O)4!(x23+5!Z4J% :

where z=(1-0)/0 ,a =

q>|>’

Oy (@+t) =1+ at(l+ zt+(zt)2 +(zt)3 +)
(O‘Zt) (1 22t+ (zt) 234(zt) j

(o;:[) (1+32t+ (zt)% +.. j
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2 3
gx(l+t)=1+[at(l—zt)‘1J+[at(l_zzlt) l} +[at(1_3jt) l} +...,

Oy @+1) = exp[oct(l— zt)‘l],

which after simplification gives

At
1+t)=exp| ———— |, A>0,0<0<1.
9x L+ p[l—(l—e)(lﬂ)] ZREsPs
or
A(s-1)
s)=exp| ————— |, A>0,0<0<1.
9x (s) p[l—(l—e)s]
By calculating the kth derivative of gy (s) ats=0 as
" /os* (ax (8)
P(X =0)=g, (0)=¢e™", P(X:k):‘ / klx )S=°, k<1,23,...

gives (3).

9. CONCLUSION

In the present article, some statistical,properties of GPD including infinite divisibility,
unimodality, log-concavity or strong unimodality, survival function, first order negative
moment are addressed. Also, a characterization theorem is given based on the recursive
relation of factorial moments:

The property of unimodality is very important for many decomposition problems of
probabilistic and statistical ‘nature. It'is also of interest in connection with optimization
and mathematical programming=Arguments involving unimodality have been used quite
often in statisticalrinference.\When applying the method of maximum likelihood for the
estimation of parameters, the unimodality of the likelihood function often facilitates the
required computation.»Some inequalities depend on unimodality. The recurrence of
symmetric random walks involves the concepts of unimodality and peakedness
comparisons. A number of authors have discussed the fatigue, creep, fracture, shrinkage,
cracking and deformation of concrete flange on the basis of negative moments. We
expect these properties to be useful in dealing with the practical problems and to play a
very important role in the probability theory. Further properties including shape of hazard
rate function, order statistics, mean and median deviations, maximum likelihood
estimation and asymptomatic confidence intervals for the parameters are under
construction and may appear in the next communication.
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ABSTRACT

In the selection of a proper sample survey design in developing areas where prior
information on designs does not exist, it is sometimes feasible to conduct an experiment
where all possible factors or stages (if a choice of a factor or stage is available) are tested.
In this paper, a survey design is proposed to test 'n' factors (or stages) each at two levels
(2-sub-stages). Some special cases are also discussed. Some estimators of population
totals and means and their variances are developed. An application from the Civil
Engineering regarding solid waste is given to illustrate the methed.

KEY WORDS
Completely randomized design, analysis of variance.

1. INTRODUCTION

In developing areas where prior informationion any aspect of the problem under study
is not available, it is not possible to follow a particular pattern of standard sampling
design technique. These situations.may exist in many fields of investigation. In
agriculture, it may be desired tofestimate,the effect of a particular treatment (say,
fertilizer) on a piece of land randomly selected from a vast area of different soil
heterogeneity. Before an experimental design is selected, it may be necessary to decide
whether or not plots are Selected as a final stage in a multistage sampling scheme.
Suppose in biological sciences area, an investigation is made on the reliable estimates of
the immunization statusiof a population. Ali and Heiner (1971) conducted a survey of
vaccination status on past small-pox experience of an urban population of West Pakistan.
Besides investigation of‘waccination status, the intention was also to develop a sample
survey design which would achieve an acceptable degree of reliability of the estimates
while utilizing a minimum of personnel and resources, and would provide a model for
similar surveys in other underdeveloped areas. They used a three-stage cluster sampling
and have shown advantages of the design.

Similar conditions may exist in many branches of engineering or social sciences. In
this paper, we propose a mixture of multistage random sampling with a factorial
experiment in a standard design. In case of selection of an efficient design or a master
design for use in other similar surveys, it is essential to conduct an experiment to
determine sizes at every stage. Suppose, an area is divided into blocks, blocks are sub-
divided into structures, and structures into housing units. Housing units may be
considered as clusters of populations or clusters of families or clusters of persons.

“Published in Pak. J. Statist. (1986 B), 2(3).
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Consider blocks, as structures and housing units as 3 factors each at equal or unequal
number of levels.

2. ATHREE-STAGE 2 x 2 x 2 FACTORIAL SURVEY
DESIGN WITH AN EQUAL NUMBER OF
OBSERVATIONS PER CELL

Suppose blocks, structures and housing units are considered as three-stages. Two
levels of blocks, structures and housing units are considered. The scheme is given in
Table 1:

Table 1
Three-Stage 2 x 2 x 2 Factorial Experiment with one Replicate
Stages Combinations

() | (h) | () | (hs) | (b) | (bh) | (bs) | (bhs)

First Stage

# Blocks Second Stage
# Structures Third Stage
# Housing Units

Total of Housing

Units in one Replicate

AIN(N
N[N
AN
N[N >
AN
N~
BRI

oo INININ

16 | 16 | (32 16 32 32 64

In Table 1, the notations for factors, stages and levels are:defined as follows:

()] denotes three factors at lower levels(2blocks, 2 structures and 2 houses),

(h)  denotes upper level (4 houses) of housing units, and lower levels of blocks and
structures,

(s) denotes upper level.of structures (4 structures) and lower levels of blocks or
housing units,

(hs)  denotes upper levels of housing units and structures, and lower level of blocks,
and so on.

We further define.some notations:

N = the number of blocks in the area.

n = the number of sample blocks (first-stage units)

M; = the number of structures in the ith block of the sample.
m; = the number of structures in the sample from the ith block (second-stage units).
Qjj = the number of houses in the jth structure of the ith block.

0jj = the number of houses in the sample from jth structure and of the ith block.

Yij = the information from the kth house of the jth structure of the ith block.

The above notations relate to any one combination. N, M; and Qij are known and
fixed numbers.
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3. METHOD

Basically there are two ways of handling the data. Each cell will give rise to an
estimate of total and its variance. A general rule given by Durbin (1953, 1967) and Raj
(1956, 1966), Rao (1975), Brewer and Hanif (1970) can be used to obtain a linear
unbiased multistage estimator of population total as follows:

Suppose y’ denotes the linear estimator of population total. Then
n
y’ = Z s yi,
i=1

where a; is a real number determined for each sample ‘s’. Define

, _|as ifithpopulation unitisin thesample.
* 10 otherwise

Then

N
y'=Yayy, isthe UBE of y.
i=1

if and only if E(a{s)z iaiSPS =1, where p(s) is the probability of selecting the sample
i=1

's'. The variance of y' is

var(y') = var(% a{syi’j

i=1

Various modifications of var(y') can be made by assigning different values to a;g
with different methods ofiselection.

4. ESTIMATION OF TOTAL AND ITS VARIANCE
Let Yiik(t) denote an observation from the kth housing unit in the jth structure of the

ith block at given level, e.g., upper level or lower level of block, structure or housing unit
under the treatment combination 't' where t=1,2,...,8 and

(D=1: (1) is designated by the number 1 and stand for lower levels of the 3
factors.

(h)=2: denotes lower level of block and structures and upper level of housing
units.

Similarly, (s) =3, (hs) =4, (b) =5, (bh) =6, (bs) =7, (bhs) =8.
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Observations as recorded under each treatment combination will be denoted by the
following notations:

()] yijk(l), i=12,...,n 1) j=12,.. m() k = L2,....qij(1)
(h) Yiik(2)" i=1 2,...,n(2), j=1 2,....mi(2), k :LZ,....qij(z)
(s) yijk(s), i=1, 2,...,n(3), j=1 2,....mi(3), k :LZ,....qij(3)
(hs) Yijk(4)" i :1,2,...,n(4), j=1 2,....mi(4), k :LZ,....qij(4)
b)Y
(
(
(

) AR
() Yo 1 =122y, =120y, k=12,
®S) Vi) 15120 M) J =120 M), K =128y
(th) yijk 8)’ | —1, 2, ,n(s), J —l, 2,....mi(8), k —1.2, q|J(8)

where a number in the parentheses stands for that particular combination. The number of
observations in rows are schematically different from each<ther. The totals in rows are
not comparable and as such averages may be computed and analysis. made. However,
analysis of variance can be performed as if a 2° factorial experiment had been designed in
a completely randomized design.

The following formulae are obtained for estimating totals and their variances for each
combination (scheme of 3-stage sampling):

n M QI. qis([)
y(’t):n_ m, Z—JZ Yijk(t), t=12..8
(t) =2 Mh(r) J=1 Gj(r) k2
N (N =) M (M, -y
' (t) N VAV =My )
var(y L N5 <
((0) Ny y(1) = M) 2y(t)
NN M, Qj (Qij qu(t)> )
n m Saiy(tyr ¢ =12,.8.
(t) =E() Gij(t)
where
2 1 XN _ 2
() T N1 E(Yi(t) _Y(t))
2 1 M _ 2
Saiy(t) Mi_lE(Yij(t)_Y|(t)) , and

§2 == (Y -Y. )2
2ijy(t) — Q; —1kx ijk(t) ~ Tij(t) ] o
y(’t) is an unbiased estimate of Y- The unbiased variance estimator of Var(y('t)) is

given by
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N(N_n ) N M(M -m )
C\ (t) N O Vi i t)) -
Var(y(t) ) = o Sty * % El ™ S2iy(t)
N % M, Mo Qj (Qij _qij(t))cz
+— _ 22ijy(t)
o =M 12 Gy
where
1 "o _\2
Sy = Ny 1 i:zl(yi(t) B y(t))
2 1 My Y
Siy _W jZ::l(yij(t) - yi(t)) , and
, 1 Gi(r) — )2
SZijy(t) - —qij(t) 1 KZ::l(Yijk(t) _Yij(t)) )

These formulae become simpler as all the units in.a stage are equal.

If a proportion p;, of solid waste is collected from each housing unit of the tth

combination, the estimated totals and variances’' become p(’tﬁ(y('t))and p(’SVar (y(’t))
respectively.

A comparison of the variances may/lead to the selection of a particular 3-stage sample
design.

A further analysis using the analysis of variance technique is made to test if there is
any difference between using different levels of the three factors. Table 1 shows that the
number of observations indifferent combinations are schematically different. There are 8
observations in (1), 16%in:(h), (s) and (b) etc. Here we shall assume that a random sample
of size 8 is assigned to the combination (1), a random sample of size 16 is assigned to
treatment (h) etc. The size of the random sample is not assumed to be constant for all
treatments. The notations that will be used for computation of means and variances are
outlined in Table 2.
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Table 2
Computation Scheme for Analysis of Various Combinations
1 2 3 4 5 6 7 8 Total
Number of 8
observations| @ | "@ | "@ | Y@ [ e [ Ne "o | e M =2 ng
Sum of 8
observations| @ | '@ [T@ | T@ | Te [Te | Tn| T |G=2Tg
Meanof | + = = | F = 6--2
observations| '@ | @ [T | T T » N
t=1
Sum of ) ) ) )
Squares of | 2Y73) | 2Y5 2V 2 2V
i () (2) ®) (1)
Observations
2 2 2 2
i) T/ T T@®)
") "W /M Ng)
Within-class | __, ) T(i)
variation |5y =2Yy " 85
Within-class | g2 _ S%0 2 2 _ S®
i @~ (2 (8~
Variance Ny 1 Nig) —1

The estimates of variation due.to error and combination effects are obtained by
assuming an additive model,

Yijk(t) =R+ Y0 T Sijey

Least-squares estimates of the parameters p andrt, are obtained by minimizing

Zez(t) under the constraints Zn(t)%(t) =0. The computation of analysis of variance
i i
table is:
ANOVA TABLE
Due to df SS MSE F
ThH G2 SsC/(t-1
" (1) _G /(t-1)
Combinations t-1 —_ SSC/(t-1 —_—
z M) M /( ) SSC/(M —t)
T2
Error n—t ZZY(f) —Zﬂ SSE/(M —t)
o)
Total M -1 T 3Y2 _G_2
(ONEY!
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The (t—1) degrees of freedom can be split up into (t—1) single degrees of freedom
for testing various contrasts (comparisons).

5. DATA ANALYSIS
A detailed analysis has been made by Ahmad et al. (1981).

6. RESULTS
The Table 3 shows the summary results of the experiments on blocks only.
Table 3

Means, standard deviations and estimated totals of solid waste weight, volume
and density in Al-Khobar by Sample Sizes (Figure in kg.)

_ Means Standard Deviations | Estimated Totals
Sample Sizes < c ~ (10)5

(of means)

Weight | 402.56 154.01 (97.40) 4.39

0.5% | Volume | 8.24 2.46 (1.56) 090

Density | 400.54 36.68 (-)

Weight | 315.64 89.77 (47.98) 3.45

1.0% | Volume | 5.32 0.98 (0.52) 0.58

Density | 126.07 65.25'(:-.)

Weight | 258.48 42.59 (17:76) 2.82

1.5% | Volume | 3.96 0.66 (0.28) 0.43
Density | 122.90 57.04(-)

Weight | 224.84 60.06 (20.02) 2.45

2% | Volume | £3.56 2017 (0.72) 0.39
Density |140.82 111.25 (-)

The most efficient sample seems to have a 1.5% size which has the smallest standard
deviation and standardserror. of means of weight and volume of solid waste. The
estimated densities of solid waste are on the upper range of the values reported in the
literature which is 60 #120kg/m®. Only 0.5% sample size design renders a density of
400.54 kg/m®. Whereas the densities for other sample sizes lie outside the established
range. The estimate of density from the sample design with 2% size is well above the
upper limit. In order to study this marked variation in the densities, the following table
(showing the post-stratification of the areas at 2% sample size) has been constructed.

Table 4
Mean and standard deviations of densities by areas

Sample size | North | South | West | Agrabia| Tughba| Total
X 60.8 | 83.4 | 1285 | 299.8 119.9 | 140.82
c 346 | 631 | 219 113.4 79.5 | 111.25

2%




300 Chapter-5: Sampling

It is observed from the Table 4 that the density estimated at 2% in Agrabia area is
299.8 kg/m® with a standard deviation of 113.4. This value is quite high and when
checking with the field-group notes, it was found that on the sample collection date, one
block in this group contained two 5m® containers full to the top with food waste (mostly
cooked rice). This was an unusual event and one of the reasons for high density.

In Table 4, one also observes that as areas become more commercialized, the density
decreases. An example is the comparison between North (commercial) and Agrabia
(mostly residential) areas where the densities are 69.6 and 197.8 kg/m?, respectively. The
other three areas follow the same pattern of higher densities for residential areas. The

. . 1 . . .
solid waste generation rate based 15% on sample design and an estimated population of

Al-Khobar of 1.03 x 10°, is 2.489 kg/person/day. The values reported in the literature [5]
are in the range of 0.91 —2.268 kg/m® with 1.588kg/m3 most commonly mentioned. Our
estimates are at one of the extremes of this range. It should be noted that this estimate is
very crude because (i) there was no daily replicate of solid waste, (ii) population estimate
is very crude (and could not be checked with the figures of Central Department of
Statistics, Kingdom of Saudi Arabia). However, it shows that a sample design with 1.5%
sample size does provide a well-balanced sample design.
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ABSTRACT

In this paper we suggest three classes of regression-cum-ratio estimators for
estimating population mean of variable of interest for two-phase sampling using
multi-auxiliary variables for full information, partial information and no information
cases. The expressions for mean square errors are derived. Theoretical comparison is
given. Special cases of estimators are also identified.

KEY WORDS
Regression-cum-ratio estimator; two-phase sampling; auxiliaryvariable.

1. INTRODUCTION

The use of auxiliary information is a widely discussed topic in sampling theory to
obtain improved designs and precise estimates of some population parameters like mean
or variance. It is well known that when the auxiliary information is utilized at the
estimation stage. The ratio, product.and{regression methods are employed in many such
situations.

The estimation of the population mean‘is an unrelenting issue in sampling theory and
several efforts have been made to improve the precision of the estimates in the presence
of multi-auxiliary variables. A, variety of estimators have been proposed following
different ideas linking together ratio, product or regression estimators.

Olkin (1958) wasthe first author to deal with the problem of estimating the mean of a
survey variable when auxiliary variables are made available. He suggested the use of
information on more than one auxiliary variable, positively correlated with the study
variable analogously to Olkin; Singh (1967a) gave a multivariate expression of Murthy’s
(1964) product estimator, while Raj (1965) suggested a method for using multi-auxiliary
variables through a linear combination of single difference estimators. Moreover, Singh
(1967b) considered the extension of the ratio-cum-product estimators to multi-auxiliary
variables Shukla (1965) suggested a multiple regression estimator while Rao and
Mudholkar (1967) proposed a multivariate estimator based on a weighted sum of single
ratio and product estimators.

“Published in Pak. J. Statist. (2009), Vol. 25(2).
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John (1969) suggested two multivariate generalizations of ratio and product
estimators which actually reduce to the Olkin’s (1958) and Singh’s (1967a) estimators.
Srivastava (1971) proposed a general ratio-type estimator which generates a large class of
estimators including most of the estimators up to that time proposed.

Robinson (1994) proposed a regression estimator ignoring some of the assumptions
usually adopted in the literature (see, e.g., Srivastava (1971)), Tracy et al. (1996) and
Perri (2004) proposing an alternative to Singh’s (1965, 1967b) ratio-cum-product
estimators, when two auxiliary variables are available. Ceccon and Diana (1996)
provided a multivariate extension of the Naik and Gupta (1991) univariate class of
estimators. Agarwal et al. (1997), moving from Raj (1965), illustrated a new approach to
form a multivariate difference estimator which does not require the knowledge of any
population parameters. Abu-Dayyeh et al. (2003) introduced two estimators which are
definitely members of the class proposed by Srivastava (1971), while Kadilar and Cingi
(2004, 2005) analyzed combinations of regression type estimators in the case of two
auxiliary variables. In the same situation, Perri (2005) proposed some new estimators
obtained from Singh’s (1965, 1967b) estimators. Pradhan(2005) suggested a chain
regression estimator for two-phase sampling using threefauxiliary variables when the
population mean of one auxiliary variable is unknown and,oether auxiliary population
means are known.

In practical surveys, the problem is to estimate“population means of variables of
interest. For example, in a typical socio-economic survey conducted in rural areas in
Indo-Pak subcontinent, the multiple variables of,interests may be size of household,
monthly income and expenditure of the household, number of unemployed persons,
number of illiterates, number of persons:engaged in agriculture, amount of land owned,
leased and leased out, number of cattle -owned etc. In some situations the auxiliary
information may be available through.the past census data or conveniently collected. For
example in a village land survey, the information on the variables such as area of the
village, cultivable area, grazing grounds etc. may be easily obtained through the past
census data and may be.usedto estimate the means of variables of interest.

If we have information on multi-auxiliary variables practically sometimes either
information for all theseyauxiliary is available from population or available for some
variables or not available for all auxiliary variables. By considering these practical
situations, we suggest-general classes of regression-cum-ratio estimators for estimating
the population mean of study variable for two-phase sampling using multi-auxiliary
variables by considering the following three cases (see Samiuddin and Hanif (2007).

1. Estimators when information on all auxiliary variables is known for population
(Full Information Case).

2. Estimators when information on some auxiliary variables is known for population
(Partial Information Case).

3. Estimators when information on all auxiliary variables is unknown for population
(No Information Case).

Before suggesting the estimators we provide two-phase sampling scheme and some
useful notations and results in the following section.
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2. TWO-PHASE SAMPLING USING MULTI-AUXILIARY VARIABLES

Consider a population of N units. Let Y be the variable for which we want to
estimate the population mean and X;, X,,........ Xq are q auxiliary variables. For two-

phase sampling design let n, and n, (n2 < nl) are sample sizes for first and second
phase respectively. Xq); and X; denote the i auxiliary variables form first and second
phase samples respectively and y, denote the variable of interest from second phase. X
and CXi denote the population means and coefficient of variation of i auxiliary

variables respectively and Pyx, denotes the population correlation coefficient of Y and

1 1 1 1
X;. Further let el:E_W' 0, R =Y4ey, o Xayi =X+, and
Xy = Xi+&y,, (i=12,..,k) where €0 Sy and €, e sampling errors and are

of very small quantities. We assume that E, (ey(z) ) =F (ex(1>i ): E, (ex(z)i ) =0. Then for

simple random sampling without replacement for both.first and, second phases we write
by using phase wise operation of expectations as:

2 _[1_M2c2 eVl M\SE 22
Ex ey, ) —( ‘WJSY' E(8,) {*WJE—QZY cy.
n - -
E, (eY2 ex(z)i ) - (1_W2J SYXi 4 eZYXiCyCXi Pyx »

JR— n2 SYXi ViV2
E2 (eyz eX(Z)i ) = (1_Wj? ¢ ezYXiCyCXi pyxi !

ElEzwl[eyZ (eXa iy )] =5iFa (eyz Sy )‘ = (eyz Sy )

)i
[1- 2%y, —[1-"2 |5 =L (n,—m)s
N T g e ) v

N |2
_ (_ _ n S\(xi n, S‘(xi Vova
ElEZ‘l _eyz (ex(l)i _ex(z)i )j|= (1_ﬁj__(1_ﬁjK :(el_ez)YxiCyCXipVXi )

Similarly

= = = 2 v 22
ElEz‘l €2y (ex(l)i ~ e )} =(0,-6; )Gxi =(6:-62)X; C

E Ez‘l _ex(l)l (ex(l)i - eX(z). )} =0,
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— — 2 2 v 22
ElEz/l(ex(l)i —eyw) —(0,-0,)0% =(6,-0,)X?C2,

El Z‘lli( X é(2)')(5)((1)1 _éx(z)j ):|=(92_el)cx,xJ
= (0, —6,) X;X;C, Cy Py, 1 (1% 1)
and

E 2‘1‘:( X2 )(éx(l)j _€x(2)j )}:(el_GZ)Gxixj :(61_62)>zi>zjcxicxj pxixj v<i¢ J)

The following notations will be used in deriving the mean square errors of proposed
estimators

Determinant of population correlation matrix of variables y, X, X;,..., X4

4
and Xg .

‘Ryxi " Determinant of i minor of |R|ygq corresponding o the i element ofpyy -

pi X Denotes the multiple coefficient of determination of yon X, X,..., X, and X, .

pi_xq Denotes the multiple coefficient of determination of y on X;, Xp,..., X;q and X, .

|R . Determinant of population correlation matrix'of variables X, X,,..., X,_; and x, .

|R|gq Determinant of population correlation matrix of variables X, X;,..., X;_q and X, .

| |Yi).(s Determinant of the'correlation matrix of y;, X, Xy, ..., X, andx, .

| |yixq Determinant Of the correlation matrix of y;, X, Xy,...,X; g and x, .

| |yiyj Determinant ofithe minor corresponding to Pyy, of the correlation matrix of
Yir Yj X0 Xa vt Xegandx, , for (i j).

| |yiy, : Determinant of the minor corresponding to p,, - of the correlation matrix of
Yir Vi Xas Xgree Xq g @nd g, for (i j).

2.1 Result: 1

The following result will help us in deriving the mean square errors of suggested
estimators

M = (1_p§-5q ) [Arora and Lal (1989)]

A,
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2.2 Regressions-Cum-Ratio Estimator (Full Information Case)

If we estimate a study variable when information on all auxiliary variables is
available from population, it is utilized in the form of their means. By taking
the advantage of Regression-cum-Ratio technique for two-phase sampling, a

generalized estimator for estimating population mean of study variable Y with the use of
multi-auxiliary variables are suggested as:

— Yi
4= |:72 +éai ( _i 'Y(z)i )} :Jii:[_x_l}

X)i

Y_ _ i _ r+s=q 1 §X(2)i i

= +e, - ;e +— .
G i:l:[+1 X,

Ignoring second and higher terms for each expansion of product and after

_ r r+s=q Yy
simplification, we write t;, = {Y +e, —_ZiociEX(z)i - Zl%y@(z)i } :
i= i=r+ i

The mean square error is

_ r _ r+s=q Y_ _ E
MSE(t,)=E,|®&, —quex(z)i - i:%leiyiex(z)i . (2.2.1)

The optimum values of o; and‘y; for which the mean square error of estimator t; is
minimum to term of o(1/n) are

- R
inY C | Y% i .
= gy Y Y B (122 r 5=
and
1 C |Ryx, YX i+l )Z
v =(-1)" C_y q 2= (-1)" By, (i=r+Lr+2,..r+sandr+s=q).

The unknown constants are related to the partial regression coefficients of study
variable and auxiliary variables. If these partial regression coefficients are not known,
these will be estimated from second phase because the estimator t; utilizes the

information on g auxiliary variables and study variable from second phase sample.

Using normal equations that are used to find the optimum values of o; andy;, (2.2.1)
can be written in simplified form as:
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r+qu

=E2(€y22) iz:ia Ez(eyzé(Z)i)_ = X y'Ez( e )

i=r+1

_ r __ rs=q y
=0,Y°C2 - _zlaiezvxicycxipyxi - X 3 —7i0,YX,C,C, pyx. -
i=

i=r+l

Using the values of o, andy; and after simplification, we get:

R Ry |
. VX r+s=q ¥Xi
MSE (t,) = Y?C2| 6, -0, (~ ) o oy~ X () ey
i=1 | |)~(q i=r+l1 | |)~(q
2 i ‘Ryx‘ %
=Y?C] ez+ezz( )R—~pyXi
5 R,
9 Y C
; {|R| ~Pyx Ryx1| +Pyx, |Ryx
|R| 1 VX 2 2 lyxq
~q
“Pyxyd Ry, V¥ " ¢ +(_l)q Pyeq |Ryx, y%j
or MSE (t,) = 6,Y °C? |R| :
X

%q

Using Result 1, we'get:

MSE (1, ) £8,¥:2C (1— Pl ) .

2.3 Regressions-Cum-Ratio Estimator (Partial Information Case)
In this case suppose we have no information on all q auxiliary variables but only
for r auxiliary variables from population. Considering Regression-Cum-Ratio technique

of estimating technique, the population mean of study variable Y can be estimated for
two-phase sampling using multi-auxiliary variables as:

— Yi v 8'
T B res=al Xq)i | res=qf X,
t, = i\ Xoi ~X2)i
) {yz +i§10t. (X(l)l X2)i )} iﬂl[i(z)i] iﬂl[ﬁz)i}

I s
=|Y+e, +Xa e -@ +——= = :
2og e e s X i=r+l Xi
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Ignoring second and higher terms for each expansion of products and after
simplification we write
r+s

~ v 3 r+s .Y _
ty=|Y +8, +Zoc ( X ex(z).) > Y.xT( Xy ex(z)i)_.z 8ixTieX(z)i '

i=r+1 i=r+1

The mean square error of t, is written as
r "= —_
MSE(t,) = E,Epy [eyz + g‘iai (ex(l)i = )

Y s S Ye 2 231
+izr£r1YiTi(eX‘” _ex(z)i)_i:Zri-l XT Yoy (23.)

The optimum values of a;,y; and &, for which the mean square error of t, is
minimum to term of o (1/n) are:

i1 Y C i+1
@ =(1) T.é IR|, = (1) Bygx, Mz 12,0r)
! 2q
=( 1)I+1& ‘Ryxi ¥4 _| yx‘|yx
" ¢ | R,

:(—1)i+1 X (Byx, % ~Pyx xs) (i=r+Lr+2,..r+s)

and

i1 Cyg |Ryxi yx.
R|

8 =(-1) = (= )”l[iyxx, =r+Lr+2,...r+5.
X ?.(S

The optimum values are related to the partial regression coefficients of variable of
interest and auxiliary variables. Usually these partial regression coefficients are unknown
then these can be estimated from sample data. The estimator t, utilizes the information

on q auxiliary variables from both first and second phase. Keenly observing the
estimators t, the optimum values of unknown constants o; and vy; will be estimated
from first phase sample and 8, from the second phase. Using normal equations that are

used to fined the optimum values of a'i',y'i' and 8, , (2.3.1) can be written in a simplified
form as:
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— BBy (2 )+ Yo ElEz,l{ (é,w -5, )}

r+s Y_ _ _ r+s
+ 3 Yi= )z ElEzll{ (e Xy —eX(Z)I )} > 8 )z E1E2/1( ()i)

i=r+1 i=r+1
=0,Y°C] +(0,-0,) zaiﬁicycx_ Py
+(0, - )zy,_vxccxpyx-ezza _YXCCXipyXi.

i=r+1 i i=r+1 i

Using the values of o;,v; and &; and after simplification we get:

_ r : yXi|
MSE (t,) =Y 2C2 | 6, —(el—ez)g(—l)' P W%

Ry [y R R
r+s ; YXi Y% r+s y
-(6,-6,) X (_1)| Pyx, - = 6, 2 ( )I ¥% =
i=r+l1 |R|)—<q |R|)~(S i=r+l1 |R X,
2R2 i ‘Ryx“yz(u
:Y Cy (62_61)+(92 el)IZ( 1) pyxl |R|
= X,
r+s i ‘Ryxl ¥Xq r+s i | YXi VX
+(62 91)2 ( pyxi R el 91_2 ( 1) pyxI R =
i=r+1 | |)~(q i=r+l | Xs
or
R, R
¥Xi r+s ¥Xi
=Y2C2((0,-6,)| 1+ 3 (-1) py, A 0,1+ 3 (1) py R 2
i= X, i=r+1 X.
or
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Using Result 1 we get:
MSE (t,) =V °C2 [ez (1—p§'>~(q )+61<p§,.)~(q —p2, )J

2.4 Regressions-Cum-Ratio Estimator (No Information Case)

We consider the following regression-cum-ratio estimator for two-phase sampling

using multi-auxiliary variables for estimating the population mean Y when information
on all auxiliary variables is not available from a population as:

_ o\
i s B r+s=q X(l)i
ty = {Vz tro (X(l)‘ G )} 2 [__J

X2)

= = Vi
ViE Zr: o _ ) Hli[:q 1 ex(l)i _ex(z)i
=|Y+e, +Yo (e, -© U
Y2 i=1 I( i @ i=r+l Xi

Ignoring second and higher terms for each expansion of product and after
simplification we can write

r+s=q y

t3 _{Y +8, +|Zloc ( X X(z) )+ Iz%l T y,( X —ex(z)i )}

The mean square error is

_ r (L ) r+s=q Y . _ 2
MSE (t;) = E, ey2+i§1ai(ex(1)i— X<2>')+.%1x ( - ex(z)i) . (241)

The optimum values of oc'i and y'i for which the mean square error of t; is minimum
to the order o(1/n) are:

aay. C
'.: 1 |+1L_y O _ 1|+l _1’2,
O ( ) Xi CXI |R|)~(CI ( ) Byzfi-l(q (I r)
and
R
. C i
. :(_1)'+1C_Y‘ |yF:| B ()t 2 Xig, o (i=reLre2,.res).

In this case the optimum values are also related to the partial regression coefficients
of study variable and auxiliary variables. Mostly these partial regression coefficients are
unknown but these can be estimated from sample data. The estimator t; utilizes the

information on g auxiliary variables from both first and second phase. Analyzing the
estimators t; the optimum values of unknown constants o; and y; will be estimated
from first phase sample in the form of sample regression coefficients.
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(2.4.1) is also written in a simplified form as:

_ ro, e _ r+s=q y T _
MSE (t;) = E, (eyz2 )+Zioci E, (eyz (ex(l)i &, ))— > —=vE, (eyz (ex(l)i = ))

i=r+l Xi

5 o [ res=qy ,__
= ezY Cy +(91 _ez)ziaiYXiCyCXi pyxi +(91 _92) z XTinXiCyCXipyxi .
j=!

i=r+1 Aj

Using the values of oc'i and y'i and after simplification we get:

Ry
_ r : ¥X
MSE (t;) =Y CJ | 0, +(6,-0,) 3 (-1)" A =y
i= X
r+s=q i1 |RyXi |y)~(q
+(6,-0,) 3 (£1 TR P
i=r+ X
I R
_ : 124
=y?2c? 92+(92—61)§(—1)' —| |y*“ P
2R
| Xq
) |R|yx
L %q

Using Resultl, we get:
MSE (t;) =V 63 [(e2 =0,)(1- P2, )+91J -Y°C? [92 (1-p2y, )+ 0203 }

3. THEORETICAL COMPARISON OF NEW ESTIMATORS

The MSE criterionis most common for comparing various estimators [Lee and
Peddada (1987) and Cox and Hinkley (1974)]. We suggest three estimators in this paper
in which first one is for full information case, second one is for partial information case
and last one is for no information case. The estimator for full information case is more
efficient than the estimator for partial information case and the estimator for partial
information case is more efficient than for the no information case. It can be checked by
comparing their MSE’s as:

MSE (t,) — MSE (t, ) = -6,Y 2C2 (p;)jq —p2, ) <0; as g>s
and

MSE (t,)— MSE (t;) =—6,Y °CJp} , <O0.
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4. SPECIAL CASES

We summarize the results for the three cases as follows:

311

. Unknown .
Proposed Estimators Constants Special Cases
I. Full Information Case o Y
_ _ 5 Y A class of ratio
— e e X timators with s
L=V, +X2q (X- - ) — | esum ,
1 _y2 Ela' NG i=1:£1 X 2) 0 i | auxiliary variables for
Full Information Case
_ _ ERNY A class of regression
o v (g v VX estimators with r
=Y+ ( =X ) — - - .
1 _yz Ela' o izl:[ﬂ X2 ¢ 0 auxiliary variables for
Full Information Case
I1. Partial Information Case o | 1| &
r " -
t, :{72 +2.q4 (i(l)i —Y(Z)i )} A class of ratio
i=1 | estimators with s
N _ N\ 0 Yi d; |auxiliary variables for
res=a) Xgy | ressal X; Partial Information
[Hi=—| Il |z C
i=r+1 X(z)i i=r+1{ X(2)i ase
r " .
t, = {yz +2.0;4 (x(l)i ~X2) )} A class of ratio-cum-
i= \ .| regression estimators
N _ NS o 0 8; | with g auxiliary
r*li[:q Di | S X variables for Partial
iZral _(Z)i icr1 _(2)| Information Case
r " -
t, = {72 +2 0, (7(1)| Xa)i )} A class of ratio-cum-
i= ) regression estimators
N NS o | i 0 | with q auxiliary
”f—fq Xoi fassa| X variables for No
iZrel X(Z)i iSra i(z). Information Case
pr— r " ra— ra—
=Yzt Ela‘ (X(l)i - X(Z)i) A class of regression
. 5 0 0 estimators with r
res=( Koy "= %) ¢ auxiliary variables for
[1|=— — No Information Case
i=r+1 Xg)i ) i=ra{ X2)i
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Proposed Estimators ggﬁ;g‘:}vtr; Special Cases
p— r " p— p—
2 = {yz i Elai (X(l)i - X(Z)i )} A class of ratio
. " 0 estimators with s
res=af Xy r+s -af X Vi auxiliary variables for
I1 —' No Information Case
i=r+1 X i= r+1 2 i
t, = {yz + Zoc, } A glass of rat'io
| estimators with s
N\ 0 | o; | auxiliary variables for
”ﬁq X ”S -4 X, Partial Information
i=r+1 X i= r+1 2 i Case
I11. No Information Case a ¥i
_ _ N A class of ratio
o avalv _v% =l I ] | estimators with s
s = _y2 - Elai (X(l)i X2)i )_ iﬂl [ X2 ] 0 Yi, | adxiliary variables for
No Information Case
_ _ 2. ) A class of regression
I S =l I ] - estimators with r
= _yz * Elai (X(l)i X )_ iﬂl [ Xy ] & 0 auxiliary variables for
No Information Case

Obviously the classes of special casesvare ‘not efficient than suggested classes of

estimators.

5/NUMERICAL TLLUSTRATION
Description of populations is given in Table 1 and mean square errors of suggested

estimators are given in Table 2.

Table 1

Description of Population

Source|“Measurement of four characters of: Flucus Religiousament” by Pradhan (2000)

y |Length of petiole

% |Length of lamina (blade) of the leaf

X |Width of the leaf at its widest paint

X3 |Width of leaf half way along the blade

N Pyx, Pyx,

Pyx, Px.x,

Px, Pxyx,

160 0.5423 0.6166

0.2704

0.8568

0.7424 0.8027
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Table 2:
Mean Square Errors of Estimators
Auxiliary Auxiliary
Variables for Variables for Relative Efficiency when
Estimator | which Information | which Information | '\, _ 160 1, =50 n.=20
is Known for the | is unknown for the T
Population Population
tz (NIC) - Xi, Xo, Xg 100
t th Xo, X3 Xy 129.34
t22 X].’ X3 X2 123.46
tos Xp 1 Xo X3 156.65
PIC| tx X, Xp, X3 168.07
tos Xy X X3 149.43
the Xq X, Xo 164.12
t1(FIC) Xpy Xy, X3 - 135.73

In Table 2 we provide MSE’s of eight estimators, first.€stimator is for full
information case, last estimator is for no information case,and.other six estimators are for
partial information case with all possible combinations of auxiliary variables with known
and unknown information from population. In theereticalicomparisons t; is more efficient
than t, and t, is more efficient than t;. But in empiricalicomparison, we see that a special
case of partial information i.e. t,4 performs better than all others. It means that population
characteristics like mean, coefficient of variation, variances, sample sizes of both phases
and especially correlation coefficientstof study variable with auxiliary variables and
correlation coefficients within-auxiliary:variables count a lot for suggesting an estimator
for use in real life situations. This can be adequately judged by considering at least ten
different types of natural populations/and MSE’s should be calculated for study variable
in the presence of at least five auxiliary variables.
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ABSTRACT

In this paper we propose a number of generalized multivariate ratio estimators for
two-phase and multi-phase sampling in the presence of multi-auxiliary variables for
estimating population mean for a single variable and a vector of variables of interest(s).
The expressions for mean square errors are also derived. Thessuggested estimators are
theoretically compared and an empirical study has also been.conducted.

KEY WORDS
Multi-Phase Sampling; Multivariate Ratio Estimator; Multi-Auxiliary Variables.

1. INTRODUCTION

The estimation of the population mean is'an unrelenting issue in sampling theory and
several efforts have been made to improve the precision of the estimators in the presence
of multi-auxiliary variables. A variety of estimators have been proposed following
different ideas of ratio, regression‘and productestimators.

Olkin (1958) was the firstauthor to deal with the problem of estimating the mean of a
survey variable when auxiliary variables are made available. John (1969) proposed two
multivariate generalizations of ratio and product estimators which actually reduce to the
Olkin’s (1958) and Singh’s"(1967a) estimators. Srivastava (1971) proposed a general
ratio-type estimator whichigenerates a large class of estimators including most of the
estimators up to that timezproposed. Sen (1972) developed a multivariate ratio estimator
under two-phase sampling using multi-auxiliary variables. Singh and Namjoshi (1988)
discussed a class of multivariate regression estimators of population mean of study
variable in two-phase sampling.

Ceccon and Diana (1996) provided a multivariate extension of the Naik and Gupta
(1991) univariate class of estimators. Ahmed (2003) put forward chain based general
estimators using multivariate auxiliary information under multiphase sampling. In the
same situation, Perri (2005) recommended some new estimators obtained from Singh’s
(1965, 1967b) estimators.

In multipurpose surveys, the problem is to estimate population means of several
variables simultaneously [Swain (2000)]. Tripathi and Khattree (1989) estimated means

“Published in Pak. J. Statist. (2009), Vol. 25(4).
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of several variables of interest, using multi-auxiliary variables, under simple random
sampling. Further Tripathi (1989) extended the results to the case of two phase sampling.

we suggest general classes of ratio estimators for estimating the population mean of
study variable for two-phase and multi-phase sampling using multi-auxiliary variables
when information on all multi-auxiliary variables (Full Information Case) or not on all
auxiliary variables (No Information Case) is available for population (See Samiuddin and
Hanif, 2007).

Before suggesting the estimators we provide Multi-phase sampling scheme and some
useful notations and results in the following section.

2. MULTI-PHASE SAMPLING USING MULTI-AUXILIARY VARIABLES

Consider a population of N units. Let Y be the variable of interest and
X1y Xopnen Xq are g auxiliary variables. For multi-phase sampling design let n, and

ne (N, <ny) be sample sizes for h™ and k™ phase respectivély. X and X, denote

the i auxiliary variables from h™ and k™ phase samples. respéctively and y, denote

the variable of interest from the k" phase. Let, )?i ; CXi and Py, denote the population

mean, coefficient of variation of i auxiliary variables respectively and the population

correlation coefficient of Y and X;. Further Ietehzi—%, 0, :i—%. Also

Ny Ny
Vico =Y *8y, Xy = Xi +& and Ny, = X +e, (i=12,...k) where ey, B
and By A sampling errors. \We,assume  that E, (ey(k)):Eh (ex(h)i):Ek (ex(k)i):o
where E, and E, denote the expectations of errors of h" and k™ phase sampling.

Then for simple random sampling without replacement for both first and second phases,
we write by using phase wise operation of expectations as:

By (eyk )2 :(1_%}55’ Ey (§YK )2 :[ _L_kj(;_f = 6@7203,

n _
E, (eyk SE (1—ijcyxi = 0,YX,C,C, Py

Ny

m

— N (e} : _
E, (eyk & ) = (1—#}& =0,YX,C,Cy Py
E.E E 1
nEin | B (ex(hﬁ_eX(k)i) o k\“(eykex<h)i)_ k(eyke’w) :ﬁ(”k_”h)cyxw
s (& —a |21 S [ M %% _ g _g, WX
EhEk‘h|:GYk (ex(h)i ex(k)i):|_(1 N] n, (1 N, —(eh ek)YxiCyCXipyxi'

Similarly
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and

e, |8 2 2 T2R2
=S [exwi (ex(h)i ~ ﬂ =(0n —0y)o}, = (6 6, ) XiCy.,
By Ek‘h |:éx(h)i (éx(h)i _€X(k)i )} =0,

2 -_—
EnBign (éyw _éxw) = (0 =0 ) o5, = (0, =0,) X7Cy,

EEun [(é"w 8 )(gx(h)i B )] = (6 =0 )ouy,

K)i
= (0 =0) Xi X C, Cy py, (i # 1),

317

EnEyh [(Ex(k)i )(éx(h)j -8, )} =(8h —61 ) o, =(6n—6y) X X;Cy Cy, Py, (i# 7).

The following notations will be used in deriving the mean square errors of proposed
estimators

IR|
¥,

Determinant of population correlation matrix of variables
Yy Xps Xoyes Xqg @NA X4 .

|Ryx-| Determinant of i minor of |R|yx corresponding toithe i" element of p,, .
! qu ~4 '
pi . Denotes the multiple coefficient of determination of y on X, X,,...,X,_; and x; .
pi . Denotes the multiple coefficient of determination of y on X, Xp,..., X,y and x, .
'2q
|R ) Determinant of populationicorrelation matrix of variables X, X,,..., X,_; and x, .
IR| Determinant of population correlation matrix of variables X, X,,..., X, and x; .
Xq
|R|y-x Determinantiof the correlation matrix of y;, X;, X,,..., X4 and x,..
IR| Determinant of the.correlation matrix of i, X, Xy, ..., X4 and Xg.
Yqu
|R|y Jix Determinant,of the minor corresponding to p, y, of the correlation matrix of
iYj%s !
Yir Vi Xis Xg0em X g @A X, for (i j).
|R|y Jox Determinant of the minor corresponding to Py, of the correlation matrix of
i¥i%q '
Yir Vi Xes Xg0em Xq g @nd X, for (i # j).
2.1Result: 1
The following result will help in deriving the mean square errors of suggested
estimators

% _ (1_p§.5q ) [Arora and Lal (1989)].
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3. GENERALIZED MULTIVARIATE RATIO ESTIMATOR
FOR MULTI-PHASE SAMPLING

We propose a more general multivariate ratio estimator when information on all
auxiliary variables is not available for population (No Information Case) and we obtain

information on variables of interests (yl,y2,...,yp) and for auxiliary variables

(%, %1%, ) form k™ phase and also for auxiliary variables from h™ phase. The
proposed estimator is

S A B R T H O R
hk(xp) | Ykl Tons Yooz X(k)| y(k)p . (3.

i=1 X(oi

7= N
= (Y1+ey(k)1)[1+.§7(e X(n)i eX(k)i )J

o))
(Vo= )}

q Y, (- _ q ) (= _
+ Zo‘il_(ew 5 S ) Zaiz_(e"w _exmi)
1

><||_.<|

+[(e_x(h>1 _gx(m) (éx(mz B ) (é"(hm Cx0q )J{ ij :l
)
(Thk(lx p) -Y ) = [é)’(kn éy(k)z e éy(k)p :|

+[(ex<h)1 _ex(k)l) (ex(h)z _ex(k)Z) (ex(hm ~ %00 )JA

or

where
Thk(lxp):[y(k)l Yoz - V(k)p],v=[\7l Y, .. Vp]
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Dy :|:eY(k)1 eY(k)z ey(k)p:| !

x = [(gxml —§X(k)1) (éx(h)z _éxmz) (g"(h)q _Ex(k)q )J and
A =[ o }(qxp) :{Xf‘iaij pr) 1 (i=12.q, j=12,..,p).

We use information related to auxiliary variables from h™ and k™ phase both then
the variance covariance matrix of tlm(lx D) is written as:

Ol

ZThk(pxp) = Eh Ek/h (Thk(lx p) _Y) (Thk(lxp) _Y)
E.E {(q +B,A) (B, + I5XA*)]
We can write
EqEqn (DyDy ) = 0,2, =0[0yy, Y prp): FOr i = Juoy &)
Eh Ek/h (5;,5)( ) = (Gh —Gk )ny = (Gh —Gk )[GYin ](pxq)
and
EnEgn (E_); |5x) = (6 =64 )= = (6 — 6, )[Gxixj ](qxq)'for i= j’Gxixj = Gii
Using above substitutions in expression of variance covariance matrix, we write:
z“Thk(pxp) = 9kzy(pxp) +(eh _ek )Atpxq)zyx(qxp)
+(eh -0, )Zyx(pxq) %Xp) +(ek -0, ) A(pxq)zx(qxq) A(qxp) .

Given that Z;(quq) exist, the"value A of that minimizes the variance covariance

matrix of t(lxp) willbe

* _v-1 i
A(qxp)_zx( >Zyx(qxp>' (3.2

a<q

The transpose of A(*qxp) is Zox( pxq)z;(quq) =B, it is actually the matrix of regression

coefficients for a multivariate regression model in which p(Y,,Y,,....Y,) dependent

variables are regressed on g (Xl,Xz,...,Xq)dependent variables. These regression

coefficients are usually unknown and they are estimated from second phase sample. Then
the variance covariance matrix after simplification can be written as:

ZThk(pxp) = ekzy( pxp) _(ek _eh)z,w( pxq)z;(quq)zw(qxp) ' (3:3)
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The variance covariance matrix form of variance of y;, covariances and correlation
coefficients of x; and y; is written as:

21 (pxp) :[Gyicyj (ek (pyiyj “Pyiy;x, )+ehpyiy,--xq )} (iLj=22..p), (34

pxp
fori=j, 0,0 - =o? (1-p?
P T p)’i)’j pyiyj',)_(q Yi pyi').(q '

For|R|X #0, we see that
%q

Rl Ry
(1—p§i%q): |Ri"5q ((i=12,...,p) and (pyiyj _pyiyj-xq): L (i,i=12,..,p).
X

Now after simplification we write the variance covariance matrix as:

Rl ) o [ Ryt
R, |

EThk(pX p) = Gyi 6)’1

ek ) (iszlzy---ap),

X
- pxp

%

(3.5)

for i= i |R|Vi)’j’5q _ 2 |R|yi>~<q
or1=1J., 0y0y, R =0y, R
Xq Xq

Remark-1:

To develop generalized multivariate iratio estimator for two-phase sampling using
multi-auxiliary variables when information on\all auxiliary variables is not available for
population (No Information«Case), replace<h by 1 and k by 2 in (3.1), we get the
following estimator

A i — Qiz - Cip
A Xy ~ o af Xy o af Xy
Ty = y(2)1H[#J Y(z)zn(_(—)l_J y(2)pH[Y(_)IJ (3.6)

The expression of unknown matrix for which the mean square error will be minimum
is same as given in (3.2) and the expression for variance covariance matrix can be
directly written from (3.3) just replacing h by 1 and k by 2 as:

Zle(pX p) 622)’( pxp) -(6, —Ol)E;X( pxq)z;(quq)zw(qxp) (3.7)

The variance covariance matrix in the form of variance of y;, covariances and
correlation coefficients of x; and vy; is written as:

Z1a(pxp) :[Gyicyj (62(pyiyj “Pyyix )+elpyiy,--xq )pr;(i’ j=12...p), (38)

- _ 2 2
fori=j, oyoy (pyiyj _pyiy;-xq)_cyi (l_pyi-xq)'
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In the form of determinates we can write

|R|YiV15q |R|yiy;xq L
Zle(po): Ginyj 2 |R| +0; pyiyj_ |R| ( J=l,2,...,p),
Kq pxp
(3.9
o Rlyys ||qu
oI o Ty, TV,

Xq

Remark-2:

To develop a univariate generalized ratio estimator for multiphase sampling using
multi auxiliary variable when information on all auxiliary variables is not known (No
Information Case). This estimator can be made if we put p=1 in (3.1) as:

X(h)| i1
T = y(k)lH . (3.10)
i=1{ Xk

The expression for vector of unknown constants for whichithe mean square error will
be minimum can be written from (3.2) as

* _ -1 ’
A(qxl) h Exqu)EVX(qxn ' (3.11)
It can be written in determinants form as:

- R
o = (—1)”1L&| by
X; C, |R|

—(~ )'*ﬂgw ,(i=12,..q).

%q

The expression for mean square errorcan be directly written from (3.3) as:
2 2 ’
MSE (T ) = 665, (8~ 04) (o ) 2 ) S
It can be written the form of multiple coefficient of determination as:

MSE (T, ) =V €2 [ek (1-P3, )+ OnPl, J

(3.12)

(3.13)

Remark-3:

To develop a generalized univariate ratio estimator for two sampling using multi-
auxiliary variables when information on all auxiliary variables is not known (No
Information Case) we put h=1and k =2 in (3.10). The required estimator becomes

o
X(l)l il
Ty, = y(2)1H[ J : (3.14)
X(@2)i
The expression for vector of unknown constants for which the mean square error will
be minimum is same as given in (3.10) and the expression for mean square error can be
written from (3.12) just by replacing h=1and k =2 as:



322 Contribution to Statistics

-1
MSE (T;;) = 0,05 —(6,-6,) (0% ) =

y><(1xq)Z

yx(qxl) (3 15)

It can be written in the form of multiple coefficient of determination from (3.13) as:
MSE (T, ) =Y C? [ez (102, )+ Ol J (3.16)
Remark-4:

To develop generalized multivariate ratio estimator for multi-phase sampling using
multi auxiliary variables when information on all auxiliary variables is known for

population (Full Information Case), replace Xy,); by )?i in (3.1). For this replacement

n, = N and 6, — 0. The estimator becomes
q )z Qg q )z Qo q )z Qip
Teep) = | Yoo [T} = Yool I| =—— o Yugell| | | B17)
k(1xp) (k)li—l[x(k)ij (k)21 v (k)p ] T

The expression for the matrix of unknown constants is same'as given in (3.2) and the
expression for variance covariance matrix can be written from (3.3) as:

_ -1 '
ZTk(pX P~ O (Ey( pxp) ZyX( pxq)EX(qxq)EyX(olX p)) (3.18)

The variance covariance matrix in the form.ofwvariance of y;, covariances and
correlation coefficients of x; and y;.can'be written as:

1 (pxp) = O [Gyi Oy, (pyiy,- Py x, )]pxp; (i,j=12..,p), (3.19)

. _ 2 2
fori=j,oy0, (pyiy; _pyiyj-l‘q)_cyi (1—Pyi_>~<q)-

The variance covariance.matrix in the form of determinants can be written as:

IRl N
. (pp) = O | o909y, |F?Imq (1 i=12,.,p), (3.20)
a Jpxp
P |R|Viyjz<q 2 |R|yiz<q
for =] oy0, |R| =0}, |R| .
Xq Xq
Remark-5:

To develop generalized multivariate ratio estimator for two-phase sampling using
multi auxiliary variables when information on all auxiliary variables is known for
population (Full Information Case), replace k by 2 in (3.17). The estimator becomes
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o X oy — \%2 ip
Tonep) = ¥ .H — Yool 1 o Yol . (3.21)
2wep) = 7 ( (2).] “ 2'—1{ X(z).] (e —1[&2).}

The expression for the matrix of unknown constants will be same as given in (3.2)
and the expression for variance covariance matrix can be written from (3.18) as:

ZTz(po) =0, (Zy( pxp) —X (pxq)z_(quq)z'yx(qxp)) (3.22)

The variance covariance matrix in the form of variance of y;, covariances and
correlation coefficients of x; and y; and in the form of determinants can obtained from
(3.19) and (3.20) respectively just by replacing k by 2.

Remark-6:
To develop a generalized univariate ratio estimator for multi-sampling using

multi-auxiliary variables when information on all auxiliary variables is known for
population (Full Information Case), put p =1 in (3.17). The estimator becomes

q )?i *

T = ka (3.23)
X(k)i

The expression for unknown constant (for, which the/mean square error will be

minimum of above estimator is same as given, in (3:11). The expression of mean square
error can be written from (3.18) by putting p =1<@as:

2 Y 4
MSE (T, ) = 6, (cy —(cx) zyx(lxq)zyx(qxl)j (3.24)
It can also be written as:
MSE (T, ) = 6,7%C] (105 ] (3.25)
Remarks-7:

To develop a generalized univariate ratio estimator for two-phase sampling using
multi-auxiliary variables» when information on all auxiliary variables is known for
population (Full Information Case), replacing k by 2 in (3.23). The estimator becomes

T = Vzlqi[_x—'J (3.26)

The expression for unknown constant for which the mean square error of above
estimator will be minimum is same as given in (3.11). The expression of mean square
error can be written from (3.24) just replacing k by 2 as:

MSE(TZ):ez(ci—(ci) %o )ny(qxl)) (3.27)
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It can also be written as:

MSE (T, ) = 6,Y °C2 (1— p§_¥q) (3.28)

4. THEORETICAL COMPARISON OF NEWLY
DEVELOPED ESTIMATORS

Obviously estimator for which the information on all auxiliary variables is available
for population will be more efficient than that for which the information on all auxiliary
variables is not available for population. It means in the case of two-phase sampling
generalized ratio estimator developed for FIC T, is more efficient than or NIC T, . It

can be checked by considering the mean square errors of suggested estimators as:

MSE (T, )— MSE (T, ) =—6,Y °C}p%, <0

2
yPy.x,

For multiphase sampling generalized ratio estimator developed for FIC T, is more
efficient than generalized ratio estimator for NIC t,, . It gan be checked by considering
the mean square errors of these estimators as:

_ A v2r~2.2
MSE(Tk)—MSE(Thk)_ 0,Y Cypy.gq <0
Also the estimators developed for multisphase sampling will be less efficient than
those which are developed for two-phase sampling because if we increase the phases the
efficiency will decrease but cost will reduced. It.can be checked for FIC and NIC as:

MSE (T, ) - MSE (T, ) = (0520, V264 (1202, ) <0;  k>2,
and
MSE (T,, ) - MSE (T, ) =Y °C& [(e2 — 0, )(1—p§.)~(q )+(91 ~0,)p2 J <0;
k>2and 1<h<k

Theoretical comparisonton the basis of generalized MSE’s can be made for all
multivariate estimators. These comparisons give same results as discussed above for
univariate case.

5. EMPIRICAL STUDY OF NEWLY DEVELOPED ESTIMATORS

For empirical comparison of newly developed multivariate and univariate estimators
using multi-auxiliary variables for no and full information cases under two and multi-
phase sampling we consider five natural populations. The data is used from five districts
census reports of province Punjab, Pakistan. The detail of populations and variables
description is given in Table A-1.1 and Table A-1.2 respectively of Appendix A. We
consider three variables of interests denoted by Y’s and five auxiliary variables denoted
by X’s for computing the determinants of matrices of MSE’s of multivariate ratio
estimators and for univariate we consider Y, as study variable and the same five

auxiliary variables as considered in multivariate case. The necessary parameters of
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populations for computing MSE’s are given in A-1.3. We calculate pair-wise
(determinant of matrices of MSE’s)/MSE’s for no information case and for full
information case we calculate (determinant of matrices of MSE’s)/MSE’s for each phase
for first five phases. The determinant of matrices of mean square errors of multivariate
ratio estimators for multiphase sampling using pair-wise phases for no information case
are given in Table A-1.4.1 and for full information case using each phase for full
information case are given in A-1.4.2. The mean square errors of univariate estimators for
multiphase sampling using pair-wise phases for no information case are given in Table
A-1.5.1 and for full information case using each phase are given in A-1.5.2.

From Table A-1.4.1 and Table A-1.4.2, we can say that the multivariate ratio
estimators for full information case are more efficient than no information case for each
phase e.g. T, is more efficient than T,,, T3 is more efficient than T3 & T»; etc. and the
same is true for univariate ratio estimators (See Table A-1.5.1 and Table A-1.5.2).
Furthermore we can say for no information case from Table A-1.4.1 that as we increase
phase the efficiency decreases e.g. Ty, is more efficient than all others, T3 is more
efficient than all others except Ti,, T4 is more efficient than Tas, T4s but less efficient
than all others and so on, similarly the same argument can be made for univariate case
given in Table A-1.5.1. Also for full information case the estimators become less efficient
as we increase phases because the sample size decreases by increasing phases, it can be
seen from Table A-1.4.2 and A-1.5.2 for multivariate’ and  univariate estimators
respectively.
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APPENDIX A

Table A-1.1: Detail of Populations
S# Source of Populations
Population census report of Jhang district (1998), Pakistan
Population census report of Faisalabad district (1998), Pakistan.
Population census report of Gujrat district (1998), Pakistan.
Population census report of Kasur(2998) Pakistan
Population census report of Sialkot district (1998), Pakistan.

BN~

Table A-1.2: Description of variables (Each variables is taken from Rural Locality)
Description of variables

Y1 |Literacy ratio X |Population of primary but below matric
Y2 |Population of currently married X3 |Population of matric and above

Y3 | Total household X4 |Population of 18 years old and above
X1 |Population of botfisexes X5 |Population of women 15-49 years old

Table A-1.3: Parameters of populations for calculating the Matrices of MSE’s
of multivariate estimators and MSE’s of univariate estimators

Districts | N | 0y | Ny [ ng | ng [ ng| Y Y, Y, Cy, | Cy, | Cy,

Jhang 368|184| 92 | 46| 23 | 12[29.705| 860.11 | 897.71 |0.270/0.595|0.512

Faisalabad| 283 | 142| 71 | 35| 18 | 9 |51.394|1511.260|1540.530(3.210/0.522|0.478

Gujrat 204|102| 51| 26| 13 | 6 |57.535/1101.280({1102.540{0.145|0.484|0.487

Kasur 181| 91 | 45 | 23| 11 | 6 |31.890(1393.200(1449.020|0.747|0.551|0.530

Sailkot 269|135| 67 | 34| 17 | 8 |52.061|1058.740| 998.220 |0.147|0.647|0.646
Table A-1.3 (Contd...)

Districts | Oy, Oy, Oy, Oy Oy Ox

1 2 © X3 4 6 X5 p V1Yo

Jhang 8.022 |511.908|459.842|5626.450| 455.060 |170.670|2455.170/1064.480| .182




Chapter-5: Sampling 327
Faisalabad|164.950(788.380|736.395|5426.030(1677.920|525.670|6289.710/1482.170| .070
Gujrat 8.364 |533.041|537.236{3507.160| 940.480 {381.690|8139.680| 830.010 | .055
Kasur 23.823 |767.636|767.796|5515.420({1095.690{357.890(2719.210{1355.640| .295
Sailkot 7.641 |685.019|644.886|4787.250(1172.710(603.220(2461.590{1151.320| .324

Table A-1.3 (Contd...)
Districts py1Y3 pY2Y3 pY1X1 p)’1X2 pylx3 pV1X4 p)’1X5 pY2X1 pyzxz pY2X3 p)/2X4 pY2X5
Jhang 164 | 733 | .131| .460| .548| .185| .129| .428 | .912 | .659 | .484 | .425
Faisalabad| .084 | .943 | .072| .025 | .033| .039 | .042| .943 | .927 | .599 | .731 | .501
Gujrat .056 | .988 | .092| .334| .543| .069 | .103| .995| .941 | .764 | .490 | .996
Kasur 301 | .989 | .299| .255| .352| .301 | .250| .998 | .758 | .879| .989 | .799
Sailkot 316 | .997 | .323 | .426 | .461| .338 | .313| .999 | .983 | .931| .996 | .939
Table A-1.3 (Contd...)
District | Py, | Pyx, | Pysxs | Pysxs | Pyaxs | % | Pxxs | Pxx,
Jhang A74) 732 .748| .559| .489| .416| .421| .317
Faisalabad 967| .615| .747| .520| .822| .641| .782| .513
Gujrat .984| .933| .749| .487|¢ .986| .954|<.796| .509
Kasur 991| .752| .878| .988| w792 .764| .889| .993
Sailkot 996 .980| .933| . .994| .938| .983| .931| .997
Table A-1.3 (Contd...)
District Pxxs | Pxoxs | Pxoxy | Pxoxso| Pxax, | Pxgxs | Pxyxg pf,_xi__,xs
Jhang 275 .824| 0.4175| 432 .590| .464| .325 0.885
Faisalabad .819| .708) .359| 4559| .543| .685| .436 0.869
Gujrat .996| .892| .500|° .958| .420| .797| .505 0.996
Kasur .802| 1 .798| /64| .614| .896| .719| .797 0.995
Sailkot 939 959| 985| .928| .939| .887| .938 0.997
Table A-1.4.1 Determinants of matrices of MSE’s of multivariate ratio
estimators for pair-wise phases (No Information Case)

DiStI’iCt T12 T13 T14 T15 T23 T24

(h=1,k=2) | (h=1,k=3) | (h=1,k=4) | (h=1,k=5) | (h=2,k=3) | (h=2k=4)
Jhang 212279.9711223241.603 [7221747.657 |46128460.86 |3572866.63 |16011134.82
Faisalabad | 212515.48| 1190925.96 | 6725695.10|40958629.30|2777523.40 |13258374.47
Gujrat 95363.18| 312081.54| 1102996.85| 4211396.91|1123210.67 | 3372979.29
Kasur 203091.03| 901801.71| 3838230.04|16192403.14 [2176260.22 | 8973735.68
Sialkot 9555.27 41464.31| 173806.26| 723929.58| 126175.45| 482925.70
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Table A-1.4.1 (Contd...)

H H T25 T34 T35 T45
District | hpY=5) | (h=3k=4) (h=3.k=5) (h=4,k=5)
Jhang 79961159.68 | 38868782.02 |  158093587.7 | 2.60491E+11
Faisalabad | 67439732.76 | 2755530850 | 122925398.17 | 243999111.56
Gujrat 11251537.17 | 1070218350 | 30044428.16 | 93069748.63
Kasur 3680503149 | 19922737.86 | 79389873.19 | 170075469.89
Sialkot 1897366.87 | 1256890.23 | _ 455499124 | 11150157.88

Table A-1.4.2 Determinants of matrices of MSE’s of multivariate ratio

estimators for each phase (Full Information Case)

— T, T, T, T, T

District (k=1) (k=2) (k=3) (k=4) (k=5)

Jhang 1023378901 | 27631.23032 | 351018.963 | 3453903.79 | 30487480.83
Faisalabad | 1535.620269 | 27767.37297 | 3112603873 | 2008814.863 | 25077800.89
Gujrat 27.15081853 | 367.7474988 | 3710.595857 | 33124.8604 | 279522.8025
Kasur 103.7803005 | 1306215104 | 12804.97189 | 412839.0944 | 946342.2579
Sialkot | 2.156156072 | 36.85754751 | 405.22936697 3755:836241 | 32256.39965

Table A-1.5.1 MSE’s of univariate ratio estimators forpair-wise phases
(No Information Case)

DIStI’ICt TlZ Tl3 Tl4 Tl5 T23 T24
(h=Lk=2)| (h=Lk=3) | (h=1k=4).| (h=1,k=5) | (h=2,k=3) | (h=2.k=4)
Jhang | 212279.97|1223241.603|7221747,657|46128460.86]3572866.63| 16011134 82
Faisalabad| 212515.48] 1190925.96| 6725695,10|140958629.30|2777523.40| 13258374.47
Gujrat | 95363.18] 312081.54| 1102996.85 4211396.91|1123210.67] 3372979.29
Kasur _ |203091.03| 901801.71|.3838230,04|16192403.14|2176260.22| 8973735.68
Sialkot 0555.7| 4146431 173806.26] 723920.58] 126175.45] 482925.70
Table/A-1.5.1 (Contd...)
trd T 25 Ta Tss Tas
District | (o =5y A(h=3.k=4) (h=3.k=5) (h=4,k=5)
Jhang 70961159.68 | 38868782.02 | 158093587.7 | 2.60491E+11
Faisalabad | 67439732.76 | 2755530850 | 122925398.17 | 243999111.56
Gujrat 11251537.17 | 1070218350 | 30944428.16 | 93069748.63
Kasur 3680503149 | 19922737.86 | 79389873.19 | 170075469.89
Sialkot 1897366.87 | 1256890.23 | _ 455499124 | 11150157.88

Table A-1.5.2 MSE’s of univariate ratio estimators for each-wise phase
(Full Information Case)

— T, T, T T T
District (k=1) (k=2) (k=3) (k=4) (k=5)
Jhang 81.80064 | 2456719 | 573.2344 | 122836 | 2538.61
Faisalabad | 131.0820 | 344.0564 | 770.0035 | 1621.898 | 3325.686
Gujrat 213.5579 | 509.0065 | 1099.904 | 2281.698 | 4645286
Kasur 2511011 | 584.0029 | 1250.076 | 2582.043 | 5245977
Sialkot 142.167 | 366.2247 | 814.34 | 1710571 | 3503.032
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ABSTRACT

Jhajj et al. (2006) proposed a general family of estimators and derived a general
expression for mean square error of these estimators by using single auxiliary attribute.
Hanif et al. (2009) proposed a more general form of Jhajj et al. (2006) family of
estimators and derived expression for mean square error of particular estimators of
proposed family by using “k ” auxiliary attributes. In this paper we suggest some new
estimators. We also derive the mean square error expression of Jhajj et al. (2006)
estimator for the partial information case, using two auxiliary attributes. Mathematical
comparisons of these estimators are made. An empirical study:has alsobeen conducted.

KEY WORDS

Full information, partial information, no.information, auxiliary attribute; efficiency,
bi-serial correlation coefficient, dichotomy

1. INTRODUCTION

The use of auxiliary informationin<stimation process is as old as history of survey
sampling. The first use of auxiliary information in survey sampling can be traced to
Neyman (1938). Generally the auxiliary variables are quantitative in nature but the use of
qualitative auxiliary variables has lbeen proposed in ratio, product and regression
estimators by Naik and Gupta:.(1996). Jhajj et al. (2006) proposed a family of estimators
using single auxiliary attribute.

In this paper we develop a set of estimators which are an improved form of
Jhajj et al. (2006) as well as Shabbir and Gupta (2007) estimators. Let (yi ,til,‘riz) be the
ith sample point from a population of size N, where t; (j =1, 2) is the value of jth
auxiliary attribute. Suppose that the complete dichotomy is recorded for each attribute, so
that t;; =1 if ith unit of population possesses jth attribute and O otherwise. Let A = %Tij

i=1

and a, :irij be the total number of units in the population and sample respectively
i=1

possessing attribute t;. Let p =N"'A, and p,; = n*laj be the corresponding proportions.

“Published in Pak. J. Statist. (2011), Vol. 27(1).
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Using simple random sampling without replacement (SRSWOR) scheme, let us define
g = y-Y and €TJ_ = p; — P; with following properties:

E(e) =08 E(e? )=0s? E(éyaj ) =655, py, E(8,8,)=05,5,Qy,

—nloNt g(m = 18 & -
where o-n"'-N"% E(g,)-0-E(g, ) a1 s, L (y-7)(5,-R) LE P =Sy /(8,5,,)
be the point bi-serial correlation coefficient and Q,, is coefficient of association. Also

Sj is variance of main variable and s2 is variance of jth auxiliary attribute. Let n, and
]

n, be the size of first-phase and second-phase sample respectively, so that n, <mny
(n, is sub sample of n; ) and pj(l), pj(z) are the proportions of units possessing attribute

t; in first-phase and second-phase sample, respectively. The mean of the main variable

of interest at the second phase is denoted by Y, . Also

%, =2V B = Pi P &g = Py P @=12)8

2
— — _ 2 _ = _ = |
: (eﬂ'(l) “%ie) j =05 F Ke‘m By )(etzm Co) ﬂ = 055057, Quz:

-0 _ _nl_Nn-1 1 N o\2 1 X

%700 NS SR U] S m (R
ad —bc
ad +bec
factors(f.p.c) for first and second-phase scheme respectively.

for 2x2 contingency tableqQ; = ,0, and 0, are finite population correction

2. SOME PREVIOUS ESTIMATORS BASED ON
AUXILIARY ATTRIBUTES

In this section we reproduce previous estimators available in literature.

2.1 Single-Phase Sampling (Full Information Case)

i) If information on a single auxiliary attribute t; is known then a family of estimators
suggested by Jhajj et al. (2006) is given as,

Tl(l) =0 (ylvl) ! (21)
where v; = p;/B, and g,(V,V,) is a parametric function of ¥ and V; such that

g, (\7,1) =Y and satisfying following regularity conditions.
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(&) What ever be sample chosen, the point (7,v1) assumes value in a bounded closed
convex subset R, of two-dimensional real space containing the point (Y,1).
(b) The function g, (Y,v;) is continuous and bounded in R, .

(c) The first order and second order partial derivatives of gw()_/,vl) exist and are
continuous as well as bounded in R, .

The mean square error of (2.1) up to the term of order n? is,

2 2

ii) An estimator suggested by Shabbir and Gupta (2007) for the full information case is,
= R

tay =y[dl+d2(Pl—p1)JEl- (p.>0) (2.3)

The values of d; and dj that minimize MSE (t, ) are,

- 1 and g _ (ppblY_*lsy_plflSpl) .
1+0(1-phy )Y °S] [1+e(1—p%bl)\7’255}3p1

The mean square error of (2.3) up to the term.of order n=2 is,
2 2
0 (l_ p pbl) Sy

- (2.4)
1+6(L-phyy ) Y3287

MSE(tz(l)) ~

iii) If information on all auxiliary attfibutes t; (j=12,..,k) is known then a family of
estimators suggestediby Hanif et al. (2009) is given as

Tagy = e VMo Vic) (2.5)
where v; = p; /Pitand g, (¥,Vi.V,...V ) is a parametric function of ¥ and V; such
that g (V,LL....1)=\7 and satisfying following regularity conditions.

(&) Whatever be sample chosen, the point ()7,v1,V2,...Vk) assumes value in a bounded
closed convex subset R, of k-dimensional real space containing the point
(V.1L...1)-

(b) The function g,,(¥,V;.V,...V )is continuous and bounded in Ry .

(c) All possible first order and second order partial derivatives of gw(y,vl,vz,...vk)

exist and are continuous as well as bounded in R, .
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The mean square error of (2.5) up to the term of order n? is:
MSE (TS(l)) ~ 9(1—P§.1112...Tk )33 : (2.6)
where pf"TltZ"'Tk is multiple bi-serial correlation coefficient.

2.2 Two-Phase Sampling (No Information Case)
i) A family of estimators for two phase sampling proposed by Jhajj et al. (2006) is,

T4(2) =0, (VZ!Vld ) ' (2-7)
where v4 = pl(z)/ Pya) » such that gm(\?,l) v
The mean square error of (2.7) up to the term of order n? is,

MSE (T4(z)) ~ (92 - esp%bl) 53 : (2.8)

ii) An estimator suggested by Shabbir and Gupta (2007) fornodnformation is,

oy =V, [Wl +W, ( Py — Py )} gll((z)) : ( Pr2) > 0) (2.9)

The expressions for W, and W, that minimizes MSE( ) are,

)
(Pes¥ 'S, -R'S5)
[14(0, ~0:p%, )Y 7S] ]Sy

_ 1
- 1+(62 —Ggpf,bl)\?’zsi

W, and w, =

Then the mean square error of (2.9) up.to the term of order n=2 is,

(92 -esp%bl)s)g _
1+(05= 0305 )Y 7S]

MSE (tsz)) (2.10)

iii) If information on‘all auxiliary attributes t; (j =12,..,K) is not known then a family
of estimators suggested by Hanif et al. (2009) is,

Toy = o (V. Vig Vg vvvvvvneee Vi) (2.11)

where Vi, = pji2)/Pjw: Vie >0 and g, (Y, Vig:Vag»-Vyg ) IS @ parametric function of
y, and Vig such that gm(V,LL....1)=\7 and satisfying same regularity conditions

stated in (2.5). The mean square error of (2.11) up to the term of order n? is,

MSE (TG(Z)) ~ {92 (1_ p?/.rl‘rz...rk >+ elp;qrz...rk } Si : (212)
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2.3 Two-Phase Sampling (Partial Information Case)

Suppose that population proportion P; is known for j= (l, 2...m) auxiliary attributes
and not known for j= (m+1, m+2...k) auxiliary attributes. Using such partial
information Hanif et al. (2009) proposed following general family of estimators,

T7(2) =4, (yz'vllvzi'"lvm‘v(mﬁ)d 'V(m+2)d ""vvkd) ' (2'13)
where Vv, =pju/P;; V;>0(j=12,...m) and V,=pje)/Pjw:Ve>0(j=m+Lm+2,..k). Also
9o (Vo Vi Yy eV Vi Vimezya -0 Vi ) 1S @ parametric function of y,, v; and Vg such
that g, (V,ll....1)=\7 and satisfying certain regularity conditions.

The mean square error of (2.13) up to the term of order n* is:

MSE (T7(2) ) z {92 (1_ p§'7m+11m+2'"rk )+ 91 (pi"‘:mﬂtmﬁ“'rk 4 pi'rl‘rzmtm )} S)% ' (214)

2.4 An Estimator Proposed by Shahbaz and Hanif (2009)
Shahbaz and Hanif (2009) proposed the followingsgeneral shrinkage estimator,

t

ty=df=——, (2.15)
1+ T 2MSE(f)
A . . 1 . .
where t is any available estimator of parameter. T and d = ——— ——~ Is shrinkage
1+T“MSE(t)
constant. The mean square error of t; is
MSE (£
MSE (t, )= —() : (2.16)

_1+T‘2MSE(f)

3. ANEW-ESTIMATORS FOR SINGLE AND TWO PHASES
SAMPLING USING ONE ATTRIBUTE

An approximate estimator suggested by Shabbir and Gupta (2007) is not defined
at p, =0. Therefore we are proposing a new estimator, which may be considered as an

alternative to that of Shabbir and Gupta (2007). This new approach has an advantage over
estimator suggested by Shabbir and Gupta (2007), as it is defined for any value of sample
proportion p, because it contained no ratio.

The estimator for full information case using a single attribute is
tyy =do [V_dl ( P Pl)] = dot;(l) ) (3.1)

1

where dy = ——————
1+Y ?MSE ty, )

and t;(l) :[V_dl(pl_a):l'
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Using Shahbaz and Hanif (2009) approach given in (2.16) the mean square error
of gy is
)

MSE (t;(l))

_\7) 3.2
1+Y °MSE(t, ) 42

MSE ((tg(l) ) =

The mean square error of t;(l) is
MSE (t5, ) =[ S +d7S2 —2d;S,S, Py, |- (3.3)

. S
Optimum value of d; which minimize MSE(tg(l)) isd, = ysppbl..

T
Using the value of dj in (3.3), the mean square error of tg(l) is
MSE (t3y ) = 8(1-phua ) S} - (3.4)
Using (3.4) in (3.2), the mean square error of t8(l) is

9(1—pib1)55

MSE (ty) = .
T 1re(1-pl, V282

(3.5)

It is not approximated like suggested that by, Shabbirand Gupta (2007).

Another suggested estimator for the no‘information case is

toz) =Wo [72 ~Wi(Pio — Py )} =Wolg(o) (3.6)
1

where Wy = ————&
1+Y *MSE (8, )

and t;(z) = |:72 _Wl( pl(Z) - pl(l) ):I l

Using Shahbaz and Hanif (2009) approach given in (2.16) the mean square error of
top is
(2

MSE (ty2)
1+Y *MSE (t5(z) )
The mean square error of t;(z) is
MSE (t5(z) ) = 0,57 +05 (wfsfl —2W;S, S, ppy ) (3.8)

The optimum value of W, , which minimize MSE(‘Q(z)) is w, = Sy Pony
S

1
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Using the value of W, in (3.8), and upon simplification,
MSE (t52)) = (02 ~0sp%, ) S; - (3.9)
Using (3.9) in (3.7) the mean square error of t,, is

(92 —939%q>5§ .
1+(0, ~03ppy, )V 7S}

MSE (ty) ) = (3.10)

It is not approximated like the one suggested by Shabbir and Gupta (2007) .This may
be considered as an alternative to the one suggested in Shabbir and Gupta (2007).

4. SINGLE PHASE SAMPLING USING TWO AUXILIARY
ATTRIBUTES (FULL INFORMATION CASE)
In this section we produce a family of estimators for full information case by putting
k=2in(2.5)
Tow = 96 (V. Vi V2), (4.1)

Similarly putting k = 2 in (2.6) the mean square eror.of T,q;, Up to the term of order
-1 -

n—-is
MSE (Tiog ) = 0(1-Pfzyc, ) S5 - 4.2)
A regression type estimator for'full information case using two auxiliary attributes is
t11(1) =Yo [y _Vl( P, — Pl)_“/z ( P, =P )} = ’Y(Jtl*l(l) ) 4.3)

1

where , = and t,,=[Y-v.(P.—R)-7.(p,-R)].

1+ MSE (tiy)

Using Shahbaz and Hanif'(2009) approach given in (2.16) the mean square error
of tll(l) is
MSE (tiq) )

1+Y 2MSE (tfl(l)) ' 44

MSE (tll(l) ) =
The mean square error of t1*1(1) is

* 2 2.2 2.2
MSE(tM(l))ZGI:Syﬂ/lST 1557 <2185 ey
1

2

_ZYZSySrszbZ + 2Y1strl Srz Q12} (4.5)
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Optimum values of y, and v, are,

ye Fi(ppbl = QuPes, )sy and ., Fg(ppbz —Qu.Ppy, )sy .
A (1—sz )SH 2 (1_sz )Srz

Using the values of y, and vy, in (4.5) the mean square error of tfl(l) is
MSE (£, ) = 0(1-pj., ) Sy - (4.6)
Using (4.6) in (4.4) the mean square error of tm(l) is

9(1— p:)zl-fﬂz ) S}%

——. (4.7)
2 —2¢c2
1+0(1-p}., )Y 2S5

MSE (tﬂ(l) ) =

5. TWO-PHASE SAMPLING USING TWO AUXILIARYATTRIBUTES
In this section two cases are to be discussed one for the partial information and other
for the no information.

5.1 Partial Information Case
We propose a family of estimators as

Tio2) = 9o (Vi VasVag ) s (5.1)
wherey, = p;” Ny = Py , v, >0, Vg0, P, I8 known but P, is not known, g (7,v;,V,4)
1 2(1)

is parametric function such that gm(\?,m):? and satisfying regularity conditions
mentioned in (2.1). Consider the following estimator

t12(2) = yz +O('£ (Vl _1)+(X; (Vzd _1)7 (5-2)
where o and o, areconstants to be determined. It must be noted that (5.2) is not special

case of (2.13) because in (2.13) v, :% but in (5.2) v, :%for j=1. The mean

1 1
square error of '[12(2) is

2 2 531 ' S171
MSE(tlZ(Z)] =0, 8] +a 7 +20iS, Lo,
1 1

+0,| oy 8122 +20YS > 2001, >q 5y Q (5.3)
oy —=+20,YS, —=pp,,. + 2040, ——=Q,, |. .
3 2 P22 2y P2 Pby 12 Fi P2 12
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The optimum values of ¢ and o, are

. RS, (0:pm, ~Qubspes, |

_ _ezpzsy (prz _leprl )
o, = .
' S, (0,-6,Q% )

and 4 =
Srz (62 763Q122 )

2

Using the values of o and a, in (5.3), the mean square error of b5, is

2 2
05055, +03Ppy, —205Q15Ppy Pp,

MSE (t,,(;) ) =0, | 1- (6028 ) s2. (5.4)
A regression type estimator using two auxiliary attributes has also been suggested:
ba@) = [72 -8 ( Pio) — Pl) =5, (p2<2) ~ Pay )] = Sotisy (5.5)
where §; = 1 and t, = [72 =8, (Pyzy —R)-34(P2) — P2y )J

1+Y P MSE(ty52)

Using Shahbaz and Hanif (2009) approach given_ in (2.16) thefmean square error
of t13(2) is

MSE (t135)
MSE (t13(2))= — ( ) . (5.6)
1+Y *MSE (ty |
The mean square error of tfs(z) is
MSE (ti,)) = {92 [? 2s? +512st ~25,8yS: Pry, j
+93(5§sf 52848, ppy +28:3,5, S lej}- (5.7)
2
The optimum value of 5, and 5, are,
5 — RS, (ezppb1 —Qi203ppp, ) and 5 _ 0,P,S, (pr2 —Qu2Ppy )
1= 2=
S, (6.-0,Q% ) S, (6.-6,Q% )
Using the values of §, and 3, in (5.7),
. 0Py, +03Pmy —20,Q1Ppy P
MSE(tla(z)):ez 12 Pb, V3PP, 23 12Ppb, Ppb, S;- (5.8)
<62 _93Q12 )

Using (5.8) in (5.6), the mean square error of t,,, is
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92I3|2>bl + 93p€>b2 —205Q12Ppp, Ppo,
(0,-05Q% |

ezp%bl +63pP23b2 —203Q12ppp, Prb, v
(6,-05Q% )

0,(1- s;

MSE (t13(2) ) = (5.9)

1+6,|1-

—2¢c2
Sy

5.2 No Information Case
A family of estimators for the case of no information is

T14(2) =0, (VZ‘Vld 1Vaq ) ) (5.10)

Putting k =2 in (2.12) the mean square error of T,,,, yields

2 2 2
MSE (Tou(z) ) = {92 (195 e, )+ 0207, } sZ. (5.11)
A regression type estimator for no information case is

Usoy = Y:) [372 -T1 ( P2y — Pyy ) —72 ( P22y — Paay )] - ’Y;tl*s(z) ) (5.12)

where y, =

dt. =[ym —pul) - - .
1+Y__2MSE(tI5(2))an s [YZ Yl(pl(z) pl(l)) Yz(pz(z) pza))}

Using Shahbaz and Hanif (2009) approach given in (2.16) the mean square error
of ty, is

MSE(ts55)
MSE (ti(z) ) = —— ( *) . (5.13)
117 4MSE (1)
The mean square error of t;, , is
* 2 2.2 2.2
MSE(HS(Z)):{GZSy+63(YIST +158; ~218,S. Ppy
1 2
_ZYZSySrszbZ ““2“/11(2Sr1 Srz Q2 )} : (5.14)

The optimum values y, and v, in (5.14) is same as given in the full information case.
Using the value of y, and y, in (5.14), the mean square error of tf5(2) is

MSE (t;(Z)) = {62 (1_ p32/'T1T2 )+ elpf/.tlrz } 55 : (5.15)

Using (5.15) in (5.13) the mean square error of 15, is
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2 2 2
{92 (1_ Py, ) + elp Y. 4T, } Sy

( ) 1+{62 (1—pf,lTsz )+61p§,.m2 }Y’Zsi
Some estimators of family proposed in (4.1) are,
i) V+ay (v -1)+ay(v,-1) i) yVav,
i)y ealiDezlved v) g (Ve ) (vete )
A eo2(V21) vi) %[Vl%\/zaz 4 eua(ihraz(ve -1)}
vii) Y+o (V1°‘3 —1) +0, (VZO‘4 —1) viii) Y+o, (Vlm3 —1) +a, (V, -1)
- X
) Y {klvl 2 4k, e“Z(Vzl)} X) 7[k gl #(1- k)e“Z(Vz’l)}
1T K

The mean square error of all these estimators has been derived.
It can be easily verified that MSE (t,,, )<MSE (t,,). Similarly it can be shown that
MSE (t,,) ) < MSE (L, ).

6. EMPIRICAL STUDY
Twelve populations are takenrfrom the Government of Pakistan (1998). It is shown
empirically in table-2 that/the proposed: estimator t11(1) outperforms other competing
estimators. Also, Us(2) performs best in almost all the populations. We conclude that

t11(1) and bs(z) are, more efficient than the other estimators in single phase and two-

phase sampling. It is:further observed full information case is always more efficient than
the no information case.

The optimum values of oc{ and oc’z involve population parameters, which are
assumed to be known for the efficient use of proposed family T, . Usually these

parameters are unknown, but they can be estimated from the sample. Following approach
of Srivastava and Jhajj (1983), the estimator of proposed family, T, will have the same

minimum mean square, if we replace the unknown value of parameters involved in
optimum value of o] and o, with their estimators. Similar is the case for other
proposed estimators and families of estimators.

6.1 Conclusion
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The proposed estimator '[11(1) is recommended for estimating the population mean in
the full information case as t11(1) outperforms all the existing estimators for the full
information. Similarly ts., is recommended for estimating the population mean for the

no information case as t outperforms all the existing estimators for the no
information.

It is also recommended that full information should always be preferred if possible,
otherwise estimators with partial information is the best choice, the no information case is
recommended when we have no other choice.
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APPENDIX
Table-1
Description of Populations and Variables
Pop o Main Attribute-1 is Attribute-11 is
# Description Variable | present (t, =1)if | present(t, =1) if
1 District-wise area and Production Districts of Area of Districts
production of Vegetables | of Vegetables | N.W.F.P (including less than 501
for year 1995-96 (In tones) Fata Areas ) hectors.
2 District-wise area and Production Area of Districts
production of Vegetables | of Vegetable | Districts of Punjab less than 401
for year 1996-97 (In tones) hectors.
3 District-wise area and Production Avrea of Districts
production of Vegetables | of Vegetables | Districts of Punjab | greater than 1000
for year 1997-98 (In tones) hectors.
4 District-wise area and Production Area of Districts
production of all Fruits of all Fruits | greater than 1000, | Districts of Punjab
for year 1995-96 (In tones) hectares
5 District-wise area and Production Area of Districts
production of all Fruits of all Fruits Districts of Sind less than 1001
for year 1996-97 (In tones) hectors.
6 District-wise area and Production Districts of Area of Districts
production of all Fruits of all Fruits, ['N:W.F.P*(including less than 501
for year 1997-98 (In tones) Fata Areas ) hectors.
7 District-wise area and Production Area of Districts
production of Wheat for of Wheat greater than 30 | Districts of Punjab
year 1995-96 (Indones) hectors.
8 District-wise area and Production Area of Districts
production of Wheat for of Wheat Districts of Punjab | greater than 35
year 1996-97 (Intones) hectors.
9 District-wise area and Production Districts of Area of Districts
productioniof:\Wheat for of Wheat | N.W.F.P (including| greater than 25
year 1997-98 (In tones) Fata Areas ) hectors.
10 | District-wise area and Production Area of Districts Districts of
production of Onion for of Onions greater than 40 | N.W.F.P (including
year 1995-96 (In tones) hectors. Fata Areas )
11 | District-wise area and Production Area of Districts Districts of
production of Onion for of Onions greater than 50 | N.W.F.P (including
year 1996-97 (In tones) hectors. Fata Areas )
12 | District-wise area and Production Area of Districts
production of Onion for of Onions | Districts of Punjab | greater than 60
year 1997-98 (In tones) hectors.
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Table-2
Relative Efficiency of Various Estimators
Pop| (Fullmformation case Two-Phase Sampling
Py Ty | ba | Tog | | Tae | o | Tue | bse
1 100 |108.77 | 120.10 | 118.20 |129.53| 104.62 | 115.94 | 109.20 | 120.52
2 1100 | 142.25 | 153.36 | 149.52 {160.63| 119.40 | 130.50 | 122.12 | 133.23
3 1100 | 142.03 | 152.92 | 143.39 (154.27| 119.31 | 130.20 | 119.84 | 130.72
4 1100 |122.30 | 134.59 | 124.56 |136.84| 111.08 | 123.37 | 112.09 |124.375
5 | 100 | 102.49 | 114.96 | 126.02 |138.34| 101.11 | 113.58 | 112.73 | 125.20
6 | 100 |111.41 |123.65|114.58 |126.82| 105.93 | 118.17 | 107.48 | 119.72
7 | 100 | 146.61 | 155.30 | 239.88 |248.56| 115.15 | 123.83 | 140.33 | 149.01
8 | 100 | 225.50 | 233.66 | 268.09 [276.28| 147.90 | 156.08 |157.466 | 165.65
9 1100 |125.40 | 132.80 | 186.98 {194.42| 113.36 4 120.80 |137.125|144.357
10 | 100 | 105.90 | 137.40 | 107.13 |136.63| 103:40 | 134.90 |104.10 | 135.60
11 | 100 | 107.07 | 136.09 | 107.73 |136.96| 104.04 |133.14 | 104.43 | 133.63
12 | 100 | 101.80 | 129.20 | 109.90 |137.30| 101.05 | 128.45 | 105.60 | 133.00
Table-3
Various/Population Parameters
PP RSy | RS, NS, Pp, Ppb, Qo
1 1.524 1.67 1.457 0.284 0.376 0.50
2 1.461 184 1.443 0.545 0.389 -0.76
3 1.4606 0.81 1.423 0.544 0.474 0.79
4 0.6759 1.46 1518 0.427 0.35 0.59
5 2.3366 1.46 1.529 0.142 0.424 -0.05
6 1.5245 1.94 1.515 0.32 0.479 0.69
7 0.8203 1.42 1.154 0.631 0.742 0.96
8 1.4413 0.87 1.194 0.746 0.651 0.96
9 1.5045 0.745 1.139 0.45 0.645 -0.38
10 0.4994 1.55 2.071 0.236 0.225 -0.60
11 0.5243 1.53 6.298 0.257 0.249 -0.79
12 1.3988 0.551 1.930 0.133 0.249 0.13
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ABSTRACT

In this paper multivariate ratio and regression estimators for estimating the population
mean vector have been proposed using multi-auxiliary variables for partial information
case. The expression of variance covariance matrix has been derived. Empirical study has
been carried out to see the performance of proposed estimator over estimator proposed by
Butt, et al. (2011).

KEY WORDS
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Multiple Auxiliary Variables.

1. INTRODUCTION

The estimation of the population mean is an.unrelenting issue in sampling theory and
several efforts have been made to improve the precision of the estimators in the presence
of multi-auxiliary variables. A variety' of estimators have been proposed following
different ideas of ratio, regression,and product estimators.

Olkin (1958) was the first author to deal with the problem of estimating the mean of a
survey variable when information on several auxiliary variables is made available. Singh
and Namjoshi (1988) discussedia.class of multivariate regression estimators of population
mean of study variable in two-phase sampling. Robinson (1994) proposed a regression
estimator ignoring some of‘the assumptions usually adopted in the literature (see, e.g.,
Srivastava (1971)). Kadilar and Cingi (2004, 2005) analyzed combinations of regression
type estimators in the case of two auxiliary variables. Pradhan (2005) suggested a chain
regression estimator for two-phase sampling using three auxiliary variables when the
population mean of one auxiliary variable is unknown and other is known. Hidiroglou
et al. (2009) and Haziza et al. (2001) have overlooked the work of Singh (2004), thus
their work is based on doubtful simulation. Their estimators can never attain the
minimum variance of a linear regression estimator in two-phase sampling. For detail, see
Steans and Singh (2008). They have not compared their work with that of Singh (2004)
estimator either through simulation or theoretically.
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In multipurpose surveys, the problem is to estimate population means of several
variables simultaneously (see Swain (2000)). Tripathi and Khattree (1989) estimated
means of several variables of interest, using multi-auxiliary variables for simple random
sampling. Further Tripathi (1989) extended the results to the case of two-phase sampling.

Following Roy (2003), Butt, et al. (2011) has proposed the following multivariate
regression estimator for two-phase sampling using two-auxiliary variables X and W for
Partial Information Case (see Samiuddin and Hanif (2007)) as:

t=¥, +(% — % ) K+(W — % ) AK+(W — W, ) BK (1.1)

where K is a vector of constants and A& B are diagonal matrices with diagonal entries
o; & PB; respectively. The expression for variance covariance matrix is

Zt(pxp) =[Sijj|pxp ’ (i’ i=12.., p);Sij = Siz fori=j (1.2)
where

Si2 = S; |:62 (l_pii.wx)"'elpiyi W (1_p3vyi )j| (1.3)
and

pxyipxyj +pwyi pwyj _pxyipwyj Pyxw _pwyipxyjpxw
(1_p3vx)

"'pxyi.wpxyj.w\’l_psvyi q?l_p\?vyj :| (1-4)

This paper consists of fourtsections along with appendix. After providing some
background in section one, two-phase sampling scheme, important notations and
expectations using several'study and auxiliary variables are given in section two. The
new estimator is definedyin section three along with expression of its mean square error.
The detail of empirical results are given in appendix and discussed in section 4.

S

ijzs)’iSyJ' 92 pYin_

2. TWO-PHASE SAMPLING USING MULTI-AUXILIARY VARIABLES

Consider a population of size N units. Let Y,,Y,,...,Y, are p variables of interest and
X1, X5, Xq are g auxiliary variables. For two-phase sampling design let n; and n,

(n2 < nl) be sample sizes for first and second phase respectively, Xq); and X denote
the i auxiliary variables from first and second phase samples respectively and Y2
denote i study variable from second phase sample. Let X, Cxr Cy Py s Pyy, and
Pxx, denote the population mean, coefficient of variation of i auxiliary variable,

coefficient of variation of i variable of interest, correlation coefficient of i"™ variable of

h h

interest and i auxiliary variable, correlation coefficient of i and jth variable of
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interest and correlation coefficient of i and jth auxiliary variables respectively. Further
1 1 1 1 . . .

let 8, =—-— and 6, =———are sampling fractions for first and second phase
n N n, N

respectively. Also assume Y, =Y +ey,

)i X
(i =12,...k), where e, & and e, —aresampling errors. Further it is assumed that
@' o ()i

X )

E, (ey(z)i ) = El(ex(l)i ): E, (ex(z)i ) =0 where E; and E, denote the expectations over first

and second phase respectively. Then for simple random sampling without replacement
for both first and second phases, we write by using phase wise operation of expectations

as:
? Ny 2 =V n, 63- 22
E, (eY(z)i ) :( _WJG% By (ey(z)i ) - (1_WJE =02%°Cy,.
E 12 v.X
2(ey(z)i ex(z)i): _ﬁ Sy =0, iCYi CXipYiXi
5 & N, o iXi _nAvYy
E (ey(z). ex(z)i ) = (l_ﬁj n, =0,Y; XiCyi Cxi Py s
E.E =EE E _1
1521 | By, (exmi &y ) =5 2\1(‘3y(2)i Cdf )_ 2 (ey(z)i €x oy ) N (np =)oy
and
= (5 _a& Mo (92 )%x _[;_M2 )%
ElE?\l[eV@)i (exwi %) )] - (1 N] Ny (1 N ] n,
- (91 _ez)Y_xiCyi Cxi Py -
Similarly
ElE?\l [e_x(z» (é"(n. _§X(2>i )} =(0,-6,)05 =(6,-6,) Xtcy,
2
_( - 22
ElEZ\l[eXm. (ex(l). " X )}ZO’ E1E2/1(ex( & ),) =(0,-6,)0;, =(0,-6,) X{'Cy
ElEz‘l[(éx(i)' §x(2)l )(§X(1)J éX(Z)i )}:(62 el)GX-XJ _(92 el)xi jCXiCijXin ;(i¢ J)’
and

ElEZ‘l |:(§X(2)i )(éx(l)j _gx(z)j ):l = (el _GZ)Gxixj = (91 _62) >zi>zjc>(i ijpxixj ,(I # J) :
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3. GENERALIZED MULTIVARIATE REGRESSION ESTIMATOR FOR
TWO-PHASE SAMPLING (PARTIAL INFORMATION CASE)

Let X denote the known mean of i

auxiliary variable, Xy and X); denote the
auxiliary variables form first and second phase samples respectively and y(,); denote
the i variable of interest for second phase sample.

We are now suggesting a generalized multivariate regression estimator for two-phase
sampling in which g auxiliary variables are used. The information on first r variables is

known and is not known for the remaining s =q—r variables. The proposed estimator is
Un(axp) = [7(2)1 Y2 - 7(2)p]

r _ _ r _ _ r+s=q _ _
+|:_Z::Lail (X(l)i — X(2)i )+ Ziﬁil(xi — X2 )+ _ 21 Oy (X(l)i —X(2)i )
i= i= i=r4

r+s=q

iZ;ouz (i(l)i ~X) )+.Z:'Bi2 ()Zi ~X2)i )+ i:%l Uiz (f(l)i —Y(z)i)
izlllaip (i(l)l X(2)| )+z B|p ( X(z), )+ r+§: ! a’lp (X(l)l i(?_)i ):| . (31)

In matrix notation we can write

tin(wep) = Yaxp) T Bx{(lxr)AI(rx = Ile”(lxr)B(rx ot Isz(lxs)AZ(sxp) : (3.2)
where

[( o~ Kozl Xt Xa2) - (%o _Y(r)zu

[( X, Xa)z ) (é"(zn €X(2>2) (eX(rn _éxmz )JM '
[( w2~ Xw) (XezXe) (%2 Xo )}

[ X2 X(Z)Z §X(r)z ]N !

[(Y (r+1)1 ~ X(r+1)2) (i(r+2)1 - i(r+2)2) S (7(r+s)1 —X(rss)2 )}

|:( (r+1)1 X(r+1)2 ) (ex(r+z)1 - eX(r+z)z ) e (ex(r+s)l _ex(r+s)2 )j|l><s !

Ay (0] 14200170209, 8 g ], (1420071 1702009)

and
A(sep) :[aij :'sxp (i=r+Lr+2,..,r+s;j=12..,p).
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Let, 7(1>< p) - Y(lx p) -+ Dy(l>< p) f Whel’e Y(lx p) = I:Yl Y2 cee Yp:l and

Dy(1>< p) = |:ey(1)z ey(z)z T eY(p)z :| ’

Then (3.2) can be written as:
tm(lxp) :Y_+ 5}/ +5X1'A1_5X1"B+ 5X2A2 or t(lxp) _Y_: 5)’ +5X1'A1_5X1”B+ 5X2A2 .

As we use information related to auxiliary variables from first and second phases both

then the mean square error of t54(lxp) can be written as:

Ztm(pxp) = E1E2/1 (t54 _Y) (t54 _V)

or

+E1E2/1[A5D;2 (5, +5X1,AL—DX{B+I5XZA2)] (3.3)
We can write

ElEZ/l ( D;/ Dx{') = e22yx( pxr) = 0, [Gyixj ]( pxr)

(
E1E2/1 5%’ 5x1')=(92 _el)zx(rxr) :(92 _91)[0xixj ](m), fori=j, Oxix; ZGi )

E(IS{/ y)ZGZ y(prp) = 92[0yy; Ny TOr 1= Ji0y,y, :G; ’

E(D§Dy ) = (02 ~01) 2y pur) =[Oy, ) pur):

E1Ean (D D ) = (01 =02 ) 2, ey = (01 =02 )[sex, Jiar)s TOr i = Ji0y, =05
E1Egn (D Dy, ) = (02 =01) 2, 1) = (02 =01)[0y, sy FOF 1= J03, =%,

and
ElEZ/l([_))’(f[_)XZ ) = (91 —ez)zx(rxs) = (91 _92)|:Gxixj :|(,—X5) y fOI’ | = j7GXin = Gi .

(3.4)
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Using (3.4) in (3.3), we get:

ztm(PXP):ezzy( <p) (61 62 yx(pXT)Al(rxp 0, Yx(me(rXP)
Zyx( pxs) AQ(Sxp) (91 —0 ) A&(pxr) YXrxp)

HO:-0) A 2 A, T(0-0) A 2y B
HO-0) A E A 0B
P A P B
01 —0,) B/ Zy . Ay, H(O1—02) A

+(6,-6,)
(0,-6,)
(6,-6;)
(91 92)B
—(6,-6,)
+(0,-6) A,
(0,-0)% T Ay .

(pxs) sxs)

For optimum values of unknown matrices, differentiating (3.5)/w.r.t. Ai( ,
rxp

AQ( X equating all equations to zero, we get:
sxp
_v-1 ’
B(rxp) - ZX(rxr)zyx(rxp) !
-1 ’ 1 ’
Az(sxp) X(sxs) (Zyx(sxla) E sxr 2X(rxr z:yx(rxp))
and

-1 ’

_ -1 -1 ’ _
Ai(rxp) 2X(rxr x(rxs X(sxs (EyX(SXP) Zx(s xr) X(r xr) EyX(TXP) ’

After simplification of (3.3), we get

X, (pxp) E1E2/1[ (y+5X{A1_5X1”B+DXzA2)]

or

Z n(PxP) E1E2/1( y)+ElEZ/l(ﬁ)"ISX{)'ASL

~E;E,, (D)D) B+E,E5y (DD, ) A, -

Using results written after eq. (3.3) in (3.9), we get:

tn(Pxp) - 9zzy(pxm + (61 _62 )Zyxﬂ)xr) Ai(fxp)
_ezzyx(pxr) B(fxp) +(91 -0, )ZVX( pxs) AQ(

Now by putting the values of B(rxp o) and Ag(

z

respectively in (3.10), we get:

’ (pxs) z:,(sxr) A'(r><p) _(el _GZ)AQ

Z B
(ps) o) (1<P)

sxp)

from (3.6), (3.7) and (3.8)
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(3.5)

and

(rxp)

(36)

@7

(3.8)

3.9)

(3.10)
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_ _ -1 ’ _ _ _ -1
ztm( px p) - 92 (zy(PXD) z:yx(pxr) z:X(rxr)zyx(rxp) ) (62 91) {(zyx(pxs) Zyx(px,) EX(I,X'.]ZX<I,X$) )

-1
-1 ’ -1 ’ -1 -1
- where W, - =|X, -X X~ ¥ .
WX(SXS) (zyx(sxm Zx(sxr)zx(rxr)zyx(fxp) )}’ ere X(sxs) ( X(sxs) Xisxr) — X(rxr) ™~ Xrxs) )
(3.11)

4. EMPIRICAL STUDY

We have used the data from Population Census Report of Sialkot District (1998),
Pakistan for empirical study from which three study variables denoted by Y’s and two
auxiliary variables denoted by X’s have been considered for computing the Eigen values
of variance covariance matrices of suggested estimator and Butt, et al. (2011). The
variables description is given in Table A-1 of Appendix A. We have used two auxiliary
variables in empirical study because Butt, et al. (2011) constructer the estimators for two-
auxiliary variables. The necessary parameters of populations<for computing the Eigen
values for variance covariance matrices are given in Table A-2. Table A-3 and A-4
contains the Eigen values of variances covariance matrices for different values of 6, and

0, of proposed and Bultt, et al. (2011) estimators respectively. The ratios of sum of Eigen

values of proposed estimator to Butt, et al. (2011) estimator are given in Table A-5. This
table clearly shows that our proposed estimator for partial information case is efficient for
all considered combinations of 6, and 0, then'Butt, et'al:(2011) and it has an additional

advantage of making use of multi-auxiliary information:
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Table A-1: Description of variables
(Each variable is taken from Rural Locality)
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APPENDIX A

Description of variables

Y, |Literacy ratio X1 | Population of both sexes
Y, | Population of currently married X, | Population of primary but below metric
Y; | Total Households
Table A-2: Covariance and Correlation Matrices
Covariance Matrix
Y1 Y2 Y3 X1 X2

Y1 58.379 1694.029 1555.41 118317968 3818.858
Y2 1694.029 469251.1 440381 3274827.083 789524.592
Y3 1555.411 440380.8 415878 3076130.189 741371.717
X1 11831.96 3274827 3076130 22917781.56 5519188.648
X2 3818.858 789524.6 741372 5519188.648 1375257.472

Correlation Matrix
Y1 1 0.324 0.316 0.323 0.426
Y2 0.324 1 0.997 0.999 0.983
Y3 0.316 0.997 1 0.996 0.98
X1 0.323 0.999 0.996 1 0.983
X2 0.426 0:983 0.98 0.983 1
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Table A-3: Eigen values of variance covariance matrices of proposed estimator
0 %
2 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
8.3091 | 10.351 | 12.365 | 14.352 | 16.312 | 18.245 | 20.15 | 22.028
0.2 | 661.89 | 663.4 | 193.77 | 19458 | 19541 | 196.25 | 197.1 | 197.96
192.18 | 192.97 | 664.92 | 666.45 668 669.56 | 671.14 | 672.73
Total | 862.379 | 866.721 | 871.055 | 875.382 | 879.722 | 884.055 | 888.39 | 892.718
11434 | 13.489 | 15.526 | 17.545 | 19.546 | 21.529 | 23.493 | 25.439
0.3 | 992.09 | 99359 | 9951 | 996.62 | 291.06 | 291.88 | 292.7 | 293.53
287.88 | 288.67 | 289.46 | 290.25 | 998.14 | 999.68 | 1001.2 | 1002.8
Total | 1291.4 | 1295.75 | 1300.09 | 1304.42 | 1308.75 | 1313.09 | 1317.39 | 1321.77
14.557 | 16.618 | 18.666 | 20.701 | 22.722 | 24.73 | 26.724 | 28.705
0.4 | 13223 | 1323.8 | 1325.3 | 1326.8 | 1328.3 | 387.54 | 388.35 | 389.17
383.59 | 384.36 | 385.15 | 38594 | 386.74 | 13298 | 1331.4 | 13329
Total | 1720.45 | 1724.78 | 1729.12 | 1733.44 | 1737.76 | 1742.07 | 4746.47 | 1750.78
17.678 | 19.744 | 21.799 | 23.843 | 25.877 | 27.899 | 29.911 | 31.912
0.5 | 16525 1654 1655.5 1657 1658.5 1660 1661.5 | 484.83
479.29 | 480.06 | 480.85 | 481.63. | 48243 |/483.22 | 484.02 | 1663.1
Total | 2149.47 | 2153.8 | 2158.15 | 2162.47 | 2166:81 | 2171.12 | 2175.43 | 2179.84
20.799 | 22.868 | 24.927 (#26.978" | 29.019 | 31.052 | 33.075 | 35.09
0.6 | 1982.7 | 1984.2 | 19857 | 1987.2 |1988.7 | 1990.2 | 1991.7 | 1993.2
574.99 | 575.77 | 57655 | 577.33 | 578.12 | 578.91 | 579.71 | 580.51
Total | 2578.49 | 2582.84 | 2587.18 | 2591.51 | 2595.84 | 2600.16 | 2604.49 | 2608.8
23.92 | 25991 |.28.053 | 30.108 | 32.156 | 34.195 | 36.227 | 38.251
0.7 | 23129 | 23144\ | 23159 | 2317.4 | 23189 | 23204 | 2321.9 | 23234
670.69 | 67147, | 672.25 | 673.03 | 673.81 | 674.6 675.4 | 676.19
Total | 3007.51 | 3021.86 | 3016.2 | 3020.54 | 3024.87 | 3029.2 | 3033.53 | 3037.84
27.041 | 29.113 | 31.178 | 33.236 | 35.288 | 37.333 | 39.371 | 41.402
0.8 | 2643.1 | 2644.6 | 2646.1 | 2647.6 | 2649.1 | 2650.6 | 2652.1 | 2653.6
766.4 767.17 | 767.95 | 768.73 | 769.51 770.3 771.09 | 771.88
Total | 3436.54 | 3440.88 | 3445.23 | 3449.57 | 3453.9 | 3458.23 | 3462.56 | 3466.88
30.162 | 32.235 | 34.302 | 36.363 | 38.418 | 40.467 | 42.51 | 44.547
0.9 | 2973.3 | 2974.8 | 2976.3 | 2977.8 | 2979.3 | 2980.8 | 2982.3 | 2983.8
862.1 | 862.87 | 863.65 | 864.43 | 865.21 866 866.78 | 867.57
Total |3865.562 |3869.905|3874.252|3878.593|3882.928|3887.267 | 3891.59 |3895.917
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Table A-4: Eigen values of variance covariance matrices of Butt, et al. (2011)

0, %
0.1 0.2 0.3 0.4 05 0.6 0.7 0.8
4102300 -8049600| -12002000| -15958000| -19920000| -23886000| -27857000| -31833000
0.2 6.3849 6.3888 6.3927 6.3965 6.4004 6.4043 6.4082 6.4121
4105900 8056000 12011000( 15971000| 19935000 23904000 27878000 31857000
Total | 3606.3849| 6406.3888| 9006.3927| 13006.3965| 15006.4004 | 18006.4043 | 21006.4082 | 24006.4121
-9198200| -18045000| -26899000| -35760000| -44628000| -53504000| -62386000| -71276000
03 | 95721 9576 95799 95838  95877|  9.5916|  9.5954|  9.5093
9202300| 18052000 26909000 35773000| 44644000| 53522000| 62407000( 71299000
Total |4109.5721|  7009.576| 10009.5799 | 13009.5838 | 16009.5877 | 18009.5916| 21009.5954| 23009.5993
-16323000( -32020000| -47726000| -63441000| -79166000| -94901000|-110640000 |-126400000
0.4 12.759 12.763 12.767 12.771 12.775 12.719 12.783 12.787
16328000 32027000 47736000 63454000| 79182000 “94919000| 140670000| 126420000
Total| 5012.759| 7012.763| 10012.767| 13012.771| 16042.775| 18012.779| 30012.783| 20012.787
-25478000| -49974000| -74482000| -99002000 -123530000/=148080000 | -172630000 | -197200000
0.5 15.947 15.95 15.954 15.958 15.962 15.966 15.97 15.974
25483000| 49982000| 74493000 99016000| 123550000 148100000| 172660000 197230000
Total | 5015.947 8015.95| 11015.954| 14015.958|" 20015.962| 20015966/ 30015.97| 30015.974
-36662000| -71908000| -107170000{-142440000] 177730000 | -213040000 | -248350000 | -283680000
0.6 19.134 19.138 19.142 19.145 19.149 19.153 19.157 19.161
36667000 71916000 107180000 142460000| 177750000 213050000| 248370000| 283710000
Total| 5019.134| 8019.138| 10019.142|/20019.145 20019.149| 10019.153 20019.157| 30019.161
-49875000( -97821000| -145780000 | -193760000| -241760000| -289770000 | -337800000 | -385850000
0.7 22.321 22.325 22.329 22.333 22.337 22.34 22.344 22.348
49881000 97830000y, 145800000| 193780000| 241780000| 289790000 337820000| 385870000
Total | 6022.321| 9022.325| 20022.329| 20022.333| 20022.337| 20022.34| 20022.344| 20022.348
-65118000 | -127710000| -190330000| -252960000| 315620000 | -378290000 | -440980000 | -503690000
0.8 25.508 25512 25.516 25.52 25.524 25.528 25.532 25.535
65124000 127720000| 190340000| 252980000| 315630000 378310000 441000000| 503720000
Total | 6025.508| 10025.512| 10025.516| 20025.52| 10025.524| 20025.528| 20025.532| 30025.535
-82390000 | -161590000| -240800000| -320040000| -399300000 | -478590000 | -557890000 | -637210000
0.9 28.696 28.699 28.703 28.707 28.711 28.715 28.719 28.723
82397000 161600000 240820000( 320060000| 399320000| 478610000| 557910000| 637240000
Total 6692.5 9492.16 12291.8| 14991.44| 17891.08| 20690.73| 23490.38| 26290.05
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Table-A5: Relative Efficiency of proposed estimator over estimator
proposed by Butt, et al. (2011)

0,

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

0.2 |0.23913 | 0.13529 | 0.09672 | 0.06730 | 0.05862 | 0.04910 | 0.04229 | 0.03719

0.3 |0.31424 | 0.18485 | 0.12988 | 0.10027 | 0.08175 | 0.07291 | 0.06270 | 0.05744

0.4 |0.34321 | 0.24595 | 0.17269 | 0.13321 | 0.10852 | 0.09671 | 0.05819 | 0.08748

0.5 |0.42853 | 0.26869 | 0.19591 | 0.15429 | 0.10825 | 0.10847 | 0.07248 | 0.07262

0.6 |0.51373 | 0.32208 | 0.25822 | 0.12945 | 0.12967 | 0.25952 | 0.13010 | 0.08690

0.7 |0.49939 | 0.33382 | 0.15064 | 0.15086 | 0.15107 | 0.15129 | 0.15151 | 0.15172

0.8 | 0.57033 | 0.34321 | 0.34365 | 0.17226 | 0.34451 | 047269 | 0.17291 | 0.11546

0.9 |0.54997 | 0.38588 | 0.19343 | 0.19365 | 0.19387 [0.19408 | 0.19430 | 0.12974




A NEW QUALITY MEASURE FOR PRODUCT DESIGN”
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ABSTRACT

The object of the manufacturers is to produce products which arc robust with respect
to likely variations. Thus, at the design stage, quality index becomes necessary which
measures the degree of robustness of the product design. This paper outlines the concept
of Signal to Noise ratio which is effectively used to evaluate a product design for its non-
dynamic characteristics.

KEY WORDS
Noise Factors, Quality Characteristics, Signal-Noise ratio’(SN Ratio).

1. INTRODUCTION

Efforts have been devoted to customer orientation of the product and as consequence
the emphasis has been most extensive on the parameter "Quality of product design™
Chaudhuri and Chaudhuri (1981), Chaudhdriyand Rae_(2980). Chaudhuri and Hanif
(1989). Recently applications have been given to various areas of engineering sciences
(Ahmad et al. 1989).

One of the objectives of the manufacturers is.to produce products which are robust,
with respect all noise factors. A product designer can take care of quality product by
determining the optimum level of individual design variants. The nominal values of the
design variants are chosen'in such asway that the effect of noises on the performance
characteristics is keptaminimum. Thus, at the design stage, a quality index becomes
necessary which measures.the degree of robustness of the product.

2. SIGNAL TO'NOISE. RATIO AS A QUALITY MEASURE

A product design will be called robust, if its performance characteristic is close to the
desired mean value and is least sensistive to variations in noise factors. This phenomenon
can be explored mathematically in the following manner.

Let X be a random variable, representing a particular performance characteristic of a

product and X has a finitt mean m and variance o then the condition that the
observed value of X is with high probability, within a pre-assigned deviation from its
desired mean value may be obtained from Chebyshev's inequality for any £>0 .

P[|X -m|<e]>21-0%/&. 2.1)

“Published in Pak. J. Statist. (1990 A), VVol. 6(1).
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Chebyshev's inequality accordingly may be reformulated in terms of the relative
deviation for any 3 > 0.
(X -m|_ ] 16°

P <5|>1-=2 2.2)
m .

If X is normally distributed one can obtain the following conclusions

P X =M <5 | 95%1f 5> 1.96m/c 2.3)
m

and
P [ X =M <5 |> 99% If 5 > 2.58m/c (2.4)
m

For non-zero mean (m) and finite variance o the percentage deviation of X from
its desired mean “m' may, with high probability, be small, it’is sufficient that the ratio

m/o or m?/o® be large. The quantity m?/o? is called‘the sighal to Noise ratio (S/N
ratio). The terminology S/N ratio originated in communicationtheory.<The mean 'm’ of a
random variable X is regarded as a signal. The difference betweensthe desired mean "m'
and the received value X is called Noise. [Freeman./(1958)]. As a measure of signal
strength to noise strength one takes the S/N ratio. Higher the S/N ratio, closer the
observed value X will be to the desired meanvalue “m', The S/N ratio, denoted by n is

expressed here in decibels, by adopting the transformation,
nleIog[mz/csz] (2.5)

This transformation makessmu meanable’ for various statistical treatment like
analysis of variance and other parametric tests (see 3,7).

3. MEASURES FOR DIEEERENT NON-DYNAMIC CHARACTERISTICS

The followingmelassification had been made of the non-dynamic quality
characteristics, depending on the nature and requirement of the end use. [Parsad (1983)
and Kackar (1985)].

N-Type: Nominal (or the target) the better e.g. shut-off head of a pump, output
voltage of a circuit, count of yarn etc.

S-Type: Smaller the better e.g. positive suction head required for a pump to pump
the fluid; tangent of loss angle for insulation system in H.V. coil, etc.

L-Type: Larger the better, e.g. break down voltage of an electrical system; breaking
strength of concrete blocks, etc.

3.1 N-Type Characteristics
In this case, the objective is to make the characteristic value as close as possible to the
desired mean value 'm'. Let Xi,...., X, be the actual observations on the characteristic

under consideration. The Quality measure n



Chapter-6: Quality Control and Acceptance Sampling 357

n=10log {M} (3.1)
nV
is a good measure of quality product as
_ 2
E{M} — T _S/N Ratio (3.2)
nVO O

2%

jZ

= 1 0 _\2
M= Z oandV,=——3(x —X)".
n 0 n—lizzl(' )

w
3
I
VR
3

3.2 S-Type Characteristics
For smaller, the better type of characteristics, the ideal target is zero. The closer X to
zero, (from the right side) better is the achievement of the @bject.The S/N ratio cannot be

used here, as n=0. A different measure is used instead 0f m? /&> for comparing
different design prepositions. and the proportion with' smallest of this measure can be

selected as the optimum. Thus if m?/c? is minimised, ‘bothwvariation and the absolute
value get minimised concurrently. Thus, this measure is' also termed as concurrent
measure and is expressed in decibels, by logarithmie,transformation, and for maintaining
the same objective as of S/N ratio, The quality'measure, ng

n
N = —10|og(3 > xfj
Ni=o
is a good measure of a quality product as
2
e[ Sx7 fp] -
(o)

3.3 L-Type Characteristics
In this case, the objective is to have the characteristics values as large as possible.
Thus, if X represents the performance characteristic, X should be as large as possible or

in other words 1/ X should be as small as possible.

The concurrent measure is defined as

n =10log, | 13 -1 (3.3)
L 0| T &Y 2 -
Let f(x):l/X2 and expanding it in the neighborhood of 'm' in Taylor's series
expansion, one gets,
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F(X)= f(m){ f/i!x)Lm(x —m)+|:¥l(_m(x e (34)

1 3c°

E[f(X)JzF+O+F (3.5)

Neglecting the higher order terms,
Thus

101 1 3?1 362

X% m m* m m

Thus, asm, is maximized, variance gets minimized and concurrently the absolute
value gets maximized.
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ABSTRACT

In this paper, Taguchi parameter design methodology is illustrated with an example of
induction motor design.

KEY WORDS

Taguchi method, orthogonal array, parameter design, design‘variants, signal and noise
ratio.

1. INTRODUCTION

The quality of a product is quantified in terms of total loss of @ product from the time
the product is manufactured to the time it is shipped to the customer. The loss may be due
to undesirable side effects or deviation ofuthe functional quality from the targeted
performance. The variation in the product parameters:also varies from unit to unit which
are inevitable in a manufacturing process. The objective of a design engineer is to
maximise the performance of a product and reduce the variability in performance from
product to product. A product design will ‘be called robust if its performance
characteristics are close to thewintended value and are least sensitive to noise factors.
{See Chaudhuri et al. (1990), Kacker (1985), Taguchi (1981), Taguchi et al. (1989),
Burgam (1985) and Leon et al. (1987)}.

In this paper, thirteen factors,each at three levels for SPDP Induction Motor and four
noise factors also..at three, levels are investigated on the basis of 36 orthogonal
performance treatment combinations at each of 18 orthogonal noise treatment conditions.
The optimal design is-arrived at using Taguchi approach.

2. THE PARAMETER DESIGN

For better competition, improvement in performance of motor is necessary with no
extra cost. A 30 kw, 4 pole SPDP motor is selected for application of this method.

Based on technological considerations 13 design factors each at 3 levels that influence
motor performance are selected as design variants. Table 1 gives the list of design
variants taken up for the study. In order to consider the effect of manufacturing and
material variations on motor performance, four factors each at three levels are selected as
noise factors. Table 2 gives the list of noise factors and their levels.

“Published in Pak. J. Statist. (1990 A), Vol. 6(2).
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A design variants listed in Table 1 arc allocated in orthogonal Array (O.A.) Table
L36,(313) called inner O.A. (Appendix-1). Thus there are 36 combinations of design
variants.

Table 1

Design variants (All at 3 levels)
Factor Code Description

A Start or stamping - outside diameter

B Start or stamping - inside dia/outside dia

C Start or stamping- tooth width

D Start or stamping - yoke height

E Rotor stamping - tooth width

F Rotor slot area/start or slot area

G Top cage area/bottwn cage area

H Middle cage width

| Middle cage height

J S.C. Ring area

K Conductors per slot

L Core length

M Air gap

Table 2
Noise Factor
Factor Description Level
Code P 1 2 3

L Core length +3% | Nominal value | -3%
M Air gap +10% -do- - 10%
@] Stamping grade (Watts/kg) | +20% -do- - 20%
P Conductivity of Al +10% -do- -10%

Noise factors were allocated in O.A. Table L18,(34) called outer OA. (Appendix-II).

For each combination of inner O.A. there are 18 combinations of auter O.A. The
numbers, 1, 2, 3 in the tables of Appendices 1 and Il indicate levels of respective factors.

Responses selected are efficiency, power factor, slip starting Torque, starting current
and cost of stampings.
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3. COMPUTATION OF SIGNAL-NOISE RATIO

A well debugged computer programme for indication motor design is used to obtain
responses. Using the simulated software model, for each of 36 combinations of the design
variants the above responses are calculated with noise factor level combinations indicated

in Ljg O.A. The Table 3 gives a typical response table for experiment No. 15 of inner
O.A. given in Appendix-I.

As our aim is to optimise various performance characteristics and simultaneously
minimise their variation, we have to account for the variation in the performance
characteristics for each combination of design variants of inner O.A. (L36) over the range

of noise factors considered in outer O.A. (ng). This is achieved by expressing these

varying data in a single measure, S/N Ratio. For efficiency S/N ratio is given by (see
Taguchi et al. 1989)

18 2
1 =-10Logy {z X; /18},
i=1

where X;=Loss=1 efficiency for the ith combinatien, of any outer’O.A. ('—18)- While

minimising X;, we maximise efficiency. Maximising,n will maximise efficiency as well

as minimise its variation in noise factor space. Thus we have second set of derived
responses viz. S/N Ratios. These measures remained same for Power factor (1-power
factor), slip, starting Tarque, as well as starting,current'as everywhere the intended target
value is as low as possible. To calculate"S/N ratio of any characteristic, we have 18 data
from outer O.A., for each combination ofinner'©.A. (Lgg). The S/N ratios are worked

out for efficiency, power factor;slip, starting Torque, and starting current at Table 3. The
Table 4 shows S/N ratios/for each of 36 combinations of the inner O.A. A typical
calculation of S/N ratio for efficiency of experimental combination No. 15 of inner O.A.
is shown in Appendix<3. This amounts to 21.359 dB. This value cart also be seen from
Table 4.

4"ANALYSIS OF VARIANCE

ANOVA is performed on the primary responses (for cost data) and on S/N ratio to
obtain the contribution of each design variant. The total response for S/N ratio of the
efficiency is shown in Table 5 and the ANOVA for the same is shown in Table 6.
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Table 3
Typical Response Table

S0 ety | o | sy | Sariog [ Sartha [ cat
1. 0.91187 | 0.88233 | 0.01971 1.65006 | 4.98885 4.4567
2. 0.91389 | 0.88717 0.02174 1.47844 | 4.71127 4.4596
3. 0.91637 | 0.89678 | 0.02398 | 1.29799 | 4.39461 4.4625
4, 0.9(1965 | 0.87348 | 0.02128 | 1.67813 | 4.97783 4.3518
5. 0.91313 | 0.89027 | 0.02320 | 1.49056 | 4.73854 4.3545
6. 0.92127 | 0.90006 | 0.01926 | 1.33569 | 4.67053 4.3573
7. 0.91659 | 0.87486 | 0.01870 | 1.72530 | 5,23323 4.2468
8. 0.91932 0.88441 | 0.02071) | 1.54264 493714 4.2495
9. 0.90913 | 0.89430 | 0.02269 | 1.36317 | 4459622 4.2522
10. 0.91618 | 0.88059 | 0.02379 | 1.61603 | 4.83715 4.4567
11. 0.91161 | 0.88818 | 0.01977 149187 | 4.77221 4.4596
12. 0.91417 | 0.89765 | 0.02128 1.30647 4.4625 4.4625
13. 0.91195 | 0.87246 | 0.02323 |~ 1.66167 | 4.91591 4.3517
14. 0.92088 | 0.88909<| 0.01922 | 1.51629 | 4.92507 4.3545
15. 0.91116 | 0.90195 }<0.02129 1.32659 | 4.55214 4.3573
16. 0.91895 | 0.87411 0.02068 1.70743 5.13778 4.2468
17. 0.90926. | 0.88647 0.02260 1.52993 | 4.83583 4.2495
18. 0.91687 |0.89317 | 0.01879 1.38094 | 4.76882 4.2522
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Table 4
SN Ratios
Expt. .
No. SN (Eff.) | SN (Pf) | SN (Slip) | SN (Tst. | SN (Ist.)
1. 16.588 19.068 24.442 -0.346 -9.043
2. 18.953 19.107 28.585 2.827 -12.597
3. 17.400 8.023 30.884 6.623 -13.192
4, 19.008 11.463 31.551 6.560 -15.137
5. 15.644 16.988 22.254 -0.262 -7.479
6. 19.375 19.625 29.573 2.967 -13.423
7. 20.391 12.458 33.103 6.328 -13.321
8. 18.264 20.264 26.396 4.930 -13.977
9. 14.932 21.057 23.167 0.060 -9.983
10. 20.869 15.001 32.711 6.495 -14.790
11. 18.505 17.543 29.486 0.996 -12.300
12. 12.120 20.974 18.433 1,584 -8.533
13. 16.510 20.859 24.260 0.068 -9.951
14. 17.242 19.223 26.178 3.238 -12.923
15. 21.359 18.916 33.436 3.438 -13.640
16. 19.410 21.289 28.368 -0.106 -11.1%
17. 19.977 17.494 31.194 5.272 -14.119
18. 17.095 19.587 25.265 1.509 -11.694
19. 19.825 144469 31.172 3.606 -13.547
20. 16.153 22.706 24.592 2.415 -11.959
21. 18.421 19,762 26.722 0.057 -10.242
22. 21.031 15.472 33.538 4,999 -14.831
23. 13:825 20.906 21.943 0.090 -9.576
24. 16 .207 18912 22.872 -1.170 -8.298
25. 15,109 22.835 22.369 -0.403 -10.022
26. 19.299 8.792 34.638 6.012 -13.742
217. 16.239 16.640 23.252 -2.637 -6.683
28. 17.448 20.757 26.277 0.123 -10 147
29. 18.481 17.764 26.388 -5.225 -7.214
30. 17.565 21.981 26.041 2.229 -12.419
31. 16.575 17.117 23.316 -3.425 -6.743
32. 18.474 20.776 27.470 0.575 -10.946
33. 19.550 13.814 32.210 3.968 -15.125
34. 18.824 23.170 27.762 -0.127 -12.123
35. 19.140 20.718 27.317 -1.855 -9.815
36. 18.030 19.117 28.255 2.573 -12.235

363
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Table 5
Total Response Table for S/N Ratio of Efficiency
Factor Levels
1 2 3
A 221.59 213.96 208.29
B 225.33 219.53 198.98
C 213.39 213.99 216.46
D 198.74 216.80 228.30
E 216.35 217.86 209.30
F 220.60 212.30 210.94
G 214.30 214.61 214.93
H 218.49 212.01 213.34
[ 212.88 220.55 210.41
J 214.19 215.45 214.20
K 200.92 213.62 229.30
L 205.86 220.36 217.62
M 212.05 217.06 214.73
Table 6
ANOVA for S/N ratio of Efficiency
Sources of Sum of Mean sum %
variation D.P. squares of squares | contribution
A 2 7.42 317 3.94
B 2 31:95 15.98 20.97.
C (2) (0.44) (0.22) (Pooled)
D 2 37.00 18.50 23.99
E 2 3.19 1.60 1.08
F 2 4.56 2.28 2.01
G (2) (0.01) (0.00) (Pooled)
H (2) (1.95) (0.97) (Pooled)
1 2 4.66 2.33 2.07
J (2) (0.09) (.04) (Pooled)
K 2 33.67 18.84 21.74
L 2 9.88 4,94 5.61
M (2) (1.04) (0.52)" (Pooled)
Error 9 11.69 1.30
Pooled error| (19) (15.22) (0.80) (19.00)
Total 35 147.55

Table 7 is summary of percentage contribution of design variants for different
responses. The level indicated in the Table for each factor is the best level. Whenever, the
contribution is less than 1% the same in omitted from the table.
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Table 7

Percentage contribution of design parameters for different responses

(only the best levels are indicated)

Responses SN SN Sl_\l SN SN SN
(Eff) (Pf) (Slip) (T.st) (C.st) (Cost)
Factor
A Al - Al - - A3
(3.94) (2.38) -
B B1 B3 B1 - B3 B3
(20.57) (5.95) (12.47) (1.14) (7.48)
C - - - - - DI
(3.85)
D D3 D1 D3 - - D1
(23.99) | (14.70) | (19.96) (3.85)
E E2 - - - -
(1.08)
F F2 - Fl - F2 -
(2.01)
G - - - - - -
H - - - - H3 -
(1.25)
I 12 12 - I'1 13
(2.07) (1.61) (3:78) 1.31)
J - - - - - -
K K3 K1 K3 K3 K1 -
(21.74) (9.61) (34.40) | (46.11) | (51.39)
L L2 L2 L3 L3 LI L3
(5.61) (24.72) | (18.52) | (23.96) | (26.84) (68.5)
M - M2 - M1 M3 -
(5.30) (18.02 (5.71)

L3, M2.

5. CONCLUSION

Based on the contribution percent of the design variant, relative importance of the
performance characteristics, manufacturing convenience and so on the trade off was
done. The optimum design was arrived at as Al, B2, C2, D3, D2, F1, C1, H1, 12, J2, K2,

365

With the above factor level combinations, analysis programme was run and
performance data were obtained. Table 8 shows the performance of the existing design
and the optimised design.
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Table 8
Performance Comparison

Characteristics Existing Optimized Design
Efficiency 0.8181 0.9116
Power Factor 0.9180 0.8670
Slip (%) 2.7900 1.9600
Starting Torque 1.5900 1.6500
Starting Current 5.1300 5.5800
Cost index 3.5620 3.5550

Analysis programme was run for the optimized design as per the noise factors
allocated in outer O.A. The variability observed in the performance characteristics were
well within allowable limits of national and international standards, which was not the
case with the existing design.

As can be seen from Table 8, parameter design has helped in improving the
performance (efficiency, slip, and starting Torque) as well as quality (with reduced
variation across all the performance characteristics) with arginal reduction in cost. No
doubt, there is reduction in Power factor but increase in efficiency is‘preferred to some
sacrifice in Power factor: Moreover, as the care length in optimisedidesign is less, output
can be increased within the same frame size. Further._as the losses are lower, the
temperature rise will be lower.
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Appendix-1
Inner O.A. Table Ly

(Allocation of Design Factors)

Factor
Expt. No.

10
11
12
13
14
15
16
17
18
19
20
21

22
23
24
25
26
27

28
29
30
31

32

33
34
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Appendix-2 Appendix-3
Outer O.A. Table L18 Typical Calculation of
(Allocation of Error Factor) SN Ratio of Efficiency
Eigf.t(l)\lro. L M N 0] E&(g.t Efficiency | X =1 -- Efficiency
1 1 1 1 1 1. 0.91187 0.08813
2 1 2 2 2 2 0.91389 0.08611
3 1 3 3 3 3 0.91637 0.08363
4 2 1 1 2 4. 0.90969 0.09031
5 2 2 2 3 5. 0.91313 0.08687
6 2 3 3 1 6 0.92127 0.07873
7 3 1 2 1 7 0.91659 0.08341
8 3 2 3 2 8 0.91932 0.08068
9 3 3 1 3 9. 0.90913 0.09087
10 1 1 3 3 10. | 091618 0.08382
11 1 2 1 1 11. | 0.91161 0.08839
12 1 3 2 2 12..| 0.91417 0.08583
13 2. 1 2 3 13. || 091195 0.08805
14 2 2 3 1 14, 1"70.92088 0.07912
15 2 3 1 2 15.0| 091116 0.08884
16 3 1 3 2 16.. | 0.91895 0.08105
17 3 2 1 3 17. 1 0.90926 0.09074
18 3 3 2 1 18. | 0.91687 0.08313

1 2 2 2 . 1(18 ,
=—10log,, —(.09913 +.08611%%, +.08313 ) SN Ratio = ~10l0gy, { —| 3" X
18 18\ia
= -10l0gy, (7.3125x107°)

= 21.359(dB)



A NOTE ON MALCOLM BALDRIGE NATIONAL QUALITY AWARD"

Munir Ahmad
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1. INTRODUCTION

The U.S. government instituted the Malcolm Baldrige national quality award that may
cause American companies to improve quality and productivity. The award was created by
Public Law 100-107 on August 20, 1987. In this paper, an overview of the award is given
along with the name of companies which received the awards since 1988 and the key
quality words they used.

2. AWARD ELIGIBILITY

The National Institute of Standards and Technology (NIST), US Department of
Commerce was made responsible to arrange the award in association with American
Society for Quality Control. Awards are to be offered annually to U.S, companies that excel
in quality management and quality achievement. The first award was given in 1988.

Manufacturing, service, and small business are the“three eligible<categories for award.
Up to two awards may be given in each of the three categories: The'business that is eligible
for the award is to be located in the United States or its territories. The eligibility criteria for
the award are:

1. A company or its subsidiary with more than$50% employees in US.

2. Atleast 50 percent of a subsidiary’sicustomer base is free of direct financial and line
organization control by the parent company.

3. Non-chain organizations.

4. Business without support functions,ofithe company.

Parent company and its subsidiary. may not apply for the award in the same year. If a
company receives an award, the company and all its subsidiaries are ineligible to apply for
another award for a period of five years.

3. AWARD CRITERIA
The award criteria depend on the core values:

i)  Customer-oriented quality.

ii)  Leadership of senior management.

iif) Continuous improvement.

iv)  Full participation of employees.

v)  Fast response through reduction of cycle time.

vi) Emphasis on corrective and preventive actions.
vii) Preparation of plans.

viii) Data based decisions.

ix) Inter action between employees and management.

“Published in Pak. J. Statist. (1997), Vol. 13(2).
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There are seven essential elements to be documented for the core values.

Leadership.

Information and analysis.

Quality planning.

Human resource development.
Control of process quality.
Inspection and testing procedures.
Customer's satisfaction.

Nogak~wdPE

4. PROCESS CAPABILITY INDEX

Process Capability Index (PCI) is criterion of selection of sub-contractors. A company
would like to enhance its subcontractor's potential for improved quality. Each subcontractor
should indicate its PCI C, performance within acceptable value of PCI to be larger than

one but should have programme to achieve a PCI of 2. The sub-contractor is evaluated on
the basis of the quality of product delivered and the timeliness of those deliveries. Sub-
contractors with higher ratings earn more business; company may centinue to compute C

on monthly or quarterly basis and communicate the value of index to.the sub-contractors.
(See Kane 1986).

Awarding institutions compute C,, and offer an award, on six sigma base. The six
sigma is one of the objective criteria for the award:

When first Malcolm Baldrige award was offered to Motorola in 1988, the summary
contained the following six sigma desgription:

"To accomplish its quality and total<«€ustomer satisfaction goals, Motorola concentrates
on several key operational initiatives. At the top of the list is Six Sigma Quality, a statistical
measure of variation from a desired result. In concrete terms Six Sigma translates into a
target of no more than 3.4 defects per million products, customer services included. At the
manufacturing end, this)required«designs that accommodate reasonable variation in
component partsbut_production process that yield consistently uniform final products.
Motorola employees, record the defects found in every function of the business, and
statistical technologies are increasingly made part of each and every employee’s job." (See
Mitra, 1993 and Pena, 1990)

For 1992 Malcolm Baidrige award, the following examination categories were
considered:
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Table 1
Examination categories for the 1992 Malcolm Baldrige Award
Examination Category/ltems

1.0 Leadership 90
1.1 Senior executive leadership 45
1.2 Management for quality 25
1.3 Public responsibility 20

2.0 Information and analysis 80
2.1 Scope and management of quality and performance data and 15
information.
2.2 Competitive comparisons and benchmarks 25
2.3 Analysis and uses of company-level data 40

3.0 Strategic quality planning 60
3.1 Strategic quality and company performance planning process 35
3.2 Quality and performance plans 25

4.0 Human resource development and management 150
4.1 Human resource management 20
4.2 Employee involvement 40
4.3 Employee education and training 40
4.4 Employee performance and recognition 25
4.5 Employee well-being and morale 25

5.0 Management of process quality 140
5.1 Design and introduction of quality products and services 40
5.2 Process management-product and service production and 35

delivery processes
5.3 Process management business processes and support services 30

5.4 Supplier quality 20
5.5 Quality assessment 15
6.0 Quality and operational results 180
6.1 Product and service quality results 75
6.2 Company operational.results 45
6.3 Business,processiand support service results 25
6.4 Supplier.quality results 35
7.0 Customer focus and satisfaction 300
7.1 Customer relationship management 65
7.2 Commitment to customers 15
7.3 Customer satisfaction determination 35
7.4 Customer satisfaction results 75
7.5 Customer satisfaction comparison 75
7.6 Future requirements and expectations of customers 35
Total Points 1000

5. KEY QUALITY WORDS

Companies that received the Malcolm Baldrige Award had used some key quality
statements. A list of companies in chronical order with key quality words is given below:;
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Table 2
Malcolm Baldrige Awarded: Companies with Key Quality Words
Year Name of the Company Key Quality Word
1988 |Globe Metallurgical Inc. Elements of Quality Efficiency and Cost
1988 |Motoral Inc. Key Quality Initiates
1988 |Westing House Electric Corporation Total Quality
Commercial Nuclear Fuel Division.
1988 | Xerox Corporation Business Products & |Leadership Through Quality Bench-
Systems Marking System
1989 |Milliken & Company Pursuit of Excellencecustomer
responsiveness
1990 |Cadillac Motor Car Company Customer Satisfaction as the Master Plan
1990 |Federal Express Corporation People-Service-Profit
1990 |IBM, Rochester Rochester ExcellenceCustomer
Satisfaction
1990 |Wallace Co. Inc. Continuous Quality Improvement
1991 |Marlow Industries Total Systems
1991 |Solectron Corporation Customer Needs DriveResults
1991 |Zytec Corporation Total'Quality Commitment.
1992 |AT & T Network Systems Groups Quality' Approach
1992 |AT & T Universal Card Services Delight Customer and Employees are Key
1992 |Granite Rock Company Total Quality
1992 | The Ritz-Carlton Hotel Company Gold Standards-Detailed Planning-Quality
Data
1992 |We are the Best...and Getting'Better Total Strategy
Texas Instruments Defense Systems &
Electronic Group
1993 |Ames Rubber Corporation Excellence Through Total Quality
1993 |Eastman Chemical Company Exceeding Customer's Expectations.
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1. INTRODUCTION

The Institute of Education and Research (IER) is located at Quaid-e-Azam Campus,
University of the Punjab, Lahore, Pakistan. The institute was set up in September 1960 in
cooperation with the School of Education, Indiana University, USA. It is the pioneer
Institute in Pakistan for advanced studies in the field of Education. It enjoys the status of the
premier and prestigious Institute of Education in the country. The major aims and
objectives of the Institute include; (a) to provide and promote facilities for advanced study
and research in education. (b) to provide teaching, training and\guidance.n order to prepare
candidates for the Master's M.Phil and Ph.D. in Edueation degree of the University, and
such other diplomas in Education, (c) to provide opportunities.for professional educators to
improve their knowledge and ability through summer and evening classes, short courses,
seminars and other means. (d) to conduct research in several branches of education, publish
the results of such research, and act as an educational.informational dissemination center
and (e) to render other services to educational<institutions at all levels as and when
necessary (1ER 1996).

2. BS-5750/1SO-9000 AND PRODUCT QUALITY

The 'product’ of the IER, University of Punjab, Lahore is defined as student learning
experiences, or as some form of added value to the student. It is likely that the same process
and procedure will be“included in the quality system and that the purpose of the quality
system will be to_improve the institution's effectiveness and consistency in delivering its
products. Hingley and Sallis-(1991) state that BS-5750 sets the standard for the system, not
the standard which anninstitution should be achieving. The institution customer (parents or
Government) is the judge of standards and that customers and potential customers will
demand high standards.

There is no doubt that the process of installing BS-5750/1S0-9000 at the Institute of
Education and Research would result in considerably improved internal services, but it, as
yet, unproved that these administrative improvement have materially affected the quality of
the student learning experience. (Storey, 1994). This would be because documented
procedure is not yet adopted as required under 1SO-9000. It involves financial resources
and time at the institute. It will put extra work load on the academic staff.

ISO-9000 installs a quality system and monitors it through inspection. The process
would result in an improved and cost - effective product.

“Published in Pak. J. Statist. (1997), Vol. 13(2).
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3. BS-5750/1S0-91100 IN EDUCATION

The Institute of Education and Research, Punjab University Lahore claims to produce
competent teachers who are back bone of schools. On installing BS-5750, it can achieve
quality culture, technique improvements, facts based decision-making and a real staff
commitment to parents satisfaction and belief that the Institute is parent-and research-
orientated.

To achieve the objectives through the currently used tool of TQM and 1S0-9000, it is
necessary to understand some of its components/clauses.

3.1 Responsibility and Authority (Clause 4.1)

The responsibility, authority and the interrelation of all personnel who manage, perform
and verify work affecting quality arc to be defined. This is a key requirement for the
Institute. It defines the responsibility and authority of staff. The most difficult is the area of
‘interrelation’. The Institute has the following traditional, hierarchical management
structure.

3.1.1 Job Titles and Job Descriptions

Staff generally has a rough idea of what their job titles are but because, in many cases,
their jobs had changed since their original appointment.they had not usdally had an updated
job description. Accurate and precise job titles illustrate job description but in 1ER, a
lecturer has to perform three fold duties of administration, teaching and research.

3.2 Management Review (Clause 4.1.3)

The Management Review Team (MRT) which.may consist of the Dean, the Director of
the Institute, Head of Departments, the finance'and personnel Services Managers and the
Head of the Quality Assurance Unit, is formed to meet the requirement of clause 4.1.3 of
the Standard. The MRT has two routine functions: it receives and considers the reports of
quality system, normally reflected in the .Quality Manual, a new generic procedures. The
whole point of management review isithat the individual or group has the power to make
necessary changes to the quality system.,

3.3 Quality System (Clause4.2)

The Institute ‘with all=its ‘traditional and structural growth has not established a
documented quality ‘system. It is essential to set up a quality manual which provides
directional intent of its work-force; prepare quality assurance procedural details; and
describe job description for search of excellence in teaching and learning.

3.4 Contract Review (Clause 4.3)

The Institute of Education and Research (IER) provides services to general schools and
their students. It also provides services to Government of the Punjab for:

i) teaching special courses to their nominees;

ii) conducting research on behalf of Governments.

Contracts arc made between IER and Government Departments on individual projects.
The contracts arc documented and maintained by IER Director. Contracts arc reviewed by
Director and his concerned faculty who are involved in the specific project. Contracts can
be changed if both IER and the Government agree to the changes.
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3.5 Document and Data Control (Clause 4.5)
IER shall establish procedures for documents and data control.

3.6 ldentification and Traceability of Student Learning Experiences (Clause 4.8)

This is the most difficult clause of the system. First, it is necessary to identify student's
level of learning at a particular point of time during his studies and second to trace subject
matter of the course material. Suppose a teacher is covering course material which is to be
completed at the end of 4 months period. It is not difficult to find the proportion of course
material completed at the end of second month but it is difficult to assess how much
students have grasped the material, though it is roughly assessed through mid-term
examination. Some procedures need to be developed for identification and traceability of
the teaching and research activities at a particular point of time during an academic year.

3.7 Process Control (Clause 4.9)
In academic activities, control of teaching, learning and research process is not easy. An
institution has to develop:
a) Documented procedure defining the manner of teaching, learning and research,
where absence of such procedures would adversely affect its quality.
b) Aids, equipments and working environment.
c) Methods of checking or measuring the compliance of documented procedures
d) Criteria for holding positions in the three categories..of teaching, learning and
research.
e) Methods of monitoring and control of teaching, learning and research parameters.

3.8 Inspection and Testing (Clause 4¢10)

The institute shall establish and maintain, documented procedures for examinations,
assignments, quizzes, projects etc. incorder ito verify that teachers and students have
achieved the specified level.

Tests and interview can be held at the time of appointment of teachers and admission of
students to specify a particularlevel at the time of entrance to IER.

Similarly, testgassignments, quizzes etc. can be administered during the academic year
to judge the teacher’s,and student’s achievements.

At the end of an academic session, an examination can be administered whether
students have achieved a specified level. Students can be graded, either passed, passed with
concession or failed. Some may be reprocessed or may go through a part of the process to
achieve a specified level.

3.9 Control of Examination, Test and Results Instruments (Clause 4.11)
Proper control and security of examination and test papers, result records have to be
maintained.

3.10 Corrective and Preventive Actions (Clause 4.14)

The Institute has to define parameters of a non-conformity and develop and maintain
corrective and preventive measures. Details of the nonconformity parameters have to be
worked out and for each parameter, corrective and/or preventive action defined.
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3.11 Maintenance of Quality Records (Clause 4.16)
Records of all activities of students and teachers have to be maintained to verify its
conformance to required level of excellence.

3.12 Internal Quality Audit (Clause 4.17)
This audit is also not very easy in the sense that teachers are allergic to their checking
by their colleagues. However, internal audit of students performance can be carried out.

The institute has to establish and maintain documented procedures for auditing. It
demonstrates the effectiveness of the system that is being installed in the institution.

3.13 Training (Clause 4.18)
From time to time, teachers are to attend refresher courses and participate in national
and international seminars and conferences as a part of their training.

Institute shall have to keep the training records.

4. FUTURE DIRECTION

A comprehensive study is essential to document the IER activities and follow the
procedures adopted by its faculty and staff. Quality Manual and procedures may be written
documenting ways and means of implementing and monitoring proposed quality system.
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ABSTRACT

In practice, a multiple number of items as a group can be tested simultaneously in a
tester. This study deals with a group acceptance sampling plan under the truncated life
test assuming that the lifetime of an item is distributed as Gamma with known shape
parameter. The plan parameters such as the number of groups@nd the acceptance number
will be determined by satisfying the consumer’s and producer’s risks at the specified ratio
of true average life to the specified life, termination time and.the number of testers. The
tables are constructed and results are explained with examples.

KEY WORDS

Group acceptance sampling; Consumer’s risk;, Operating characteristics; Producer’s
risk; Truncated life test

K INTRODUCTION

In practice, testers accommodating multiple items are available, where more than one
item can be tested simultaneously. Itemsyin a tester can be regarded as a group and the
number of items in a group is called as the group size. The acceptance sampling plan
based on these groups‘of.items will be called a group acceptance sampling plan (GASP).
The GASP is used to test'the items'in a group simultaneously and therefore it can be used
to save the time of experiment and cost as compared with the test in which a single item
is put on test in a tester. If the GASP implemented on the truncated life test we may call it
a GASP based on truncated life test when a lifetime of a product is assumed to follow a
certain statistical distribution. In this type of tests, determining the sample size is
equivalent to determining the number of groups. This type of testers is frequently used in
sudden death testing. The sudden death tests are discussed by Pascual and Meeker (1998)
and Vlcek et al. (2003). Recently, Jun et al. (2006) proposed the sudden death test under
the assumption that the lifetime of items follows the Weibull distribution with known
shape parameter. They developed the single and double group acceptance sampling plans
in sudden death testing.

The acceptance sampling plans based on truncated life test having single-item group
using the different statistical distributions have been developed by many authors. For

“Published in Pak. J. Statist. (2009). VVol. 25(3).
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example, one may refer to Epstein (1954), Goode and Kao (1961), Kantam and Rosaiah
(1998), Kantam et al. (2001), Baklizi (2003), Rosaiah and Kantam (2005), Rosaiah et al.
(2006), Tsai and Wu (2006), Rosaiah et al. (2007), Aslam (2007) and Balakrishnan et al.
(2007). In these plans, the sample size is usually determined which satisfies the
consumer’s risk only and used the single point on the OC curve, so it may not always
satisfy the producer’s risk. More recently, Aslam and Jun (2009) proposed the group
acceptance sampling plan based on truncated life test when the lifetime of an item
follows the inverse Rayleigh or log-logistics distribution. Again in their paper, they used
the single point approach on operating characteristics OC curve to find the design
parameter (number of groups) which satisfies only the consumer’s risk.

Two risks will be attached with the current GASP. If a good lot is rejected on the
basis of the information from the sample, it will be a wrong decision and the probability
of committing this wrong decision is called the producer’s risk. If the bad lot is accepted,
then this probability is termed as consumer’s risk. The purpose of a well design
acceptance sampling plan is to minimize the both risks, which is called the two point
approach. The two point approach on the OC curve for designing the variable acceptance
sampling plans has been adopted by Fertig and Mann (1980), Balasooriya et al. (2000),
and Balamurali and Jun (2006).

The purpose of this paper is to propose a GASP based on truncated life tests when the
lifetime of a product follows the gamma distributionswith..known shape parameter.
Further, we obtain the number of groups and the acceptance number simultaneously for
given values of both risks using the two' point,approach. The rest of the paper is
organized as follows: The proposed GASP ‘along with the operating characteristics is
described in Section 2. The results and’canclusion are given in Section 3.

2. THE GROUP ACCEPTANCE SAMPLING PLAN (GASP)

Let p represent the trug average life'of a product and p, denote the specified life. A
product is considered as good and accepted for consumer’s use if the sample information
supports the hypothesisiH, @ > ug: otherwise, the lot of the products is rejected. In

acceptance sampling.schemes, this hypothesis is tested based on the number of failures
from a sample in a'pre-fixedtime. If the number of failures exceeds the action limit ¢ we

reject the lot. We williaccept the lot if there is enough evidence that p>p, at certain
levels of both risks. Let us propose the following GASP based on the truncated life test:

1) Select the number of groups g and allocate predefined r items (r will be called
as group size) to each group so that the sample size for a lot will be n=gr.

2) Select the acceptance number (or action limit) ¢ for a group and the experiment
time t,.

3) Perform the experiment for the g groups simultaneously and record the number of
failures for each group.

4) Accept the lot if at most ¢ failures occur in each of all groups. Truncate the
experiment if more than c failures occur in any group and reject the lot.
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It is important to note that the single sampling plan based on truncated life tests is a
special case of our proposed GASP. The GASP reduces to the single sampling plan if
r =1, when n=g . The purpose is to find the actions limit ¢ and the number of groups g
which satisfy both the consumer’s and producer’s risks at the same time, whereas the
group size r and the termination time t, are pre-assigned.

Suppose that the lifetime of an item or a product follows a gamma distribution with
known shape parameter. The cumulative distribution function (cdf) of gamma
distribution for integer value of y (shape parameter) and scale parameter 6 is given by

ERL
FT(t,e)=1—Vzl e e(t/e)‘/j!, t>0. (2.2)
j=0

If the shape parameter is not known, an estimated value from failure data can be used.
In practice, the shape parameter for a particular type of items is usually known from the
past engineering knowledge. Note that y =1 corresponds to an"exponential distribution.
Note also that the cdf depends on the scale parameter 6_only through t/6. The mean
life of gamma distributed products is given by

n=y0. 22)

If the lot size is large enough and decision about the lot lies in two categories (accept
or reject), we can use the binomial distributionito, develop:GASP. For more justification
one may refer to Stephens (2001). According to .GASP. the lot of products is accepted
only if the number of failures are lesssthan or equal to ¢ in each of g groups. So, the lot
acceptance probability will be

C . . g
L(D)Z{%[:J p'@- p)“} : (2.3)

where p is the probability thatian.item in any group fails before the termination time t; .
It would be convenient:to.determine the termination time t, as a multiple of the specified
life py. That is, we will consider t, = ap, for a constant a and p is given by

Loar j
p=F (to)=1- S e W [iJ /]! (2.4)
j=0 [T

The ratio (u/uo) of the true average life p to the specified life p, is called the

quality level of a product. As mentioned earlier, two risks are associated with GASP. If a
product is good and is accepted on the basis of sample information, it is a right decision
to accept the product. If the information obtained from the sample supports the
hypothesis H; : < pg (that is, the product is bad), we will reject the lot, which is also a
right decision. If a good lot is rejected, this will be a loss to a producer, while on the other
hand if bad lot/product is accepted it will be a loss to the consumers. The probability of
rejecting a good lot is called the producer’s risk o and the probability of accepting a bad
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lot is termed as the consumer’s risk . The consumer demands that the lot acceptance
probability should be smaller than the given value of  at a lower quality level especially
at the level when the true average life p is equal to the specified life p,. On the other
hand, a producer desires that the lot rejection probability should be smaller than the
specified o at a higher quality level (the ratio u/p, >1). As in GASP, the sample taken
from the lot is distributed into different groups therefore it provides the tight inspection of
the items taken from the lot than the ordinary acceptance sampling plan approach. The
GASP is helpful to reach a good decision about the product (to minimize the both risks).
Therefore, the purpose of this study is to develop the GASP based on truncated life test
which can be used to control the producer’s and consumer’s risks simultaneously. The
proposed two-point approach is to determine the number of groups and the acceptance
number that satisfy the following two inequalities simultaneously.

L(plpn/po=1) <P (2.5)
L(plu/po=1)21-a, (2.6)

where r, and r, are the mean ratios that will be specified at the, consumer’s and
producer’s risks, respectively. Larger mean ratio represents a higher‘quality requirement.
Usually, =1 is adopted. Let p, and p, be the failure probabilities corresponding to

consumer’s and producer’s risks, respectively. Then, the design parameters can be
determined through the following inequalities.

i=o\ 1

g9
L(Dl){Z(.r]P{(l— pl)r_i} <B (2.7)

g
L(p,) {Z(.rjp‘z(l— pz)“‘} >1-a, (2.8)

i=o\ |

The design parameters in terms of integers can be found by using a search, which can
be implemented easily‘on:an Excel sheet.

3. DESCRIPTION OF TABLES AND EXAMPLES

The number of groups and the acceptance number are found using (2.7) and (2.8) and
presented in Tables 1-2. The design parameters of GASP are found at the various values
of the consumer’s risk ($=0.25, 0.10, 0.05, 0.01) when r, =1 and 5% of the producer’s

risk when the true mean is r, (=2, 4, 6, 8, 10) times p, . Two levels of group size

(r=5, 10) and two levels of the test termination time multiplier (a=0.5, 1.0) are
considered. We consider two values of the shape parameter of the gamma distribution:
y=2 in Table 1 and y=3 in Table 2. Other choices can be easily employed in a similar
fashion. It should be noted that if one needs the sample size, it can be obtained by
n=rxg.

Table 1
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Minimum number of groups and acceptance number for GASP when y =2

r=5 r=10

B | pu/po=n a=0.5 a=1.0 a=0.5 a=1.0

9 c|L(p) | 9 c|Llp)|9]c|Llp)|9]c|Lp)
2 721 3]09781 (19| 4|09758| 5| 3 |0.9563| 4 | 6 | 0.9804

4 311109802 2|2|09873| 1|1 ]09726| 1| 3|0.9911

0.25 6 311109955 |1|1|09818| 1| 1]0.9935| 1| 2|0.9916

8 1(0(0946| 1|1]09933|1|1|09978| 1| 1|0.9726

10 1(0(09768| 1|1]09970| 1| 0|09542| 1| 1|0.9874

2 119 31 0.9641 | 30| 4 | 0.9621 | 23| 4 40.9768| 6 | 6 | 0.9708

4 511109672 3|2|09810| 4 {*2 (09923} 1 | 3| 0.9911

0.10 6 511(09925| 1|1|{09818| 2| 109870 1 | 2| 0.9916

8 511]09975| 1|1{09933|(2| 1]0995| 1| 1]0.9726

10 210109542 | 1|1|099709»1 | 0 0.9542| 1| 1|0.9874

2 155| 3| 0.9535 0* | * E 30| 4 109698 | 7 | 6| 0.9660

4 6 |1]09607 3| 2|09810| 5| 209903 2| 3|0.9823

0.05 6 6 11099102 |1|{0939| 2| 109870 1| 2| 0.9916

8 6 | 1, 0199694 2 | 109867 2| 10995 1| 1]0.9726

10 2 709909542 2 1({09970| 1| 009542 1|1 |0.9874

2 - @ - il * 46| 4 | 0.9541 | 27| 7 | 0.9832

4 3712]09934| 5|2]09685| 7| 2|09865| 2 | 3|0.9823

0.01 6 10/ 1109850 (| 2| 1(09639| 3| 1|0.9806| 2| 2|0.9832

8 10/ 1109949 2| 1|09867| 3 | 109933 1| 1|0.9726

10 1011109978 2| 1(09941| 3| 1]09971| 1| 1)|0.9874

Note: The cells with hyphens (-) indicate that g and ¢ are found to be large.
The cells with hyphens (*) indicates that g and ¢ can not satisfy the conditions.
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Table 2
Minimum number of groups and acceptance number for GASP when y =3
r=5 r=10
B u/ko=r, a=0.5 a=1.0 a=0.5 a=1.0

9lc| Lp)| 9]c|Llp)| 9|c| Llp)|9]c| Lip)

2 271 2|09833| 4| 3|09776| 4 | 209745 | 1| 4| 0.9727

4 51109978 1|1|09849| 2 | 1(09962| 1| 2| 0.9936

0.25 6 21009786 | 1| 1]09980| 1| 0|09786| 1| 1] 0.9914

8 210]09905|1|0]0972| 1|0|09905| 1| 1]0.9981

10 210]09950| 1|0]09821| 1|0|0990| 1| 0| 0.9646

2 4412109729 | 7 | 309611 | 7 |2 | 0.9558 | 3 | 5| 0.9850

4 91109961 2|1|097004=3 | 1109942 1 | 2 | 0.9936

0.10 6 310(09681| 2| 109960 290 (09576 | 1 | 1| 0.9914

8 310]0988| 1|0/(0972| 21°0|09811| 1 | 1| 0.9981

10 310]09925| 17170 | 09821 | 2 | 0| 0.9900| 1 | 0| 0.9646

2 57| 2109650 9 43| 0.9502 | 27| 3|0.9875| 4 | 5| 0.9800

4 111 109952 | 2 |"2[ 09700 4 | 109923 | 1| 2 | 0.9936

0.05 6 310/09681| 2| 1(099%0| 2| 0]09576| 1| 1|0.9914

8 39n0,(.09858 | 1 | 009672 2| 0|09811| 1| 1| 0.9981

10 310]099%25|1|0]09821| 2| 0|09900| 1| 0| 0.9646

2 - - - 70| 4109823 |42| 309807 | 6 | 5| 0.9702

4 171 1109926 | 3 | 1| 0.9553| 6 | 1|0.9885| 2| 2| 0.9872

0.01 6 171 1109992 3 | 1|09940| 6 | 1|09988| 1| 1| 0.9914

8 5/0(09764| 3 |1|09987| 3| 0(09717| 1| 1| 0.9981

10 51009975 2 | 0|09646| 3 | 009850 | 1 | 0| 0.9646

Note: The cells with hyphens (-) indicate that g and c are found to be large.
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In these tables, note that, as the ratio r, increases, the number of groups and the

acceptance numbers decrease at the same time. We need a smaller number of groups if
the termination ratio increases at a fixed group size. For an example, from Table 1, if a
changes from 0.5 to 1.0 for r=5, the number of groups has been changed from g =72 to

g =19 when r,=2. It is also noted that when r,=2 we found high values of g and c at

some conditions, and we cannot find them to satisfy the conditions given in equations
(2.7) and (2.8) in some cases. It is observed that the number of groups tends to decrease
as y increases, r increases or a increases. However, the trend is not monotonic since it

depends on the acceptance number as well. The probability of acceptance for the lot at
the mean ratio corresponding to the producer’s risk is also given in Table 1 and Table 2.

Suppose that the lifetime of a product follows the gamma distribution with shape
parameter of 2. It is desired to design a GASP to test that the mean life is greater than
1,000 hours and manufacturer wants to run an experiment for 500 hours using testers
equipped with 5 products each. Let us assume that the produger’s risk is 5% when the
true mean is 4,000 hours and the consumer’s risk is 25% when the true mean is 1,000
hours. Since y =2, B=0.25, r=5, a=0.5 and r, =4 for this_example, the minimum

number of groups and acceptance number can be found as g =3 and<e =1 from Table 1.

This indicates that a total of 15 products are needed and that 5 products are allocated to
each of 3 testers. We will accept the lot if no more than 1*failure occurs before 500 hours
in each of 3 groups. For this proposed sampling plan the /probability of acceptance is
0.9802 when the true mean is 4,000 hours.

44CONCLUSION

We proposed a group acceptance,sampling plan based on a truncated life test under
the assumption that the lifetime of a productfollows the gamma distribution with known
shape parameter. The two-point approach was adopted for determining the design
parameters such as the.number of groups and the acceptance number. This GASP can be
utilized when a multi-item is‘adopted for a life test and it would be beneficial in terms of
test time and cost.because agroup of items will be tested simultaneously.

Our proposed approach can be easily applied to some other underlying lifetime
distributions and may be extended to develop a related sampling plan.
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ABSTRACT

A new conditional variables sampling plan called 4multiple dependent state
(or deferred state) sampling plan, is proposed for a failure<censored life testing when the
lifetime follows a Weibull distribution with known shape parameterd In the proposed
sampling plan, acceptance or rejection of a lot is basedinot only,on.the sample from that
lot, but also on sample results from past lots or from future lots. The design parameters of
the proposed sampling plan are determined by the two-pointapproach considering the
consumer’s and the producer’s risks at the specified acceptable reliability level and the
lot tolerance reliability level, respectively. It was found that the proposed plan reduces
the sample size required when compared.with a variables single sampling plan.

INDEXED TERMS

Acceptable reliability level;” Conditional sampling plan; Consumer’s risk; Lot
tolerance reliability level; QC curve; Producer’s risk; Sampling by variables

1<INTRODUCTION

A manufacturer oftproducts performs a life testing whether the quality level of their
products meets the customer’s requirements such as the minimum lifetime or reliability.
In most life testing a common restriction is the duration of the total time spent on testing.
In order to reduce the test time of the experiment, many types of censoring schemes such
as type-l (or time-censored), type-1l (or failure-censored), mixed of type-1 and type-IlI,
and progressive censoring are usually adopted.

Although various sampling plans including single, double and sequential plans are
available for normally distributed quality characteristics (see Schilling, 1982), most of
plans for a life testing are based on the single sampling plan. A single sampling plan
based on a failure censored (type-Il) or a time censored (type-1) scheme has been usually
adopted for a life testing. Fertig and Mann (1980) and Schneider (1989) developed
failure-censored sampling plans under a Weibull distribution having unknown shape

“Published in Pak. J. Statist. (2010), Vol. 26(3).
385
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parameter. Their approach is to utilize the extreme value distribution and the maximum
likelihood estimation. As a result, designing a sampling plan is quite complicated for
being used in practice. Jun et al. (2006) proposed the single and double sampling plans
for a Weibull distribution with known shape parameter under a sudden death testing.

In this study, we propose a new conditional variables sampling plan for a failure
censoring scheme under a Weibull distribution having known shape parameter. Weibull
distributions are popularly adopted as a life distribution since the real failure data are
known to fit these distributions quite well. The assumption of known shape parameter in
a Weibull distribution sometimes makes theoretical statisticians uncomfortable but it
enables us to design various more efficient sampling plans. This assumption is not
unrealistic because an estimate of the shape parameter can be readily available in practice
from the past failure data and engineering experience.

The concept of multiple dependent (or deferred) state (MDS) sampling was
introduced by Wortham and Baker (1976). The MDS plan is applicable to a continuous
process where lots are submitted for inspection serially in the arder of production. In this
procedure, acceptance or rejection of a lot is based not only‘on the sample from that lot,
but also on sample results from past lots (in the case of dependent state sampling) or from
future lots (in the case of deferred state sampling). So, the MDS plan has an advantage
over the ordinary sampling plan in terms of the minimum, sample size. The operating
procedure and characteristics of the attributes MDS; sampling plan can be found in
Wortham and Baker (1976), Vaerst (1982), Soundararajan and Vijayaraghavan (1990),
and Balamurali and Kalyanasundaram (1999). More recently, Balamurali and Jun (2007)
developed a variables MDS plan for normal distributions with known or unknown
standard deviation. The basic advantagerof a ‘variables sampling plan is that the same
operating characteristic curve cane obtained, with a smaller sample size as compared to
an attributes sampling plan. Thereforevariables sampling plans are more economical than
attributes sampling plans interms of the.cost and time. However, there are no studies on
variables MDS plans for a reliability testing.

In this paper, a variables MDS sampling plan will be proposed for a failure-censored
life testing under a Weibulldistribution. The sampling plan will be described in Section 2
and the method ‘of determining the design parameters will be explained in Section 3.
Some comparisons are made in Section 4 and Section 5 concludes with remarks.

2. VARIABLES MDS SAMPLING PLAN

Suppose that the quality characteristic of interest is the time to a failure and that it
follows a Weibull distribution with known shape parameter m and scale parameter A such
that the cumulative distribution function is given by

F(x)=l—exp(—(kx)m), x>0 (2.1)
Also, it is assumed that there is a lower specification L so that an item having the

life smaller than L is regarded as non-conforming. The fraction non-conforming
(or unreliability at time L) is obtained by
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p:1—exp(—(xL)m) 2.2)

As mentioned in Balamurali and Jun (2007), the following assumptions are valid for
the proposed MDS plan:

i) Lots are submitted for inspection serially in the order of production from a process
having a constant proportion non-conforming.

ii) The consumer has confidence in the supplier and there should be no reason to
believe that a particular lot is poorer than the preceding lots.

Let us consider the following procedure for multiple dependent state (MDS) sampling
plan:

1) Draw a random sample of size n from a lot.

2) Put n items on test and perform testing until r (<n) failures are observed by
recording X, the i-th failure time (i=1,...,r).

3) Calculate the quantity
r
v:_zlx('}‘)+(n—r)x('p). (2.3)
i=

4) Accept the lot if v>k,L™ and reject the lot if v.<k L". If kL™ <v<k,L", then
accept the current lot provided that the preceding g lots were accepted on the

condition that v >k, L™ but rejectthe lot, otherwise.

In the above plan, k, and Kk.»are parameters related to the lot acceptance and

rejection, respectively, wheréas L™ is constant. We use the acceptance constant in the
form of k,L™ for the mathematical convenience when deriving the lot acceptance
probability. Thus, the proposed MDS plan is characterized by three parameters, namely
r, k, and k, when g is specified. The value of g can be chosen by considering the data
availability. If k, =k, , then'the proposed plan is reduced to an ordinary variables single

sampling plan. The sample size n can be chosen from the parameter r by considering
the degree of censoring (Schneider, 1989) and the test time. In general, the test time
decreases as the sample size increases. In a multiple deferred state sampling, the
forthcoming g lots will be considered for acceptance of the current lot, so accept or reject
decision is effectively postponed. But the mechanism is same as the proposed MDS
sampling plan.

3. DETERMINATION OF DESIGN PARAMETERS

The design parameters of the proposed sampling plan can be determined by the
two-point approach as in Fertig and Mann (1980). In this approach, its operating

characteristics (OC) curve passes through two points (p;,1—c) and (p,,B), where p,
is the acceptable reliability level (ARL), p, is the lot tolerance reliability level (LTRL),
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o is the producer’s risk and B is the consumer’s risk. A producer wants that the

probability of acceptance of a lot should be at least (1—a) when the fraction non-

conforming is at ARL and a consumer demands that this probability should not be greater
than B when the fraction non-conforming is at LTRL.

Now, the OC function of the variables MDS sampling plan for a given lot quality p is
obtained by

L(p)= P{vz kaLm}+P{erm <v< kaL"‘}[P{vz kaLm}Jg (3.1)

Note that v follows a Gamma distribution with parameters (r,xm) and that the

quantity 20.™v follows a chi-square distribution with degree of freedom 2r (Jun et al.
2006). So, (3.1) can be rewritten by

L(p)={L-Gy (2k,w)} [1+{G2r (2k,W) -Gy (2K, W) I G, (2kaw)}g_1} (3.2)

where G, is the distribution function of a Chi-square random variable with degree of
freedom gand w is given by

W=(7\.L)m =-In(1-p) (3.3)

We will determine the design parameters.(r4 K, 3»k, ) by the two-point approach
described earlier when ¢ is specified. Several values of g were considered when
constructing the tables. So, the followingtwo inequalities should be considered:

L(p)21-o (3.4)

L( pz) <B (3.5)
or
{l_GZr (2kawl)} [1+{G2r (Zkawl)_GZr (Zkrwl)} {1_GZr (2kawl)}gilj| 21-a
(3.6)

{1-Gy, (2|<aw2)}[1+{c32r (2ka W, )Gy (2K, W, )} {1-Gyp (2K W, )}g’l}gﬁ (3.7)

Values of parameters (r,ka,kr) can be determined by a simple search in an Excel
sheet for given values of (g, Pis pz) . These design parameters for variables MDS plans
are presented in Table 1 for g=1, 2, 3 according to different combinations of ARL (pl)

and LTRL (p,) when 0=0.05 and {=0.10. The values of p, were chosen as 2 p;,
5p;, 10 p;, 15 p;, 20 p; and 30 p; until reaching 0.5 at maximum.
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Table 1
Variables MDS sampling plans indexed by ARL and LTRL

Py P, g=1 g=2 g=3
@R LR | r [k [k [ r[k[k | |k|k
0001 | 0002 | 11 8249 4570 | 11 7778 3699 | 12 8301 4700

0.005 3 1107 777 3 1067 750 3 1063 712
0.010 2 392 352 2 388 351 2 388 348
0.015 1 184 26 1 157 14 2 258 257
0.020 1 130 40 1 116 35 1 115 26
0.030 1 81 48 1 77 47 1 76 45

0.005 | 0.010 11 1635 959 | 11 1549 800 | 12 1653 988
0.025 3 219 155 3 212 150 3 211 143
0.050 2 77 70 2 76 70 2 76 69
0.100 1 25 8 1 23 7 1 22 5
0.150 1 15 9 1 15 9 1 15 9
0.010 | 0.020 11 830 360 | 11 770, 428 | 42 823 505
0.050 3 108 77 3 105 75 3 104 72
0.100 2 38 35 2 37 35 2 37 35
0.200 1 12 4 1 11 3 1 11 1
0.300 1 7 4 1 7 4 1 7 4
0.050 | 0.100 11 153 ¢ 107/ =il 149 45 12 158 114
0.250 2 17 1 2 14 1 3 19 15
0.500 2 7 6 2 6 5 2 6 5
0.100 | 0.200 10 68 43 10 65 38 11 70 45
0.500 2 7 1 2 6 2 2 6 1

It is seen that for. a fixed value of ARL, the values of r and k, decrease as LTRL
increases, but there is no, specific trends in values of k, . It is also observed that design
parameters remain similar according to a different value of g when LTRL>>ARL. It

should be noted that the above table can be utilized independently of the shape parameter
of a Weibull distribution.

Example 1:

Suppose that a certain type of bearing is regarded as conforming if its lifetime is
greater than 10 (thousand cycles). For the decision of a lot acceptance the manufacturer
wants to use the MDS sampling plan with g =1. The lifetime of a bearing is known to

follow a Weibull distribution with m=2. The ARL is selected as 0.01 at which the

producer’s risk is 5 percent and the LTRL is selected as 0.05 at which the consumer’s
risk is 10 percent. The design parameters for this example are obtained from Table 1 as
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r=3, k,=108 and k, =77. The MDS sampling plan operates as follows. When the

degree of censoring is chosen as 0.5, six bearings out of a lot will be put on test initially
and three failures will be observed. Suppose now that three failures were observed at
12.7, 19.5, and 25.2. The test is terminated at the last failure. The quantity v in (2.3) is
calculated by

v=(12.7)° +(19.5)° +(25.2)* +3(25.2)* =3081.7
which is smaller than k L™ = 77(10)2 =7700. So, the lot will be rejected.

Example 2:

Consider Example 1 again. Suppose now that the same three failure times were
observed if 15 bearings had been put on test (In reality, the failure times should be
different according to the sample size initially put on test). Then, the quantity v in (2.3) is
calculated by

v=(12.7)° +(19.5) +(25.2)* +12(25.2)" =8797.06

which is larger than k L™ =77 (10)2 =7700 but smaller than kL™ =108(1O)2 =10800.

So, the current lot will be accepted if the preceding one lot'hastbeen accepted but rejected
otherwise.

4. COMPARISON OF PLANS

Under a failure censoring scheme, a plan.requiring a smaller number of failures to be
observed would be better if other conditions remain the same. So, it may be meaningful
to compare with plans in terms of the number of failures to be observed. Table 2
summarizes the number of failures to.be abserved under the MDS plan with different g

and under the variables,single sampling plan.
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Table 2

391

Comparison of number of failures in each plan
b, 0, MDS with | MDS with | MDS with Variab_les single
g=1 g=2 g=3 sampling plan
0.001 | 0.002 11 11 12 19 (12437)
0.005 3 3 3 4 (1333)
0.010 2 2 2 3(530)
0.015 1 1 2 2 (258)
0.020 1 1 1 2 (193)
0.030 1 1 1 2 (128)
0.005 | 0.010 11 11 12 19 (2464)
0.025 3 3 3 4 (264)
0.050 2 2 2 3(104)
0.100 2(37)
0.150 2 (24)
0.010 | 0.020 11 11 12 19 (1226)
0.050 3 3 4 (131)
0.100 2 2 2 (51)
0.200 2 (18)
0.300 2 (11)
0.050 | 0.100 11 11 12 18 (225)
0.250 2 2 3 4 (24)
0.500 2 2 2 2 (6)
0.100 | 0.200 10 10 11 17 (101)
0.500 2 2 2 4 (10)

(note) The number in parenthesis is the acceptance parameter of the variables
single sampling plan.

It is seen that the number of failures for the MDS plan does not much vary according
to the value of g and that it is smaller than that for the variables single sampling plan.

Obviously, the number of failures decreases as the value of p, increases. However, it
seems that r does not depend on the value of p; as long as the ratio of p,/p, remains
the same. It is observed that r =1 when the ratio p,/ p, > 20. It is interesting to see that
r for the MDS plan with g =1 is same for that with g =2 and that k, for the MDS plan
with g =1 is smaller than k, for the MDS plan with g =2. This may be interpreted as
follows: the MDS plan with g =2 requires shorter failure times than the MDS plan with
g =1 because the former considers one more preceding lot than the latter.
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It was found that the operating characteristics of the MDS plans with three values of
g considered here are quite similar to each other although the results were not included

here. In this regard, the MDS plan with g =1 can be recommended for use in practice. It

was also found that variables single sampling plans having the same r do not meet the
producer’s risk at the ARL or consumer’s risk at the LTRL.

5. CONCLUDING REMARKS

A MDS sampling plan by variables was proposed for a failure-censored life testing
when the lifetime of an item follows a Weibull distribution with known shape parameter.
The design parameters were determined by the two-point approach considering the
consumer’s and producer’s risk simultaneously, which are not dependent on the shape
parameter as long as the ARL and the LTRL are specified. It was found that the MDS
plans do not much differ by the number of preceding lots in terms of the number of
failures to be observed and the operating characteristics. When compared with variables
single sampling plans, the proposed MDS plan requires smaller-number of failures to be
observed.
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ABSTRACT

In this paper, we propose a designing methodology to determine the parameters of a
skip-lot sampling plan using two points on the operating«Characteristic curve. The plan
parameters are determined so as to minimize the averagehsample number subject to
satisfying simultaneously the producer’s and consumer’s risks at'the acceptable and
limiting quality levels respectively. Tables are constructed @nd the results are compared
with the single sampling plans.

KEY WORDS

Binomial sampling; Consumer’sfrisk; Producer’s risk; Single sampling; Skip-lot
sampling.

1. INTRODUCTION

Dodge (1955) introduced the concept of skip-lot sampling by applying the principles
of continuous sampling, plan, CSP-1 (Dodge, 1943) to a series of lots or batches of
material. This plan is designated as SkSP-1 plan and is specifically applicable for bulk
materials or products‘produced. in successive lots. Skip-lot sampling means that a fraction
of the submitted lots,is inspected for acceptance or rejection of the lot. The skip-lot
sampling is very effective in reducing the cost and time of the inspection on products that
has an excellent quality history. For more details about the skip-lot sampling one can
refer Schilling (1982), 1ISO 2859-3 (2005), Balamurali et al. (2008).

There are situations in practice that each lot to be inspected is sampled according to a
lot inspection plan which is called the reference plan. Based on this, Perry (1973)
formalized the application of skip-lot sampling to the particular kind of situation. This
plan is designated as SkSP-2 plan. But it is to be pointed out that in SkSP-1 plan, no
reference plan concept is used. Perry (1973) has studied the properties of SkSP-2 plan
with single sampling plan as the reference plan. He has also provided operating
characteristics of SkSP-2 plan with some selected parameters.
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Skip-lot sampling is used for sampling chemical and physical processes in order to
bring about substantial savings on inspection of products, which normally conform to
specification. This particular sampling plan is useful when the lots are small or where
inspection is slow and costly. SkSP-2 plan is considered as more reliable than the single
sampling plan in that the required sample size to be inspected can be reduced. Another
advantage of this plan is that we can obtain higher probability of acceptance at good
quality levels than the single sampling plans. An SkSP-2 plan is operated as follows.

Step 1: Start with normal inspection (inspecting every lot), using the reference plan.

Step 2: When i consecutive lots are accepted on normal inspection, switch to
skipping inspection. During the skipping inspection, only a fraction f of the
lots are inspected.

Step 3: When a lot is rejected on skipping inspection, immediately revert to the
normal inspection.

As the fate of a lot under SkSP-2 plan depends on the basis of few items taken from
the lot, there are two risks associated with it. If a good lot.is rejected, then it is called the
producer’s risk. On the other hand, the probability of accepting a bad lot is called the
consumer’s risk. An SkSP-2 plan is considered tobe,a good\planif it minimizes the
average sample number (ASN) at the same time minimizing or at least maintaining the
risks at the corresponding quality levels.

In the literature, there have been no attemptsito determining the design parameters of
a skip-lot sampling plan including the reference plan. Thus the purpose of this paper is to
find the parameters of an SKSP-2 plansusing two=-point approach by minimizing ASN and
satisfying the producer’s and consumer’s risks. A simulation experiment is performed to
find the plan parameters such that both'the risks are satisfied. The design parameters of
the single sampling plan are also determineddy minimizing the ASN subject to satisfying
producer’s and consumer’s risks. Tables are also constructed for the specified quality
levels and results are compared with the single sampling plans in terms of ASN. The rest
of the paper is organized,as: the_design methodology to determine the plan is given in
Section 2. Some.examplesyare given in Section 3. Concluding remarks are given in
Section 4.

2. DESIGNING METHODOLOGY

An SkSP-2 plan with the single sampling plan as the reference plan is characterized
by four parameters namely i, f,n and c. This plan as the reference plan has the
following parameters:

n —the sample size in a single sampling plan.

¢ —acceptance number in a single sampling plan.

i — clearance number.

f —fraction of lots inspected in the skipping inspection mode and in general 0< f <1.

It is to be noted that i must be an integer and for the practical use of this plan, it
would be better to have the value of i between 1 and 10. We have to decide the
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acceptance or rejection of the lot on the basis of results of inspection of a random sample
of size n drawn from the infinite lot. These two assumptions support the application of
the binomial distribution to the operating characteristic values for the SkSP-2 plan. The
lot acceptance probability from a single sampling plan or the reference plan under
binomial model is given by

c(n . nei
P= z(.jp'a— p)"’ (21)
j=0 J

where p is the true quality level.

According to Perry (1973), the operating characteristics (OC) function of SkSP-2 plan
is given by,

fP+(1- )P

: 2.2
f+(-f)P (@2)

P.(p) =

where P is the probability of acceptance under normal inspections It is to be noted that
when f =1, the above OC function of the SkSP-2 plan reduced to the OC function of
single sampling plan as given in (2.1). As we hayvensstated earliers there are two risks
always associated with a sampling plan. The producer wants that the lot acceptance
probability should be at least (1—o) for the producer’s risk « if the process fraction

nonconforming is at the acceptable quality. level. (AQL)"and the consumer wants the
probability of acceptance less than the consumer’s risk of  if the process fraction

nonconforming is at the limiting quality level (LQL).

The two-point approach that uses two points on the OC curve is frequently adopted
for designing a sampling plan‘te®maintain both the producer’s and the consumer’s risks
(See for example Balamurali et al., 2005). We have to determine the parameters of the
SkSP-2 plan by satisfying these risks simultaneously while minimizing the ASN at the
same time. Under AQL of p; and LQL of p,, (2.1) can be written as

c(n : .

R=X (i Jpﬁ (L-p)"! (2.3)
J=

P, = io[i"]pz"(l— p,)"! (2.4)
J=

In the case of the single sampling plan, the parameters n and ¢ are determined such
that the following inequalities must be satisfied.

5 @plj(l— p)" I 21-a (2.5)

j=0

]

c(n) . o
_O(j]pzj(l— )" <P (2.6)
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Similarly, under the conditions of AQL and LQL, the parameters of an SkSP-2 plan
namely i, f,n and ¢ will be determined such that the following inequalities are satisfied.

RA@-HR

P = = > 2.7
()= e (2.7)
P, +(1- )P,

P -2 /2 < 2.8
()= e <P (2.8)

where P, and P, are obtained by using (2.3) and (2.4) respectively.

The ASN of the SKSP-2 plan at the quality level of p is given by

nf

ASN(p)=———— 2.9
(p) f+(@1-f)P @9)

When determining the plan parameters, the use of the4ASN evaluated at the LQL is
recommended because it is larger than the ASN at the AQL.

The optimization procedure to finding the parameters is described below.

Step 1: Find the design parameters (n,c) for the single sampling plan satisfying
(2.5) and (2.6) at the same time.

Step 2: Use the combination of (n;.C) obtained in Step 1 as guess values and find
the design parameters (i, f,n and c) for the SkSP-2 plan by satisfying (2.7)
and (2.8).

Step 3: There may exist a number of combinations of design parameters
(i, f,nandc)in simulation process so pick up those values for which the
ASN at LQL,is minimum-and i is less than 10.

From the simulation_experiment, it is to be pointed out that as the value of i
increases, the ASN decreases. At some particular values of i, there would be no effect on
the ASN. The design parameters for the SKSP-2 plan and for the single sampling plan are
presented in Tables 1 and 2, respectively, when o =0.05 and 3=0.1.
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Table 1
SkSP-2 Plan for Given AQL and LQL
AQL | LOL Optimal Parameters
() | (p2) | i | f | n |c|AsN|Pr(p)% Pag/fz)
0.002 | S |0.001|1985| 1 | 1970 | 9530 | 10.00
0005 | © 0120|777 | 1| 776 | 95.02 | 9.99
0010 | 7 |0.060| 230 | 0 | 230 | 95.02 | 9.91
0.001 0015 | S |0.200| 153 | 0 | 152 | 95.04 9.01
0020 | 5 0328|114 |0 | 114 | 9501 | 10.00
0030 | 3 |0629| 76 |0 | 76 | 9502 | 9.93
0010 | 5 |0.001|39 | 1| 393 | 9535 | 9.98
0025 | 6 |0.010| 91 |0 | 90 4 9506 | 10.00
0.005| 0.050 | S [0.096| 45 |0 | 45 | 9501 4] 9.95
0100 | 4 |0371| 22 | 0 [w22./095.01 | 9.86
0150 | 4 |0.622| 15440 | 15 |/ 9500 | 8.74
0020 | 3 |0.002| 238") 1.4 225 | 9571 | 9.70
0050 | 5 |0.016| 45 |0 |44.97| 9509 | 10.00
001 | 0100 | 4 |0.1224 22| 0 |21.99| 9501 | 9.91
0200 |(2 042314 | 0 |10.89| 9500 | 9.50
0300 |2 |0.708| 7 | 0| 698 | 9500 | 8.49
0.100 |55 10001 | 39 | 1 38.80| 9548 | 9.23
005 | 0:250 |[*37/0.037| 9 |0 |890| 9508 | 852
05005 | 2 |0196| 4 | 0| 394 | 9502 7.73
0,100 0200 | 4 |0003| 19 | 1| 18 | 9506 | 9.75
0500 | 1 |0039| 8 |0 7 95.09 | 9.14

397



398 Chapter-6: Quality Control and Acceptance Sampling

Table 2
Single Sampling Plan for Specified AQL and LQL

AQL LQL Optimal parameters
() (p2) n c
0.002 12375 18

0.005 1135 3

0.001 0.010 531 2
0.015 258 1

0.020 194 1

0.030 129 1

0.010 2478 18

0.025 266 3

0.005 14 050 105 2
0.100 38 1

0.150 25 1

0.020 1235 18

0.050 132 3

0.01 0.100 52 2
0.200 18 1

0.300 12 1

0.100 233 17

0.05 0.250 25 3
0.500 7 1

0.100 0.200 109 16
0.500 12 3

From Table 1, it is clear that, as p, increases (or the quality degrades) for fixed
values of p,, the clearance number of sampling inspection, i, the acceptance number,
¢ and the ASN are decreased in general. We observed the same pattern for the single
sampling plans also. For any combinations of (pl, pz), the ASN of the SkSP-2 plan is
smaller than the ASN of the single sampling plan. For example when p; =0.01 and
p, =0.05, the SKSP-2 requires the ASN of 45 whereas the single sampling plan requires
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the sample size of 132. Similar tables can be constructed for any others values of AQL
and LQL. An Excel program is available with the authors upon request.

Example 1:
Suppose one wants to determine parameters of an SkSP-2 plan from Table 1

according to the conditions given that p, =0.01, p, =0.02, a=0.05 and B=0.10.
From this table, one can find the optimal parameters as i =3, f =0.002, n=238 and
¢ =1 corresponding to the above mentioned AQL and LQL values. ASN of this plan at

LQL is 225 which is minimum. Based on these parameters, the SkSP-2 plan is operated
as follows. The OC curve of this plan is shown in Fig. 1.

Step 1: Start with normal inspection (inspecting every lot), using the single sampling
plan (238, 1).

Step 2: When 3 consecutive lots are accepted on normal inspection, switch to
skipping inspection. During the skipping inspection, 1 lot out of every 500
lots are inspected.

Step 3: When a lot is rejected on skipping inspection, immediately. revert to normal

inspection.
1
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Fig. 1: OC Curves of the Single Sampling Reference Plan and SkSP-2 Plan
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3. CONCLUDING REMARKS

In this paper, we have considered the problem of the optimal design of SkSP-2 plans
based on two-point approach. Tables have been constructed for easy selection and
application of these plans. Sampling plans presented here will have minimum ASN while
satisfying the AQL and LQL conditions at the same time. It has been proved that SkSP-2
plans are better than the single sampling plans in achieving the reduced sample size. The
proposed approach can be applied to any variants of a skip-lot sampling plan to design a
more economical plan.
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ABSTRACT

In this paper, we propose a designing methodology to find the optimal parameters of
skip-lot sampling plan of type V (SKkSP-V) in terms of<reducing the average sample
number. The two-points on the operating characteristic curve .approachqdis used to find the
design parameters of the proposed plan and the reference plan.as«well. The tables are
presented and the results are explained using an example. The advantages of the proposed
plan over the reference plan is also discussed and proved that the SkSP-V is better than
the reference sampling plan in terms of ¢rebability .of «acceptance, average sample
number and average total inspection.

KEY WORDS

Binomial sampling; Consumer’shrisk; Producer’s risk; Single sampling; Skip-lot
sampling.

1. INTRODUCTION

Dodge (1955a) innovated the concept of continuous sampling and provided
mathematical rationalerand.the rules of operation for the first continuous sampling plan
(CSP) familiarly known as CSP-1. Continuous sampling plans can be applied for a
product consisting of “individual units and manufactured by an essentially continuous
process. Later several modifications on continuous sampling plans were proposed and the
resultant plans were designated as CSP-2, CSP-3, CSP-F, CSP-T, CSP-V etc. All these
plans are available in the US military standard MIL-STD 1235C (1988). For more details
about these continuous sampling plans one can refer Stephens (2001).

Dodge (1955b) later presented an extension of continuous sampling plans for
individual units to a “skip-lot sampling plan (SkSP) that is applicable to bulk materials or
products produced in successive batches or lots”, and the plan is designated as “SkSP-1".
One of the basic motivations for this extension is stated as “applied to chemical and
physical analyses, SkSP-1 sampling plan provides a basis for reducing testing costs”.

“Published in Pak. J. Statist. (2012), Vol. 28(1).
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So, skip-lot sampling is used for sampling chemical and physical processes in order to
bring about substantial savings on inspection of products, which normally conform to
specification. This particular sampling plan is useful when the lots are small or where
inspection is slow and costly. The operation of the SkSP-1 plan can be seen in Dodge
(1955b). Burnett (1967) had presented a Markov chain model for deriving the operating
characteristic (OC) function of SkSP-1 plan. Based on the objectives of skip-lot
sampling, Perry (1973) formalized the application of skip-lot sampling to the situation in
which each lot to be inspected is sampled according to a lot inspection plan, called the
reference plan. This plan is designated as SkSP-2 plan. For detailed information about
skip-lot sampling plans, one can refer Schilling (1982), ISO 2859-3 (2005) and
Balamurali et al (2008). Recently, Aslam et al. (2010) proposed a designing methodology
to determine the optimal parameter of a SkSP-2 plan. In this paper, we consider the
skip-lot sampling plan of type SkSP-V and propose the designing methodology to
determine the optimal parameters using single sampling plan as the reference plan as no
such designing methodology is available in the literature . The designing methodology
proposed in this paper will satisfy both producer and consumer’s'risks simultaneously.

2. SKSP-V SKIP LOT SAMPLING PLAN

The continuous sampling plan of type CSP-V istone of the single level continuous
sampling plans in which reduced inspection can be achieved by using a smaller clearance
interval when reducing the sampling frequency has no advantage upon demonstration of
good product quality. Since the skip-lot@'concept ‘is._sound and useful and it is
economically advantageous to the skip-lot approach,in the design of sampling plans,
Balamurali and Jun (2010) developed a.new systém of skip-lot sampling plan designated
as SkSP-V based on the principles of CSP-V plan. The SkSP-V sampling plan is having a
provision for reducing a normal inspection. They have also studied the properties of the
SkSP-V plan with single sampling plan as the reference plan. According to Balamurali
and Jun (2010) the operating procedure ofithe SKSP-V plan is stated as follows:

(1) At the outset, start with normal inspection using the reference plan. During the
normal inspection;,lots are.inspected one by one in the order of production or in
the order of,being submitted to inspection.

(2) When i consecutive lots are accepted on normal inspection, discontinue the
normal inspection and switch to skipping inspection.

(3) During skipping “inspection, inspect only a fraction f of the lots selected at

random. Skipping inspection is continued until sampled lot is rejected.

(4) When a lot is rejected on skipping inspection before k consecutively sampled lots
are accepted, revert to normal inspection as per (1) above.

(5) When a lot is rejected after k consecutive lots have been accepted revert to
normal inspection with reduced clearance number x as per (6) given below.

(6) During normal inspection with clearance number x, lots are inspected one by one
in the order of being submitted to inspection and continue the inspection until a lot
is rejected or x lots are accepted whichever occurs earlier.

(7) When a lot is rejected, immediately revert to normal inspection with clearance
number i as per (1) given above.
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(8) When x lots are accepted, discontinue normal inspection and switch to skipping
inspection as per (3) above.

(9) Replace or correct all the non-conforming units found with conforming units in
the rejected lots.

Associated with this plan are a reference plan and four parameters f,i, k and x.
In general, 0< f <1 and i,k and X(S i) are positive integers and the plan is designated

as SkSP-V (i, f,k,x). The proposed plan is generalization of SkSP-2 plan. When
k=x=i, the present plan reduces to SkSP-2 sampling plan. It is also important to note
that when f =1 the SKSP-V plan reduces to a reference sampling plan.

3. DESIGNING OF SkSP-V PLAN

The probability of accepting a lot based on SkSP-V plan and other performance
measures of the SKSP-V sampling plan were derived by Balamdrali and Jun (2010) using
a Markov chain model. To simplify the number of design parameters, it can be assumed
that k = x. According to Balamurali and Jun (2010), the probability of acceptance of the
SkSP-V plan when k = x is given by

P+ (1 )P+ PP (PF—P¥)
p)= . . (3.1)
f (1+ pitk _ P2k)+(l— f)P!

where P is the acceptance probabilitysbased on single sampling plan and Q=1-P.

The acceptance probability of a lot under binemial model for the single sampling plan is
given by

e
j=0 J

The two-points_on the ©C curve approach is considered as a reasonable approach
because the lot acceptance’probability obtained by one risk may not satisfy the other risk.
Further, producer wants that the probability of acceptance should be larger than 1-a
if the process fraction nonconforming is at the acceptable quality level (AQL) and the
consumer demands that the lot acceptance probability should be less than p if

the process fraction non-conforming is at the limiting quality level (LQL), see for
example Balamurali et al. (2005). According to ANSI/ASQC standard A2 (1987) defines
AQL as “the maximum percentage or proportion of variant units in a lot or batch that, for
the purpose of acceptance sampling, can be considered as a process average”. Similarly
LQL is defined as “the percentage or proportion of variant units in a batch or lot
for which, for the purposes of acceptance sampling, the consumer wishes the probability
of acceptance to be restricted to a specified low value”. Under the conditions of AQL

(py) and LQL (p,), equation (3.2) can be re-written as
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R= iom p (1-p)"! (33)
J:

P, = _C (nj pzj (1- pz)n_j (3.4)
j=0 |

Under the specified values AQL and LQL, we want to determine the design
parameters of the SKSP-V sampling plan (i, f,k,x,n,c) such that the producer’s and the
consumer’s risks should be satisfied simultaneously.

R +(1- )R + R (R -R)
f(1+ a‘*k—HZk)+(1—f)|31‘

>1-q (3.5)

Py +(1- )P + 1R (P - R

: : (3.6)
f(1+R™ - R )+(1— f)P)

The values of P, and P, are determined from™(3.3) and\(34). There may exist
multiple solutions, we alternatively determine these parameters to minimize the average
sample number at the quality level p,, which is analogous to minimizing the average

sample number (ASN) in a usual single andwdouble” sampling plans. Obviously,
a sampling plan having smaller ASN would be more desirable. According to Balamurali
and Jun (2010) the ASN of the SkSP-V plan at LOL is given as

nf +nf (PZi+k = PZZk)
f (1+ ik~ P22k)+(1— f)Py

ASN (p,) = (3.7)

The design parameters of.the SkSP-V sampling plan are determined for various
combinations of AQL and, LQL. Therefore, we consider the following optimization
problem to determine parameters of the SKSP-V plan.

nf + nf (Pz”k - Pzzk) 8

Minimize ASN(p, )= - -
(P2) f(LeR P2 )4 (1 1))

Subject to
iR +(1- )R + R (R -R)
>1-a

i (1+ itk P12k)+(1— f)Rf

iRy +(1- )R + 1B () - By
f (1+ Ptk _p2 )+(1— f)p,
n>1c>0,ik,x>10<f <1 (3.9
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The design parameters values along with the OC values at the producer’s risks of 5%
and the consumer’s risks of 10% are placed in Table 1. The design parameters of the
single sampling plan can be obtained by a similar approach, that is shown in Table 2.
From Table 1, we can see the various trends in design parameters. For the same value of
p;, as we increase the value of p,, we noted the decreasing trends in n,c and
increasing trend in f . We noted the same behavior in the design parameters of the single
sampling plan.

3.1 Example

Suppose one wants to determine parameters of an SkSP-V plan from Table 1
according to the conditions given that p; =0.005, p, =0.025, aa=0.05 and $=0.10.
From this table, one can find the optimal parameters as n=91, ¢=0, i=6, k=5,
x=5 and f =0.01 corresponding to the above mentioned AQL and LQL values. Based
on these parameters, the SkSP-V plan is operated as follows.

Step 1. Start with normal inspection (inspecting every(lot) using the single sampling
plan (91, 0).

Step 2. When 6 consecutive lots are accepted on normal inspection, discontinue the
normal inspection and switch to skipping inspection:

Step 3. During skipping inspection, inspect,1 lot ‘Qut.of every 100 lots selected at
random. Skipping inspection is continued-until sampled lot is rejected.

Step 4. When a lot is rejected onskipping inspection before 5 consecutively sampled
lots are accepted, revert to normakinspection as per (1) above.

Step 5. When a lot is rejected after.5 consecutive lots have been accepted revert to
normal inspection with reduced clearance number 5 as per (6) given below.

Step 6. During normal “inspection with clearance number 5, all the four lots are
inspected one, by one.in the order of being submitted to inspection and
continue.the inspection until a lot is rejected or 5 lots are accepted whichever
occurs earlier.

Step 7. When a lot'is,rejected, immediately revert to normal inspection with clearance
number 5 as per (1) given above.

Step 8. When 4 consecutive lots are accepted, discontinue normal inspection and
switch to skipping inspection as per (3) above.

Step 9. Replace or correct all the non-conforming units found with conforming units
in the rejected lots.
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Table 1
Parameters of SkSP-V plan for specified AQL and LQL

Optimal Parameters
Pol P2 AT F [ n [ c| ASN |@-o)% | B%
0.002 | 7 | 6 |0.0002]1946| 1 | 1946 95.42 | 10.00
0.005| 6 | 5| 0.010 | 460 | 0 | 460.00 | 95.02 | 9.98
0.001 0.010| 4 | 3 10119 | 230 | 0 | 229.98 | 95.00 | 9.97
0015| 4 | 3 10.238 | 153 | 0 | 152.00 | 95.00 | 9.93
0020 | 5| 4 10338 | 114 | 0 | 11400 | 95.00 | 10.00
0030 | 3 |2 |0.644 | 76 | 0 | 75.97 | 95.00 | 9.93
0.010| 6 | 5 |0.0005| 390 | 1 | 390.00 | 95.09 | 9.96
0025| 6 | 5] 001 | 91 | 0 | 91.00 | 95.08 | 10.00
0.005|0.050| 6 | 5 | 0080 | 45 | 0 | 45.00 | 95.00 | 9.95
0100 | 3 | 2 | 0414 | 22 | 0 | 21.99 | 95.00 | 9.97
0150| 2 | 1 | 0671 | 15 | O | 14.96 95.00 9.08
0020 | 5 | 4 | 0.001 | 198 | 1 | 198,00 | 95.32 | 9.84
0050 | 5| 4 ]0.016 | 45 | 0 | 45.00 |«95.13 | 10.00
001 |{0100| 2 | 1 |0168 | 25 | O | 21.89 [ 95.02 | 9.50
0200 2 | 1 |0445 | 11 | O | 10.95 95.00 9.43
0300 2 |1]0720]| 7 0] 6:98 95.00 | 8.48
0100 | 5 | 4 |0.001 | 39 | 1 |/39.00 | 9548 | 9.23
005 | 0250 | 3 | 2 |0.039| 9 |90, 900 95.10 | 8.46
0500 | 2 | 1]0218| 4 )40 | 3.99 95.01 | 755
0.100 0200 | 4 | 3 |0.0003} 13| 0 | 13.00 | 95.00 | 8.29
0.500 | 3 | 2 |€0.048(| 4 0 | 4.00 95.08 | 6.70
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Table 2

Parameters of Single Sampling Plan for Specified AQL and LQL

Optimal Parameters
Py P> n c
0.001 0.002 12375 18
0.005 1135 3
0.010 531 2
0.015 258 1
0.020 194 1
0.030 129 1
0.005 0.010 2478 18
0.025 266 3
0.050 105 2
0.100 38 1
0.150 25 1
0.01 0.020 1235 18
0.050 132 3
0.100 52 2
0.200 18 1
0.300 12 1
0.05 0.100 233 17
0.250 25 3
0.500 7 1
0.100 0.200 109 16
0.500 12 3

4. ADYANTAGES OF THE SKSP-V PLAN
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In this section, we discuss the advantages of the SkSP-V sampling over the single
sampling plan. For this\purpose, we have calculated ASN values of SkSP-V plan and
compared with the sample:size required for a single sampling plan for different values
of p, and p, . Table 3'summarizes the results.

From this table, wecan see that for the same values of AQL and LQL, the SkSP-V
sampling plan provides much smaller sample size as compared to single sampling plan
(or reference sampling plan). For an example, when p;=0.001 and p,=0.002, the
required sample size n=1946 from Table 1 for SkSP-V plan and it is 12375 when we
test the items using the single sampling plan. So, the SkSP-V sampling is more economic

than the single sampling in saving the time, cost and the efforts for an experiment.
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Table 3
Comparison of Sample Size
] p, SkSP-V Plan | Single Sampling Plan
0.002 1946 12375
0.005 460 1135
0.010 230 531
0.001 0.015 153 258
0.020 114 194
0.030 76 129
0.010 390 2478
0.025 91 266
0005 4050 45 105
0.100 22 38
0.150 15 25
0.020 198 1235
0.050 45 132
0.01 0.100 25 52
0.200 11 18
0.300 7 12
0.100 39 233
0.05 0.250 9 25
0.500 4 7
0.200 13 109
0100 (500 2 12

In order to show the better efficiency of the SkSP-V plan in terms of probability of
acceptance, average sample‘number and average total inspection (ATI) three figures are
provided. Figure 1 gives the OC curves of the SkSP-V plan with parameters i=6, k=3,
x=3, f =0.01 alongwith'single sampling plan with parameters N =1000, n=50 and

c =1 as the reference plan. Figure 2 gives the ASN curves while Figure 3 shows the ATI
curves of the above mentioned plans. From Figure 1, it can be observed that the SkSP-V
plan increases the probability of acceptance in the region of principal interest, i.e. for
good quality levels and maintains the consumer’s risk at poor quality levels compared
with the single sampling plan. It implies that SkSP-V plan gives comparatively lesser
producer’s risk while safeguarding the consumer’s interest than the single sampling plan.
From Figures 2 and 3, it is easily observed that when the lot quality is good, reduction in
ASN as well as ATI are achieved through the SKSP-V plan over the single sampling
plans. When the lot quality deteriorates, the ASN and ATI of the SkSP-V plan converge
with the single sampling plan.
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5. CONCLUDING REMARKS

In this paper, we have considered the problem of designing the SkSP-V sampling
plan. The two points approach is used to find the design parameters of the SKSP-V plan,
which is considering the producer’s and the consumer’s simultaneously. Tables for
showing design parameters of both SkSP-V and single sampling plans have been
presented and comparison has been made between two plans. The procedure was
described to use the proposed methodology in practice. It has been proved that the
proposed plan is better than the single sampling plan in terms of the sample size requires.
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ABSTRACT

This paper proposes SkSP-V acceptance sampling plans having group sampling plan
based on the time truncated life test as the reference plan«<The plan is designed for the
mean life when the lifetime of the submitted product follows the Weibull distribution or
the generalized exponential distribution. The two points on the operating characteristics
curve is used to find the plan parameters satisfying the consumer’s and the producer’s
risks while minimizing the average sample number. Also;ithe;advantage of the proposed
plan over the single group sampling plan is discussed. The extensive tables are provided
and examples are given to adopt the plan in practice:

KEY WORDS

Skip-lot sampling; life tests; group sampling; producer and consumer risks; Weibull
and generalized exponential distribution.

1. INTRODUCTION

The skip-lot sampling schemes_are widely used to reduce inspection cost when the
quality of the lot is relatively good. In the skip-lot sampling operational procedure, only
the fraction of a submitted:lot is inspected for the acceptance or rejection decision. Dodge
(1955) discussed thenapplication of the SkSP-1 sampling plan to bulk material and
products produced in successive lots. Perry (1973) discussed the application and
advantages of the skip-lot sampling plan by using the single sampling plan as the
reference plan. Parker and Kessler (1981) proposed the modified skip-lot sampling plan
(MSkSP-1) and discussed its applications. For more detail about the applications of these
types of skip-lot sampling plans, reader may refer to Bennett and Callejas (1980), Wilrich
(1981), Schneider and Wilrich (1981), Schilling (1982), Cox (1982), Liebesman and
Sperstein (1983), Liebesman (1987).1SO 2859-3 (2005) and Balamurali et al. (2007).

Recently, Balamurali and Jun (2011) proposed a new system of skip-lot sampling
plans having a provision for reducing the normal inspection. This new plan is designated
as the SkSP-V sampling plan. They discussed the properties of the new plan and provided

“Published in Pak. J. Statist. (2013), Vol. 29(2).
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some cost models for the optimal design of the SkSP-V plan. Aslam et al. (2012)
determined the plan parameters of the SkSP-V plan based on two-point on the operating
characteristic (OC) curve approach at the acceptable quality level (AQL) and the limiting
quality level (LQL) and developed tables for the selection of parameters.

Group sampling plans are widely used when the experimenter has the facility to
install more than one item in a single tester. A lot of the product is accepted if the total
number of failures is less than the specified acceptance number before the end of
specified termination time or no failure is recorded before the termination time. As
mentioned by Jun et al. (2006), Aslam and Jun (2009), Aslam et al. (2009), and Aslam
et al. (2011), group sampling plans are useful in reducing the cost of the experiment than
the plan where we inspect/test the item one by one.

According to the best our knowledge, there is no study on the SkSP-V sampling plan
by considering the group sampling plan as the reference plan. In this paper, we propose
the SKSP-V sampling plan having the group sampling plan based on the truncated life test
as the reference plan, designated as SkGSP-V plan and determine the optimal parameters
of the proposed plan by considering the consumer’s and theqproducer’s risks at the same
time while minimizing the average sample number. Further, the proposed plan is applied
to Weibull and generalized exponential distributions. The restof the paper is organized as
follows: operating procedure of the proposed plan is‘given in Section 2. The design of the
proposed plan is given in Section 3. In Section 4, thesadvantage of the proposed plan is
discussed. Conclusion of the study is given in the last section.

2. OPERATING PROCEDUREOFSkGSP-V PLAN

Balamurali and Jun (2011) originally proposed the SkSP-V sampling plan using the
single sampling plan as the reference. The operating procedure of the proposed SKGSP-V
sampling plan using the group.sampling plan,with group size r can be given similarly as
follows.

(1) At the outset, start with the normal inspection using the group sampling plan as
reference plan. During the normal inspection, lots are inspected one by one in the
order of production-or in the order of being submitted to inspection. From each lot
under inspection,select:a random sample of size n and allocate r items to each of
g groups (ortesters) so that n=rg and put them on test for the time duration of

t, . Accept the lot'if the total number of failures from g groups is smaller than or
equal to the acceptance number c. Truncate the test and reject the lot as soon as
the total number of failures from ¢ groups exceeds before the time t; .

(2) When i consecutive lots are accepted on the normal inspection, discontinue the

normal inspection and switch to the skipping inspection.
(3) During the skipping inspection, inspect only a fraction f of the lots selected at

random. Skipping inspection is continued until sampled lot using the group
sampling plan as the reference plan is rejected.

(4) When a lot is rejected on the skipping inspection before K consecutively sampled
lots are accepted, revert to the normal inspection as per (1) above.
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(5) When a lot is rejected after k consecutive lots have been accepted revert to the
normal inspection with the reduced clearance number x as per (6) given below.

(6) During the normal inspection with clearance number x , lots are inspected one by
one in the order of being submitted to inspection and continue the inspection until
a lotis rejected or x lots are accepted, whichever occurs earlier.

(7) When a lot is rejected, immediately revert to the normal inspection with clearance
number i as per (1) given above.

(8) When x lots are accepted, discontinue the normal inspection and switch to the
skipping inspection as per (3) above.

(9) Replace or correct all the non-conforming units found with conforming units in
the rejected lots.

The proposed plan is characterized by six parameters g,c,i,k,x and f while the

number of testers r, and the termination time t;, and ratio of true median ratio and

specified median ratio which plays an important role are regarded as specified
parameters. The description of the parameters namely, f,i;k and x involved in the
SkSP-V sampling scheme can be found in Balamuraliand Jun (2011). In general,
0< f<1landi k and x(< i) are positive integers. It should be noted that the SkSP-V
plan with group sampling plan as the reference plan is the generalization of several
sampling plans. For example, when r = 1, the proposed.plan reduces to the original
SkSP-V plan, when k = x =i, the proposed plan reduces to SkSP-2 sampling plan
having the group sampling plan as the reference,plan‘and when f=1, it reduces to the
group sampling plan.

3. DESIGN OF:SkGSP-V PLAN

To reduce the number ofgparameters of the proposed plan, it is assumed that
k =x. According to Balamurali and Jun (2011), the OC function of the SkSP-V
sampling plan when k = X 'given by

P+ (1— F)P' + PL(P' —P)
fl+PH—pZ) 4 (1 )P

Pa (p)= (1)

where P is the lot acceptance probability of the reference plan. The reference plan for the
proposed plan is the group sampling plan, so P is given by [ see Aslam et al. (2011)].

where p is the probability that an item fails by time t; .

It is important to note that, all the acceptance schemes are based on statistical
sampling methods. In these techniques items are picked up at random using the simple
random sampling technique and put on the test. Statistical sampling may cause the fact
that good item is selected from the lot and leads to acceptance the lot where the lot may
also constitute the bad items. The chance of committing this error is called the
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consumer’s risk. On the other hand, there is a chance of selecting only the bad items in
the test and may lead to the rejection of the lot where there may be good items in the lot.
This chance is called the producer’s risk. So, there is a need to propose the sampling plan
that uses the fraction of items for the inspection using the group sampling plan as the
reference plan and also minimizes the risks. Leta be the producer risk and g be the
consumer’s risk. The plan parameters are determined such that the lot acceptance
probability is less than the consumer’s risk f at LQL and larger than the producer’s
confidence level 1 — a at AQLat the same time by minimizing the average sample
number (ASN) at LQL. So, the selection of the plan parameters can be done such that the
following two inequalities should be satisfied.

P,(p =AQL) 21—« ®)
Pa(p, =LQL) < B (4)
The ASN of the proposed plan is given [Balamurali and Jun (2011)] as

rgf+rgf(Pitk-pE¥) 5
F(1+PiHR—p2R) (1-F)PL ®)

ASN(p;) =

3.1 Proposed Plan under Weibull Distribution

Producers always want to enhance the quality level of the products so that the chance
of the rejection of the product at the time of inspection can be minimized. The quality
level is always determined through mean ordmedian raties. The plan parameters obtained
by specifying the AQL and LQL do not provide the quality level of the product. So, there
is a need to propose SkSP-V sampling.plan under the time truncated life tests assuming
that the lifetime of the product follows the Weibull distribution using the median life as
the quality parameter. The cumulative distribution function (cdf) of the Weibull
distribution is given by

F(t; A, B) =1—exp(=(t/A)"),©>0 (6)

where A4 is scale parameter andyy.issshape parameter of the Weibull distribution. The g-th
percentile of the Weibull distribution is given by

ooy

Let t, = af, for a constant a, where 6, is specified median life and 6,, be the true
median life under the Weibull distribution. Then, the probability of failure of an item
before experiment time ¢, is obtained as

Py = 1= exp|—a¥ (6,/00)"In ()] ()

The plan parameters of the proposed plan when the lifetime of the product follows the
Weibull distribution are determined and shown in Tables 1-3 for shape parameter
(y = 1,2,3) respectively and for median ratio (6,,/6, = 2,4,6,8,10) and termination time
ratio (a = 0.5,1.0). The ASN values at LQL as well as the probability of acceptance
values at AQL of the selected plans are also reported in tables.
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Table 1
Optimal Parameters for the SKGSP-V Plan under the Weibull Distribution with y=1
r=5 r=10

goikf | o | PP | geikf | G P | geikf | Qo Palp) | geikf | G| Palp)

2 7,72,1,0.2 |31.950|0.9548| 4,7,2,1,0.15 | 18.188 | 0.9595| 4,7,2,1,0.1 |38.453|0.9517| 2,7,2,1,0.15 |18.188|0.9595

4 3,2,2,1,015 |13.490|0.9789| 2,2,2,1,0.10 | 9.737 |0.9730|.2,2,2,1,0.10 |19.703|0.9683| 1,2,2,1,0.10 | 9.737 | 0.9730

0.25 6 2,1,21,0.2 9.045 |0.9766| 1,1,21,035 | 4.685 [0.9641| 1,1,21,0.2 4 9.045|0.9766| 1,1,2,1,0.10 | 9.989 | 0.9512
8 2,1,2,1,0.2 9.045 1 0.9863| 1,1,2,1,0.35 | 4.685 [0.9788| 1,1,2,1,02 | 9.045|0.9863| 1,1,2,1,0.10 | 9.989 | 0.9739

10 1,0,2,1,025 | 4561 {0.9531| 1,0,2,1,0.10 | 4.956 |0.9533| 4,0,2,1,0.10 | 9.913 |0.9533| 1,1,2,1,0.10 | 9.989 | 0.9832

2 9,8,2,1,0.10 |43.679|0.9563| 5,8,2,1,0.10 | 24.362 |0.9527| 5,9,2,1,0.1 |48.884|0.9601| 3,10,2,1,0.10 | 29.355| 0.9556

4 4,2,2,1,0.10 |19.703|0.9683| 2,2,2,1,0.10 | 9.737 |0.9730( 2,2,2,1,0.10 |19.703|0.9683| 1,2,2,1,0.10 | 9.737 | 0.9730

0.10 6 3,1,2,1,010 |14.788|0.9729| 2,1,2,1,0.10 | 9:989 [0.9516| 2,2,2,1,0.10 [19.703|0.9889| 1,1,2,1,0.10 | 9.989 | 0.9516
8 3,1,2,1,010 |14.788|0.9847| 2,1,2,1,0.10,,| 9.9897|0.9739| 2,1,2,1,0.10 |19.985|0.9724| 1,1,2,1,0.10 | 9.989 | 0.9739

10 2,021,010 | 9.913 |0.9533| 1,0,2,150.10 | _.4.956|0.9533| 1,0,2,1,0.10 | 9.913 | 0.9533| 1,1,2,1,0.10 | 9.989 | 0.9832

2 12,11,2,1,0.15 | 59.508 | 0.9504 | 8,13,2,1,0.10 | 39.867 | 0.9608 | 6,11,2,1,0.15 | 59.508| 0.9504 | 4,13,2,1,0.10 | 39.867 | 0.9608

4 4,2,2,1,0.15 |19.812|0.9535| .83,3,2,1,0.10, | 14.958 | 0.9726| 2,2,2,1,0.15 |19.812|0.9535| 2,4,2,1,0.10 | 19.994|0.9732

0.05 6 3,1,2,1,015 |14.866|0.9600| 2,1,2,1,010 9.989 |0.9516| 2,2,2,1,0.15 |19.812|0.9835| 1,1,2,1,0.10 | 9.989 | 0.9516
8 3,1,2,1,015 |14.866|0.9772| ,2,1,2,1,0:10 9.989 |0.9739| 2,1,2,1,0.10 |19.985|0.9724| 1,1,2,1,0.10 | 9.989 | 0.9739

10 2,021,010 | 9.913|0.9533| 1,0,2,1,0.10 | 4.956 |0.9533| 1,0,2,1,0.10 | 9.913 | 0.9533| 1,1,2,1,0.10 | 9.989 | 0.9832

2 18,16,2,1,0.10 | 89.936,,0.9618110,16,2,1,0.10 | 49.974 | 0.9573]| 9,16,2,1,0.10 | 89.936| 0.9618| 5,16,2,1,0.10 | 49.974| 0.9573

4 8,4,2,1,0.10 |39.996/0.9669| 4,421,010 | 19.994 |0.9732| 4,4,2,1,0.10 |39.996|0.9669| 2,4,2,1,0.10 |19.994|0.9732

0.01 6 6,2,2,1,0.10 |29.998|0.9667| 3,2,2,1,0.10 | 14.998 |0.9699| 3,2,2,1,0.10 |29.998|0.9667| 2,3,2,1,0.10 |19.999|0.9792
8 41,2,1,010 |19.985(0.9724| 3,2,2,1,0.10 | 14.998|0.9858| 2,1,2,1,0.10 |19.985|0.9724| 2,2,2,1,0.10 | 19.999|0.9683

10 41,2,1,010 |19.985/0.9823| 3,1,2,1,0.10 | 14.999 |0.9601| 2,1,2,1,0.10 |19.985|0.9823| 2,2,2,1,0.10 | 19.999|0.9824
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Table 2
Optimal Parameters for the SKGSP-V Plan under the Weibull Distribution with y=2
r=5 r=10

B |e,/0° a=0.5 a=1.0 a=0.5 a=1.0
geikf | A0 [Py | geikf | o0 | Py | seikt | 45N Pp) | gcikf | 45 [P
2 4121015 |17.713|0.9593| 2,2,21,010 | 9.737 |0.9730| 2,142,1,0.15 |17.713|0.9593| 1,2,2,1,0.10 | 9.737 | 0.9730
4 2,0,2,1,0.25 | 9.122 |0.9717| 1,0,2,1,0.10 | 4.956 |0.9746|.1,0,2,1,0.25 | 9.122 |0.9717| 1,1,2,1,0.15 | 9.993 | 0.9897
0.25 6 2,021,025 | 9.122 |10.9879| 1,0,2,1,0.10 | 4.956 |0.9898|1,0,2;1,0.25 4 9.122 | 0.9878| 1,0,2,1,0.10 | 9.999 | 0.9780
8 2,0,2,1,040 | 9.541|0.9891| 1,02,1,020 | 4.981 |0.9889| 1,0,2,1,0.40 | 9.541 |0.9891| 1,0,2,1,0.10 | 9.999 | 0.9885
10 2,0,2,1,0.60 | 9.791 |0.9896| 1,0,2,1,0.30 | 4.989 |0.9895| 4,0,2,1,0.60 | 9.791 | 0.9896| 1,0,2,1,0.15 | 9.999 | 0.9893
2 7,2,2,1,0.15 |34.124|0.9652| 2,2,2,1,0.10 | 9.737 |0.97301 4,2,2,1,0.10 | 39.547|0.9659| 1,2,2,1,0.10 | 9.737 | 0.9730
4 3,0,2,1,0.20 |14.674|0.9646| 1,0,2,1,0.10 | 4956 |0.9746| 2,0,2,1,0.10 | 19.826|0.9746| 1,1,2,1,0.15 | 9.993 | 0.9897
010 6 3,02,1,020 |14.674/0.9851| 1,0,2,1,0.10 | 4956 |0:9898] 2,0,2,1,0.10 | 19.826{0.9898| 1,0,2,1,0.10 | 9.999 |0.9780
8 3,0,2,1,0.25 |14.754|0.9897| 1,0,2,1,0.20. | 4.981|0.9889| 2,0,2,1,0.20 | 19.922|0.9889| 1,0,2,1,0.10 | 9.999 | 0.9885
10 3,021,040 |14.876(0.9896| 1,0,2,140.30 || 4.989 |0.9895| 2,0,2,1,0.30 |19.954|0.9895| 1,0,2,1,0.15 | 9.999 |0.9893
2 8,2,2,1,0.10 |39.547|0.9659| 3,3,2,1,0.107| 14.958| 0.9726| 4,2,2,1,0.10 | 39.547|0.9659| 2,4,2,1,0.10 | 19.994|0.9732
4 4,0,2,1,0.10 |19.826|0.9746| 1,0,2,1,0.10, | 4.956 |0.9746| 2,0,2,1,0.10 |19.826|0.9746| 1,1,2,1,0.15 | 9.993 | 0.9897
005 6 4,021,010 [19.826/0.9898] 1,0,2,1,010 | 4.956 |0.9898| 2,0,2,1,0.10 |19.826|0.9898| 1,0,2,1,0.10 | 9.999 |0.9780
8 4,0,2,1,020 |19.922|10.9889| .1,0,2,1,0:20 | 4.981 |0.9889| 2,0,2,1,0.20 |19.922|0.9889| 1,0,2,1,0.10 | 9.999 | 0.9885
10 4,0,2,1,0.30 [19.954{0.9895| 1,0,2,1,0.30 | 4.989 |0.9895| 2,0,2,1,0.30 |19.954(0.9895| 1,0,2,1,0.150 | 9.999 | 0.9893
2 13,3,2,1,0.10 | 64.986,.0.95231,4,4,2,1,0.10 | 19.994|0.9732| 7,4,2,1,0.10 {69.950(0.9779| 2,4,2,1,0.10 | 19.994|0.9732
4 6,0,2,1,0.10 |29.992(0.9573{°3,1,2,1,0.10 | 14.999 | 0.9847| 3,0,2,1,0.10 |29.992|0.9573| 2,1,2,1,0.10 | 20.0 |0.9724
001 6 6,0,2,1,0.10 |29.992(0.9842| 2,0,2,1,0.10 | 9.999 |0.9780| 3,0,2,1,0.10 |29.992|0.9842| 1,0,2,1,0.10 | 9.999 |0.9780
8 6,0,2,1,0.15 |29.995|0.9873| 2,0,2,1,0.10 | 9.999 |0.9885| 3,0,2,1,0.15 |29.995|0.9873| 1,0,2,1,0.10 | 9.999 | 0.9885
10 6,0,2,1,0.20 |29.996(0.9894| 2,0,2,1,0.15 | 9.999 |0.9893| 3,0,2,1,0.20 |29.996|0.9894| 1,0,2,1,0.15 | 9.999 |0.9893




Chapter-6: Quality Control and Acceptance Sampling 417
Table 3
Optimal Parameters for the SKSP-V Plan under the Weibull Distribution with y=3
r=5 r=10

goikf | o | PP | geikf | G P | geikf | Qo Palp) | geikf | G| Palp)

2 5,0,2,1,0.10 |22.329|0.9665| 1,1,2,1,0.35 | 4.685 |0.9787| 3,042,1,0.10 | 28.572|0.9573| 1,1,2,1,0.10 | 9.989 | 0.9739

4 4,0,2,1,040 |19.082(0.9891| 1,0,2,1,0.20 | 4.981 |0.9889|.2,0,2,1,0,40 |19.082|0.9891| 1,0,2,1,0.10 | 9.999 | 0.9885

0.25 6 6,0,2,1,0.85 |29.971|0.9898| 1,0,2,1,0.65 | 4.997 |0.9896| 3;0,2,1,0.85 429.971|0.9898| 1,0,2,1,0.35 | 9.999 | 0.9887
8 14,0,2,1,0.85 |69.999|0.9899| 2,0,2,1,0.75 | 9.999 |0.9898| 7,0,2,1,0.85 |69.999|0.9899| 1,0,2,1,0.75 | 9.999 | 0.9898

10 27,0,8,7,0.85 | 135.0 | 0.9899| 4,0,2,1,0.75 20.0 |0.9896 | 14,0,2,1,0.85 | 140.0 |{0.9897| 2,0,2,1,0.75 | 20.0 |0.9896

2 10,1,2,1,0.15 |48.543|0.9831| 2,1,2,1,0.10 | 9.989 |0.973915,1,2,1,0.15 | 48.543|0.9831| 1,1,2,1,0.10 | 9.989 | 0.9739

4 6,0,2,1,0.25 |29.508|0.9897| 1,0,2,1,0.20 | 4:981 |0.9889| 3,0,2,1,0.25 |29.508|0.9897| 1,0,2,1,0.10 | 9.999 | 0.9885

0.10 6 6,0,2,1,0.85 |29.971|0.9898| 1,0,2,1,0.65 4:997 10:9896| 3,0,2,1,0.85 |29.971|0.9898| 1,0,2,1,0.35 | 9.999 | 0.9887
8 14,0,2,1,0.85 |69.999|0.9899| 2,0,2,1,0.75. [ 9.999710.9898| 7,0,2,1,0.85 |69.999|0.9899| 1,0,2,1,0.75 | 9.999 | 0.9898

10 27,0,8,7,0.85 | 135.0 {0.9899| 4,0,2,150.75 20.0 .| 0.9896| 14,0,2,1,0.85| 140.0 | 0.9897| 2,0,2,1,0.75 | 20.0 |0.9896

2 12,1,2,1,0.10 |59.325/0.9839| 2,1,2,1,0.10° | 9:989"|0.9739| 6,1,2,1,0.10 | 59.325|0.9839| 1,1,2,1,0.10 | 9.989 | 0.9739

4 7,0,2,1,0.60 |34.946|0.9717| 170,2;,1,0.20, | 4981 |0.9889| 4,0,2,1,0.20 |39.844|0.9889| 1,0,2,1,0.10 | 9.999 | 0.9885

0.05 6 7,0,2,1,0.75 |34.973|0.9895| 1,0,2,1,0.65 4.997 |0.9896| 4,0,2,1,0.65 |39.979|0.9896| 1,0,2,1,0.35 | 9.999 | 0.9887
8 14,0,2,1,0.85 |69.999|0.9899| . 2,0,2,1,0i75 | 9.999 |0.9898| 7,0,2,1,0.85 |69.999|0.9899| 1,0,2,1,0.75 | 9.999 | 0.9898

10 27,0,8,7,0.85 | 135.0 [ 0.9899| 4,0,2,1,0.75 20.0 |0.989%6| 14,0,2,1,0.85| 140.0 | 0.9897| 2,0,2,1,0.75 | 20.0 |0.9896

2 16,1,2,1,0.10 |79.953(0.97121,.3,2,2,1,0.10 | 14.998 |0.9858| 8,1,2,1,0.10 | 79.953|0.9712| 2,2,2,1,0.10 | 19.999|0.9683

4 11,0,2,1,0.15 | 54.977}0.9884172,0,2,1,0.10 9.999 [0.9885| 6,0,2,1,0.15 |59.989|0.9873| 1,0,2,1,0.10 | 9.999 | 0.9885

0.01 6 11,0,2,1,0.50 |54.9960.9889| 2,0,2,1,0.35 9.999 (0.9887| 6,0,2,1,0.45 |59.998|0.9892| 1,0,2,1,0.35 | 9.999 | 0.9887
8 14,0,2,1,0.85 |{69.999|0.9899| 2,0,2,1,0.75 | 9.999 |0.9898| 7,0,2,1,0.85 |69.999|0.9899| 1,0,2,1,0.75 | 9.999 | 0.9898

10 27,0,8,7,0.85 | 135.0 {0.9899| 4,0,2,1,0.75 20.0 |0.989%6| 14,0,2,1,0.85| 140.0 | 0.9897| 2,0,2,1,0.75 | 20.0 |0.9896
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3.2 Proposed Plan under Generalized Exponential Distribution

Gupta and Kundu (2009) originally developed the generalized exponential (GE)
distribution with & as the shape parameter. The cdf of the GE distribution is given by

F(t;6,4) = (1 —exp (— %))8 (8)

where § is the shape parameter and A is the scale parameter. The g-th percentile of GE
distribution is given by

18
0y =-AIn(1-g"°)
Aslam et al. (2010) derived the equation of the probability of failure and is given by
8
Py :[1—exp(—aln(l—q”8)/(eg /90))] )

The optimal plan parameters of the proposed plan when the lifetime of the product
follows the GE distribution can be determined for two values of the,shape parameter
(6 = 2,3) and with other parameters are same as usedsin Tables\1-3.-The plan parameters
along with the probability of acceptance values and the ASN values for the GE
distribution are reported in Tables 4-5. The probability of acceptance values are
computed at AQL and at the same the ASN values are calculated at the LQL.
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Table 4
Optimal Parameters for the SKGSP-V Plan under the Generalized Exponential Distribution with §=2
r=5 r=10

p % /6° aZOESN al::I;A\OSN a:OASSN a::L;g\SN
g.cikf at p, Pa(Py) | gcikf at p, Pa(py) | gCikf | o 0, Pa(pd) |  gcikf at p, Pa(p1)
2 4,2,2,1,0.25 [18.266|0.9526| 2,3,2,1,0.25 | 9.167 |0.9597| 2,2,2¢1,0.25 | 18.266 | 0.9526| 1,3,2,1,0.25 | 9.167 | 0.9597
4 2,0,2,1,0.10 | 9.257 | 0.9763| 1,0,2,1,0.10 | 4.956 |0.9503| 1,0,2,1,0.20 | 9.257 | 0.9763| 1,1,2,1,0.10 | 9.990 | 0.9817
0.25 6 2,0,2,1,0.10 | 9.257 {0.9899| 1,0,2,1,0.10 | 4.956 |0.9804| 1,0,2,1;0.10 | 9.257 | 0.9899| 1,0,2,1,0.10 | 9.999 | 0.9530
8 2,0,2,1,0.20 | 9.655 | 0.9888| 1,0,2,1,0.10 | 4.956 |0.9892| 1,0,2,1,0.20¢ 9.655 | 0.9888| 1,0,2,1,0.10 | 9.999 | 0.9763
10 2,0,2,1,0.30 | 9.796 [ 0.9892| 1,0,2,1,0.15 | 4.972 |019896| 1,0,2,1,0.30 | 9.796 | 0.9892| 1,0,2,1,0.10 | 9.999 | 0.9854
2 7,3,2,1,0.10 | 34.369|0.9687| 3,4,2,1,0.10 | 14.539 | 0.97511 4,4,2,1,0.10 | 38.894| 0.9827| 2,5,2,1,0.10 |19.923|0.9677
4 3,0,2,1,0.10 | 14.888|0.9605| 1,0,2,1,0.10 | 4.956. |0.9503| 2,1,2,1,0.20 | 19.751|0.9870| 1,1,2,1,0.10 | 9.990 | 0.9817
0.10 6 3,0,2,1,0.10 | 14.888|0.9844| 1,0,2,1,0.10 | 4.956 |[0.9804| 2,0,2,1,0.10 | 19.986|0.9783| 1,0,2,1,0.10 | 9.999 | 0.9529
8 2,0,2,1,0.60 | 9.941 | 0.9673| 1,0,2,1,0.10.{ 4.956.40.9892| 1,0,2,1,0.60 | 9.941 | 0.9673| 1,0,2,1,0.10 | 9.999 | 0.9763
10 2,0,2,1,0.60 | 9.941 | 0.9787| 1,0,2,40.15 |} 4.972" | 0.9896| 1,0,2,1,0.60 | 9.941 | 0.9787| 1,0,2,1,0.10 | 9.999 | 0.9854
2 9,4,2,1,0.10 |44.716|0.9730| 4,5,2,1,0.10¢} 19.923 | 0.9677| 5,4,2,1,0.10 | 49.935| 0.9592| 2,5,2,1,0.10 |19.923|0.9677
4 3,0,2,1,0.10 | 14.888|0.9605|.170,2;1,0.10,| 4.956 |0.9503| 3,1,2,1,0.10 | 29.985|0.9858| 1,1,2,1,0.10 | 9.990 | 0.9817
0.05 6 3,0,2,1,0.10 |14.888|0.9844| 1,0,2,1,0.10 | 4.956 |0.9804| 2,0,2,1,0.10 | 19.986|0.9783| 1,0,2,1,0.10 | 9.999 | 0.9529
8 3,0,2,1,0.15 | 14.929|0.9673}.1,0,2,1,0,10 | 4.956 |0.9892| 2,0,2,1,0.10 | 19.986|0.9883| 1,0,2,1,0.10 | 9.999 | 0.9763
10 3,0,2,1,0.20 | 14.950|0.9891|1,0,2,1,0.15 | 4.972 |0.9896| 2,0,2,1,0.15 [ 19.991|0.9890| 1,0,2,1,0.10 | 9.999 | 0.9854
2 12,5,2,1,0.10 | 59.971] 0.9657,5,6,2,1,0.10 | 24.988 | 0.9609| 6,5,2,1,0.10 | 59.971|0.9657| 3,7,2,1,0.10 |29.998|0.9548
4 6,1,2,1,0.10 |29.985(0.9858(3,1,2,1,0.10 | 14.999 | 0.9560| 3,1,2,1,0.10 | 29.985|0.9858| 2,2,2,1,0.10 |19.999|0.9803
0.01 6 4,0,2,1,0.10 [19.986|0.9783| 2,0,2,1,0.10 | 9.999 |0.9529| 2,0,2,1,0.10 | 19.986 0.9783| 1,0,2,1,0.10 | 9.999 | 0.9529
8 4,0,2,1,0.10 |{19.986|0.9883| 2,0,2,1,0.10 | 9.999 |0.9763| 2,0,2,1,0.10 | 19.9860.9883| 1,0,2,1,0.10 | 9.999 | 0.9763
10 4,0,2,1,0.15 |19.991|0.9890( 2,0,2,1,0.10 | 9.999 [0.9854| 2,0,2,1,0.15 | 19.991|0.9890| 1,0,2,1,0.10 | 9.999 | 0.9854
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Table 5
Optimal Parameters for the SKGSP-V Plan under the Generalized Exponential Distribution with 6=3
r=5 r=10
p Bg/BO a:Oli‘SN a::L-OASN al:OESN a::L;S\SN

geikf | gop |Pa)| gkt | G5 Py | geikf | P | gcikf | 70| Papy)

2 4,121,015 |17.959/0.9728| 2,2,2,1,0.10 | 9.737 |0.9712| 2,1,2,1,0.15 | 17.959|0.9728| 1,2,2,1,0.10 | 9.737 | 0.9712

4 2021025 |9.188|0.9853| 1,021,010 | 4.956 |0.9801| 1,0,2/1,0.25 4 9.188 | 0.9853| 1,0,2,1,0.10 | 9.999 | 0.9521

0.25 6 2,0,2,1,055 | 9.765|0.9897| 1,0,2,1,0.20 | 4.981 |0.9872| 1,0,2,1,0.55 | 9.765 | 0.9897| 1,0,2,1,0.10 | 9.999 | 0.9866
8 3,021,085 |14.987|0.9895| 1,0,2,1,0.35 | 4.991 [0.9899| 2,0,2,1,0.65 |19.991|0.9892| 1,0,2,1,0.20 | 9.999 | 0.9882

10 6,021,080 [29.999|0.9895| 1,0,2,1,0.65 | 4.997 |0.98991°3,0;2,1,0.80 |29.999|0.9895| 1,0,2,1,0.35 | 9.999 | 0.9890

2 51,2,1,0.15 |24.334|0.9574| 2,2,2,1,0.10 | 9737 |0.9722| 3,1,2,1,0.10 29.704|0.9569| 1,2,2,1,0.10 | 9.737 | 0.9712

4 3021015 [14594|0.9865| 1,021,010 | 4.956 {0:9801| 2,0,2,1,0.10 |19.852|0.9877| 1,0,2,1,0.10 | 9.999 | 0.9521

0.10 6 3,02,1,040 |14.891|0.9887| 1,0,2,1,0.20. | 4.981|0.9872| 2,0,2,1,0.30 |19.961|0.9887| 1,0,2,1,0.10 | 9.999 | 0.9866
8 3,021,085 |14.987|0.9895| 1,0,2,140.35 || 4.991, |0.9899| 2,0,2,1,0.65 |19.991|0.9892| 1,0,2,1,0.20 | 9.999 | 0.9882

10 6,0,2,1,0.80 |29.999|0.9895| 1,0,2,1,0.65¢ | 4.997"|0.9899| 3,0,2,1,0.80 |{29.999|0.9895| 1,0,2,1,0.35 | 9.999 | 0.9890

2 6,1,2,1,0.10 |29.704|0.9569| .3;3;2;,1,0.10, | 14.958 | 0.9704| 3,1,2,1,0.10 | 29.704|0.9569| 2,4,2,1,0.10 |19.994|0.9708

4 4,0,2,1,0.10 |19.852(0.9877| 1,0,2,1,0.10 | 4.956 |0.9801| 2,0,2,1,0.10 |19.852|0.9877| 1,0,2,1,0.10 | 9.999 |0.9521

0.05 6 4,0,2,1,0.30 |19.961|0.9886] 1,0,2,1,0120 | 4.981 |0.9872| 2,0,2,1,0.30 | 19.961|0.9886| 1,0,2,1,0.10 | 9.999 | 0.9866
8 4,0,2,1,0.65 [19.991/0.9892| “1;0,2,1,0.35 | 4.991 |0.9899| 2,0,2,1,0.65 | 19.991|0.9892| 1,0,2,1,0.20 | 9.999 | 0.9882

10 6,0,2,1,0.80 |29.999/0.9895{,1,0,2,1,065 | 4.997 |0.9899| 3,0,2,1,0.80 |{29.999|0.9895| 1,0,2,1,0.35 | 9.999 | 0.9890

2 10,2,2,1,0.10 |49.971|0.9637 (" 4,4,2,1,0.10 | 19.994 | 0.9708| 5,2,2,1,0.10 |49.971|0.9637| 2,4,2,1,0.10 |19.994|0.9708

4 6,02,1,0.10 [29.994|0.9806| 2,0,2,1,0.10 | 9.999 [0.9521| 3,0,2,1,0.10 | 29.994|0.9806| 1,0,2,1,0.10 | 9.999 | 0.9521

0.01 6 6,0,2,1,0.20 |29.997|0.9885| 2,0,2,1,0.10 9.999 |0.9866| 3,0,2,1,0.20 |29.997|0.9885| 1,0,2,1,0.10 | 9.999 | 0.9866
8 6,02,1,045 [29.999/0.9889| 2,0,2,1,0.20 | 9.999 |0.9882| 3,0,2,1,0.45 |29.999|0.9889| 1,0,2,1,0.20 | 9.999 | 0.9882

10 6,0,2,1,0.80 |29.999|0.9895| 2,0,2,1,0.35 9.999 |0.9890| 3,0,2,1,0.80 |29.999|0.9895| 1,0,2,1,0.35 | 9.999 | 0.9890
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4. COMPARISONS OF PLANS

In order to show the efficiency of the proposed plan compared with the single group
sampling plan when the lifetime of the product follows the Weibull distribution and GE
distribution, we determine the sample size for reference plan by using r = 5,a = 0.5,
B = 0.25 and shape parameter 2 and placed in Table 6.

Table 6
Comparison of Plans in sample size whenr = 5,a = 0.5, = 0.25
Proposed Plan | Weibullwithy=2 | GE with =2

Median Ratio (ASN) (n) )
2 18.266 40 35
4 9.257 20 15
6 9.257 10 15
8 9.655 10 10
10 9.796 10 10

From Table 6, we can see that for the entire median ratio;, thedproposed SKGSP-V
sampling plan provides the lesser ASN than the single group sampling plan under both
the Weibull distribution and GE distribution. This shows that the SkGSP-V sampling
plan is more economical than the single group:ssampling plan.

5. APPLICATION OF PROPOSED PLAN

This section discusses the applications.of,the proposed plan under both Weibull and
GE distributions.

5.1 Weibull Distribution

Suppose that a manufacturer of the energy saver bulbs would like to adopt an
SkGSP-V plan to decide whetherto accept or reject the lot of submitted products. The
minimum mean ‘life“required, for the product is 6, =8000 hrs. Thus a lot should be
accepted if there is enough evidence that the true mean life of a product exceeds 8000
hrs. The producer’s riskyis opted as oo =5% when the true mean life is 16000 and the

consumer’s risk is chosen as £=0.25when the true mean life is 8000. Now 6,,/6° =2. A

time truncated life test using the capacity of 5 items at a tester is conducted. The test time
duration is limited by 4000 hrs. That is a=0.5. The life time the product is assumed to
follow a Weibull distribution. The failure data of 10 products are obtained from previous
lots as 507, 720, 892, 949, 1031, 1175, 1206, 1428, 1538, 1983[Aslam
et al. (2011)]. The maximum likelihood estimator of the shape parameter is obtained as
¥ = 2.87 and we assume that y=3. So for the specified requirements such as r=5, y=3,

a=05, GWIGO =2, aa=5% and B=10%, the optimal parameters of the SKkGSP-V
plan are determined from Table 3as g=5,¢c=0,i=2, k=1and f =0.1.
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5.2 Generalized Exponential Distribution

Suppose that an experimenter wants to implement the group sampling plan with
r=5 to make a decision about acceptance or rejection of the submitted products. The

specified median life of the product is 6° =1000 and the test duration is 1000 hrs. The
producer’s risk is 5% at 0 /6° = 2 and the consumer’s risk is p =10% . We consider the

data provided by Wood (1996) which represents the failure time of software in hours.
The failure time represents the time from the starting of the execution of the software
until the software is failed. The data are 519, 968, 1430, 1893, 2490, 3058, 3625, 4422
and 5218. Aslam et al. (2010) have shown that the generalized exponential distribution is
a good fit to the abovementioned data. The maximum likelihood estimator of the

parameters 6 and A are 2.65 and 0.6547 respectively. Now let us assume that 5=3. For
specified r=5, a=1, the optimal parameters of the proposed plan can be determined
from Table 5 as g=2, ¢c=2, i=2, k=1 and f =0.1" For this obtained plan
parameters, the SKGSP-V plan is operated as follows.

(1) At the outset, start with normal inspection using the group sampling plan with
parameters (2, 2) as the reference plan. During the normal inspection, lots are
inspected one by one in the order of production,0r.in the order of being submitted
to inspection. From each lot under inspection, select a random sample of size
n=10 and allocate 5 items to each of 2:groups (or'testers) and put them on test
for the time duration of 1000 hrs. Accept.the'lot if the total number of failures
from 2 groups is smaller than.oriequal to 2. Truncate the test and reject the lot as
soon as the total number of failures reaches 2 by the time 1000 hrs.

(2) When 2 consecutive lots are‘accepted on normal inspection, discontinue the
normal inspection and switch to skipping inspection.

(3) During skipping inspection, inspect only a fraction 1/10 of the lots selected at
random. Skipping, inspection/is continued until sampled lot (using single group
sampling plan as thereference plan) is rejected.

(4) When a lot'is rejected on skipping inspection before 1 sampled lot is accepted,
revert to normakinspection as per (1) above.

(5) When a lot is rejected after 1 lot has been accepted revert to normal inspection
with reduced clearance number 1 as per (6) given below.

(6) During normal inspection with clearance number 1, lots are inspected one by one
in the order of being submitted to inspection and continue the inspection until a lot
is rejected or 1 lot is accepted whichever occurs earlier.

(7) When a lot is rejected, immediately revert to normal inspection with clearance
number 2 as per (1) given above.

(8) When 1 lot is accepted, discontinue normal inspection and switch to skipping
inspection as per (3) above.

(9) Replace or correct all the non-conforming units found with conforming units in
the rejected lots.
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6. CONCLUSIONS

In this paper, we have proposed an SkSP-V sampling plan with group sampling plan
as the reference plan and the new plan is designated as SKGSP-V. Tables have also been
constructed for the easy selection of the optimal plan parameters when the lifetime of the
product follows the Weibull distribution and GE distribution. The proposed plan
performs better than the reference plan in terms of sample size. The tables given in the
paper can be used to select the plan parameters of SkGSP-V plan for testing of electronic
products. The proposed plan can be extended by using two stage group sampling plan as
the reference plan as future research.
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ABSTRACT

In this paper, repetitive types of group acceptance sampling plans are proposed when
the lifetime of the product follows the Weibull distribution or the generalized exponential
distribution. Quality characteristics are considered in terms of percentile lifetimes. Plan
parameters are found by satisfying the producer’s risk and e¢onsumer’s risk at the same
time while minimizing the average sample number. Extensive tables are given for
practical use. Two examples are given to illustrate the proposedsplan inseal world.

KEY WORDS

Repetitive acceptance sampling plan; the Weibull distribution; the generalized
exponential distribution; group sampling plan.

1. INTRODUCTION

With the availability of latest machinery to, manufacture the products, various quality
activities are required in industries» Quality assurance is to guarantee the high quality of the
products during the manufacturing thexproducts. Quality management systems are
organizational efforts including policies, plans and supporting infrastructure for quality
management. Hazard analysis and critical control points have been used in food industry to
minimize the dangers. Six sigma techniques are used to reduce the causes of defects. Even
control charts aré alsoavailable to help the producer and consumer to maintain the quality
of products according,to specifications. The methods described above are not helpful to
producers when he want to inspect every incoming part to ensure quality. Producers want to
avoid the heavy losses in time, cost and reputation in market. At this stage, when the final
products are ready, only the acceptance sampling tools help the producer to ensure the
quality of the product and maintain the competitiveness in the market.

Producers normally manufacture the product under the same environment and
machinery, so the quantity of products built up under the same conditions is known as a
lot of the product. For inspection of the product a random sample is selected from this lot.
As the decision is made on the basis of a random sample selected from the lot, there is a
chance that a bad lot is accepted or a good lot is rejected. These probabilities are known
as type-1 error (producer’s risk) and type-2 error (consumer’s risk), respectively. More

“Published in Pak. J. Statist. (2013), Vol. 29(4).
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efficient sampling plans not only reduce the cost of the inspection but provide the
protection to consumer and producer by minimizing these risks. It is very true that many
plans are available in the literature including single sampling plans, double sampling
plans and sequential plans but there is still need to study plans which can reduce the
sample size further for the inspection purposes. A repetitive sampling plan is proposed by
Sherman (1965), who argued that this plan provides the optimal sample size as compared
to single sampling plan and its operation is similar to the sequential sampling plans.
Later, Balamurali and Jun (2006) developed the variable repetitive plans for the normal
distribution. They verified the Sherman’s argument of efficiency.

As mentioned earlier, the main purpose of an acceptance sampling plan is to provide the
optimal parameters such as sample size to save the cost and time of the experiment. In
single plans, a single item is installed to a single tester, which requires the much time,
efforts and increased cost of the experiment. On the other hand, group plans are
implemented when the experimenter has the facility to put multiple items in a single tester.
So, these plans can save the cost and time of the experiment than the ordinary sampling
plans. Group acceptance sampling plans have been proposed‘by Aslam and Jun (2009),
Aslam et al. (2010). Lio et al. (2010) proposed the ordinary dcceptance sampling plan using
the Burr type XII percentiles. Recently, Aslam et al. (2011) proposed the improved single
and two stages group plans for the Weibull distribution. Other applications of group
sampling plans can be seen in Aslam et al. (2012) and Aslam et al. (2013).

The Weibull distribution is widely used in the area of acceptance sampling plans and
reliability analysis. Recently, Aslam and Jun(2009) proposed the group acceptance
sampling plans using the Weibull distribution: Also, the generalized exponential
distribution is a possible alternative of the Weibull and gamma distributions. Gupta and
Kundu (1999) originally derived the generalized exponential distribution with two
parameters. More recently, Aslam et al. (2010) developed the ordinary acceptance
sampling plans using the generalized exponential distributions. Aslam et al. (2011)
proposed the two group plans using the generalized exponential distribution. Properties of
the generalized exponential‘distribution can be seen in Gupta and Kundu (2007).

According to author’s best knowledge, no attempt has been made to study improved
group sampling planstusing the repetitive scheme for the time truncated experiment for
assuring the percentile life as quality parameter. According to Lio et al. (2010) sampling
plans based on the population mean may not catch the specific percentile of product
lifetime required for engineering design considerations. When the quality of interest is a
low percentile, a sampling plan based on the mean could accept the lot having the low
percentile below the pre-specified standard required by the customer. In this paper, we
will propose a repetitive group sampling plan for the Weibull and the generalized
exponential distributions using the percentiles life as quality parameter. In summary, the
main objective of this paper is two-fold: one is to improve a group sampling plan by
incorporating the repetitive scheme and the other is to develop a sampling plan for
assuring the percentile life. The rest of the paper is set as: The design of the proposed
plan under the two distributions is given in Section 2. Some examples are given in
Section 3. In the last section, concluding remarks are given.
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2. THE REPETITIVE TYPE OF GROUP ACCEPTANCE
SAMPLING PLANS

To design the proposed plan we will use the percentile life including the median as
the quality parameter. According to Gupta (1962), for the skewed distribution the median
represents a better quality parameter than the mean. Let 6 be the quality parameter of
interest (such as p-th percentile life) of a certain product. We want to formulate the null
and alternative hypotheses H,: 8 = 6° and H;: 0 < 8°. Here 8° is the specified value.
The submitted lot of products is considered to be good if null hypothesis is accepted on
the basis of information obtained from the sample selected from the lot and rejected if the
sample information does not support it. These hypotheses can be tested using the
following proposed plan:

Step 1 Take a random sample of size n from a lot and distribute r items to g groups
so that n = r x g and put them on life test for a fixed experiment time t, .

Step 2 Accept the lot if the total number of failures from_all groups, D, is smaller
than or equal to c;. Truncate the experiment and.reject the lot as soon as the
number of failures exceeds c,.

Step 3 If the total number of failures from all groups is between ¢, and c,
(¢, <D <c,), then go to Step-1 and repeat the experiment.

There are three parameters of the above mentioned plan namely, g, ¢, and c,. Here,
r is the prespecified value, which depends onthe type of testers. The experiment time t,
is also specified in terms of the multiple of the target percentile life. The proposed plan is
the extension of some existing acceptance sampling plans. This plan reduces to the
attribute repetitive sampling plan considered. by Sherman (1965) if r = 1 and it reduces
to the group acceptance sampling plan if ¢, =¢,.

Let F be the cumulative distribution function (cdf) of the underlying distribution.
Then the probability that an item fails before the end of the experiment time ¢, is given
by

p = F(to) (1)

For a particular distribution such as Weibull or generalized exponential distribution,
p can be expressed by the quality characteristic of interest like p-th percentile in our case.
The experiment duration will be expressed by the multiple of the specified percentile
value.

The operating characteristics function for the repetitive group plan given by Sherman
(1965) is as

Py(p) =

In Eq. (2), P, is the probability of lot acceptance based on a single sample and B, is
the probability of lot rejection on the basis of a single sample. These probabilities are
given as

Po=30, ("7 )Pt (1 = phyre? (3a)

Pg
Pat+pP’

0<p<l @)
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p=1-32,("7)p' (1 - pyre-? (3b)

As mentioned above, three parameters are involved in the proposed plan. To find
these three parameters we will consider two points on operating characteristics (OC)
curve. We will specify the producer’s and consumer’s risks such that lot acceptance
probabilities at these two points equal to these specified risks.

Producer desires that the lot acceptance probability should be larger than his
confidence level 1 — a and consumer’s demands that lot acceptance probability should
be less than or equal to his risk . Let the acceptable quality level (AQL) be p, and the
limiting quality level (LQL) be p,, which are the specified values of failure probability of
an item corresponding to producer’s and consumer’s risks, respectively.

It is important to note that we may have several combinations which satisfy the above
mentioned conditions. So, we should select the combination of the plan parameters which
leads to the smallest average sample number (ASN) among all the existing plan
parameters. We expect that the ASN at the LQL is larger thanthe ASN at the AQL, so it
would be reasonable to minimize the ASN at the LQL.<The ASN for our proposed
repetitive type of group acceptance sampling plan is given by

ASN = ——— 9 T (4)
1—i[9Jwa—m@*+z[9jwa—mm4
io\ 1 i=0\(l
Then, for specified values of AQL and LQL,.the design parameters (g, c;, ¢;) of the
proposed plan can be found using thefollowing optimization problem.
Minimize ASN

Subject to
Pi(p)z1-a (5a)
Py(p2) < B (5b)
g>1 (5¢)

2.1 Proposed Plan under the Weibull Distribution

Suppose that life time of a submitted product follows the Weibull distribution with
the following cumulative distribution function (cdf).

F(t)=1—-exp(-(t/A)"), t=0 (6)

where yis the known shape parameter and A is the unknown scale parameter. If the
shape parameters are unknown it can be estimated from the previous failure time data. It
is important to note that the cdf of the Weibull distribution depends on A only through
t/ A\ .The p-th percentile of the Weibull distribution is given by
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L 1/y
W _ J—
oY = 2 <ln (1_p)> @)
The failure probability in Eq. (1) for the Weibull distribution is obtained by
Py =1—exp(—(t0 /x)y) 8)

It is more convenient to express the experiment time t, as the multiple of specified

percentile life 6° and to express A in terms of 6°. Here t, = af° is the experiment
time. So, the failure probability in Eq. (8) becomes

pw =1—exp [—aV(egV/eﬂ)‘y In (ﬁ)] ©)

Consumer wants the percentile life of the submitted product to be longer than the
specified life 6°. So, the consumer’s risk may be evaluated at, 6] =0°. As acceptance
sampling plans asserts pressure on producer to enhance thedquality level of his product,

producer wants the plan which not only provides him the‘protection from rejecting good
lots but also tell him the probability of acceptance at various quality‘levels. So we will

use various percentile ratios (that is, e"pV /6°) when (considering the producer’s risk.

Tables 1-3 are constructed under the Weibull distributions with y =2 for 10%, 20%
and 50% percentiles. Many combinations are, considered: two cases for the group size
(r=5, 10), two cases for the termination ratio®(a=0.5, 1.0) and two cases for the
consumer’s risk (B =0.25, 0.10). Also, three cases of the percentile ratio are considered

(0% 16°=2, 4, 6). We chose the ratio like this just for convenience. Any value of

parameter ratio can be selected to find the plan parameters of the proposed plan. Ratio=1
means that the true percentile life is just same as the target percentile life to be assured.
So, for lower ratio cases the acceptance conditions (acceptance numbers and sample size)
become larger. An EXCEL program is available from the authors upon request. The
producer’s risk isfixed.as 0.05.

Table 1: Propaesed plans under the Weibull (y =2) for 10% percentiles
r=>5 r=10
B |of 10° a=05 a=1.0 a=05 a=1.0

(c1,62,9)| ASN |(c1,Cy,9)| ASN |(€1,C5, )| ASN |(cy,C;,9)| ASN

2 0217 [1745| 126 |388 | 029 [1766] 235 | 580
025 4 ] 0114 [ 994 | 014 [274| 017 |994| 012 |274

6 1 1 1 1 1 1 1 1

2 1334 [2394| 139 |622| 1317 |2394| 246 | 767
010 4 | 0120 [1237| 015 |31.2] 01,10 [1237]| 013 | 349

6 1 1 1 1 I 1 I 1
(note) (1) shows the same values of plan parameters apply as in the above cell.
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Table 2: Proposed plans for the Weibull (y =2) for percentiles 20%

r=5 r=10

B e\g//eo a=05 a=1.0 a=05 a=1.0
(¢1,65,9)| ASN |(c;,¢,9) | ASN |(c,C2,9)| ASN |(cy,C5, )| ASN
2 0,2,8 83.7 0,2,2 23.3 0,2,4 83.7 0,2,1 23.3
0.25 4 0,1,7 48.9 0,1,2 13.7 0,1,4 53.1 0,1,1 13.7
6 1 1 i i i 1 i i
2 1,3,16 | 114.1 0,3,3 38.8 1,3,8 114.1 1,4,3 39.7
0.10 4 0,1,10 60.7 0,1,3 17.3 0,15 60.7 0,1,2 21.2
6 1 1 i i i 1 i i

(note) (1) shows the same values of plan parameters apply as in the above cell.

Table 3: Proposed plans for the Weibull (y =2) for percentiles 50%

r=5 r=10

B 9‘?}'/90 a=05 a=1.0 a=05 a=1.0
(c1,62,9)| ASN |(c1,Cy,9)| ASN |(c,c40)| ASN |(cy,C;,9)| ASN
2 0,2,3 29.4 031 229 | 03214674 251 | 232
025 4 0,13 19.0 0,11 59 0,12 [ 227 121 10.5
6 1 1 1 1 1 1 011 1
2 0,34 46.7 1,52 258 | 032 | 46.7 151 | 2538
010 4 0,13 19.0 0,11 5.9 0,12 | 22.7 121 10.5
6 1 1 1 1 011 1

(note) (1) shows the same valuesof plan parameters apply as in the above cell.

From these tables we can observe the following trends: as the percentile changes from
10% to 50% while other conditions remain.the same, the number of groups reduces. For

example, when B=0.25, 07 /6°=2.a=0.5 and r=5, the number of groups required
reduces from 17 to 8 asthe percentile changes from 10% to 20%.

Similarly, Tables,4-6 are,constructed under the Weibull distributions with y =3 for
10%, 20% and 50% percentiles.

Table 4: Proposed plans for the Weibull (y =3) for percentiles 10%

r=5 r=10

B 9\9//90 a=05 a=1.0 a=05 a=1.0
(¢1,65,9)| ASN |(c;,¢,9) | ASN |(c,C2,9)| ASN |(cy,C5, )| ASN
2 0,127 |1935| 0,14 274 | 01,14 |1982| 0,172 27.4
025 4 1 1935 7 274 D 7 7 7
6 1 1 1 1 1 1 1 1
2 0243 3621 | 128 466 | 02,22 |363.3| 124 | 46.6
010 4 0139 [2432| 015 |312] 0120 |2470| 0,13 | 349
6 1 1 1 1 1 1 1 1

(note) (1) shows the same values of plan parameters apply as in the above cell.



Chapter-6: Quality Control and Acceptance Sampling 431

Table 5: Proposed plans for the Weibull (y =3) for percentiles 20%
r=5 r=10
B e\g’/eo a=05 a=10 a=05 a=10

(¢1,65,9)| ASN |(c;,¢,9) | ASN |(c,C2,9)| ASN |(cy,C5, )| ASN

2 0,1,13 | 92.9 0,12 13.7| 017 97.4 0,11 13.7
0254 [ 1 [ 1 [t |1 1 [t [ 1 |1

6 N O S A S O A

2 0,221 |1728| 124 232 | 12,15 |173.7] 1272 23.2
010 4 0,119 |1173] 0,13 173 01,10 | 1210 0,172 21.2

6 | t [t t [t t [ t] 1t [t
(note) (1) shows the same values of plan parameters apply as in the above cell.

Table 6: Proposed plans for the Weibull (y =3) for percentiles 50%
r=5 r=10
B |of 10° a=05 a=1.0 a=05 a=10

(c1,62,9)| ASN |(c1,Cy,9)| ASN |(c,c40)| ASN |(cy,C;,9)| ASN

2 0,15 33.8 02,1 9.4 1,2,4 | 50.0 1,23 11.3
025 4 1 33.8 0,11 5.9 0,13 [ 376 0,11 10.1
6 1 1 I I 1 I 1 1
2 0,2,7 57.1 02,1 9.4 1,2,5 57.6 1,23 11.3
010 4 0,16 37.6 0,11 5.9 01,3 | 376 0,11 10.1
6 1 1 1 1 1 1 1

(note) (1) shows the same valuesof plan parameters apply as in the above cell.

From these tables, it can be seen that as the shape parameter increases from 2 to 3, the
number of groups as well as.the"ASNincrease when all other values remain the same. It
is also observed that as the termination ratio increases from 0.5 to 1.0, we noted the
decreasing trend in number. of groups and ASN. It is also observed that as the percentile
ratio increases from 2 t0:10, the number of groups and the ASN decrease. It is also noted
that when the percentile ‘ratio is larger than two for all cases of consumer’s risk and
termination ratios, ¢; =0'and.c,=1.

2.2 Under the Generalized Exponential Distribution
The cdf of the generalized exponential distribution is given by
F(t;),8) = (L—exp(~t /1))’ (10)

where & is the known shape parameter and A is the scale parameter of the generalized
exponential distribution. Note that the p-th percentile of the generalized exponential
distribution is given by

0% = —Mn(l— pl’S) (11)

Again, it is more convenient to express the experiment time ¢, as the multiple of the

specified percentile life 6° and to express A in terms of 6°. So, the probability of
failure p in the generalized exponential distribution is given as
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P = [1—eXp(aIn(1_ plls)/(e% /eo))T

Tables 7-9 are constructed under the generalized exponential distribution with & =2
for 10%, 20% and 50% percentiles. The table setting is just same as for the Weibull
distributions.

(12)

Table 7: Proposed plans for the GED (8 =2) for percentiles 10%

r=5 r=10

B 9‘3’/90 a=05 a=1.0 a=05 a=1.0
(¢1,65,9)| ASN |(c;,¢,9) | ASN |(c,Cz,9)| ASN |(cy,C5, )| ASN
2 0,2,15 | 1521 1,3,7 59.2 | 2,3,15 |180.6 1,3,4 60.9
0.25 4 0,1,12 85.6 0,14 27.4 0,1,6 85.6 0,1,2 27.4
6 i i i i i i i i
2 1,329 | 2069 | 24,12 76.7 | 0,3,11 (2418 2,4,6 76.7
0.10 4 0,1,17 | 106.0 0,15 31.2 0,1,9 109.7 0,1,3 34.9
6 i i i i i 7 i i

(note) (1) shows the same values of plan parameters apply as inthe above cell.

Table 8: Proposed plans for the GED ('8,=2) for percentiles 20%

r=>5 r=10
B e\g//eo a=05 a=10 a=0.5 a=1.0
(c1,€2,9)| ASN |(c;,C,,0) | ASN (¢, 9)| ASN |(cy,Cy,9)| ASN
2 2,3,13 | 79.6 02,2 233 | 237 |836| 021 | 233
025 4 0,1,6 41.3 0,1,2 137 | 0,13 | 413 | 011 13.7
6 1 41.3 1 13.7 1 41.3 1 13.7
2 0,3,13 | 1104 | 0,33 388 | 035 |1104| 04,2 | 524
0.10f 4 0,1,8 49.1 0,1,3 173 | 014 | 49.1 122 | 23.2
6 1 49.1 1 17.3 1 491 | 012 | 21.2
(note) (1) shows the same values of plan parameters apply as in the above cell.
Table 9:'Proposed plans for the GED (6 =2) for percentiles 50%
r=5 r=10
B 9\9//90 a=05 a=1.0 a=05 a=1.0

(1,65, 9)| ASN |(c;,¢,9) | ASN |(c,C5,9)| ASN |(cy,C5, )| ASN
2 0,3,3 35.7 0,3,1 229 | 04,2 | 470| 26,1 | 441
025 4 0,1,2 13.3 0,2,1 9.4 0,11 | 133 | 231 11.3
6 1 1 0,1,1 5.9 1 1 1,2,1 10.5
2 0,3,3 35.7 1,6,2 548 | 04,2 | 47.0 161 | 54.8
0.10f 4 0,1,3 17.0 0,2,1 9.4 122 | 227 1,2,3 11.3
6 1 1 0,1,1 5.9 0,12 | 21.0 1,12 10.5

(note) (1) shows the same values of plan parameters apply as in the above cell.
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From these tables for the generalized exponential distribution with shape parameter 2
we can observe that the number of groups reduces when the percentile changes from 10%
to 50%.

Similarly, Tables 10-12 are constructed under the generalized exponential
distributions with & =3 for 10%, 20% and 50% percentiles.

Table 10: Proposed plans for the GED (6 =3) for percentiles 10%

r=>5 r=10

B 9‘?}’/90 a=05 a=1.0 a=05 a=1.0
(c1,62,9)| ASN |(c1,Cy,9)| ASN |(€1,C5, )| ASN |(cy,C;,9)| ASN
2 0,1,19 | 134.6 1,2,6 388 | 0,1,10 |139.1| 1,23 38.8
025 4 1 | 1346] 014 | 274 1 1 | 012 | 274
6 1 1 1 1 ) ) 1 1
2 0,2,30 | 247.0 1,2,8 46.6 | 0,215 [247.0| 124 46.6
0.10 4 0,1,27 | 167.1 0,1,5 31.2 | 0,1,144/170.9| 0,1,3 34.9
6 1 1 1 1 1 1 1 1

(note) (1) shows the same values of plan parameters apply as in.the above cell.

Table 11: Proposed plans for the GED (6,=3) for percentiles 20%

r=5 r=10

B evg’/e‘) a=05 a=1,0 a=0.5 a=1.0
(c1,65,9)| ASN |(c;,cy,9) | ASN|(€we,,9)| ASN |(cy,C5,9)| ASN
2 0,18 57.1 1,23 95| 014 |571| 021 | 233
025 4 1 57.1 0,12 13.7 1 571 011 13.7
6 1 I 1 1 1 1 1 1
2 12,18 | 1048 | 135 315 ] 129 1048 032 | 333
010 4 0,1,12 | 73.0 0,1,3 173 | 016 | 730 | 012 | 212
6 1 1 1 1 1 1 1 1

(note) (1) shows the same values of plan parameters apply as in the above cell.

Table 12 Proposed plans for the GED (6 =3) for percentiles 50%

r=>5 r=10

B 9‘?}’/90 a=05 a=1.0 a=05 a=1.0
(c1,62,9)| ASN |(c1,Cy,9)| ASN |(€1,C5, )| ASN |(cy,C,,9)| ASN
2 1,2,4 25.2 0,31 22.9 1,3,3 38.7 1,25 23.2
0.25 4 0,1,3 18.8 01,1 5.9 0,1,2 22.5 12,1 10.5
6 7 7 1 1 T 7 011 | 10.1
2 1,3,6 38.7 15,2 25.8 1,3,3 38.7 151 25.8
0.10 4 0,1,3 18.8 01,1 5.9 0,1,2 22.5 12,1 10.5
6 1 1 1 1 T 1 011 | 10.1

(note) (1) shows the same values of plan parameters apply as in the above cell.
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If the shape parameter changes from 2 to 3, we note increasing trend in the number of
groups for the generalized distribution case. It is observed that there is a decreasing trend
in the number of groups and ASN as the termination time increases or the percentile ratio
increases by keeping all the other values at the constant level. It is also noted that the plan
parameters are determined by ¢; =0 and ¢, = 1 at a larger level of percentile ratio for all
cases of consumer’s risk and termination time. It is interesting to note that the number of
groups required decreases when the underlying distribution changes from the Weibull to
generalized exponential distribution.

3. ILLUSTRATIVE EXAMPLES
In this section, we will give some examples to use the proposed plans in industry.

Example-1

Suppose that manufacturer wants to adopt the proposed group plan with r =5 for
assuring that the median life of the submitted products is at least 1000 hours when
B* =0.25 and @ = 0.05 at the median ratio = 4. He wants to'run this experiment 500
hours. The lifetime of the product is known to follow the Weibull distribution with
unknown shape parameter. To estimate the shape paraméter of<the Weibull distribution
we collected the failure data from 10 products of the_previous lots as'follows: 507, 720,
892, 949, 1031, 1175, 1206, 1428, 1538, 2083. Then, the maximum likelihood estimate
(MLE) of the shape parameter is obtained by y = 2.883:[Aslam et al. 2010]. So, let us
assume that y = 3.

From Table 6, plan parameters in case of the proposed group sampling are c,=0,
c,=1 and g=5. This plan is implemented as: select 25 items from the lot and
make 5 groups. Accept the lot if noffailure occurs before 500 hours and reject if the total
numbers of failures from 5 groups.isdlarger than 1.The procedure is repeated if the
number of failures is 1.

Example-2
Suppose that an experimenter wants to adopt the proposed sampling plan to decide
about the acceptance or the rejection of the submitted lot of products. The specified 20%

percentiles life of thesproduct.is 6° = 1000 hr and the test duration is 500 hours. The
producer’s risk is a =,0.05 at 6(3 /6% = 2 and the consumer’s risk is B =0.25. We have

the following values; 519, 968, 1430, 1893, 2490, 3058, 3625, 4422, 5218. Let us assume
that product under inspection follows the generalized exponential distribution with § = 3
[Aslam et al. 2010].

For all above specified values, suppose that experimenter wants to adopt the proposed
group plan when there is facility to install 5 items in single group. From Table 11, plan
parameters in case of group sampling are ¢;= 0, c,= 1 and g = 8. This plan is
implemented as: select 40 items from the lot and put them on test for 500 hours accept
the lot if no failure occurs before 500 hours. If the number of the failures exceeds 1, then
reject the lot. Take another sample of size 40 and proceed the procedure again when the
number of failures is 1.
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4. CONCLUDING REMARKS

We proposed the repetitive type of attributes group sampling plans for the Weibull
distribution and generalized exponential distribution. Extensive tables are provided for
practical point of view. It is concluded that the proposed plan are useful to save the cost
and time of the experiment than the single acceptance sampling plans. We compared the
results of the Weibull distribution and generalized exponential distribution for various
values of the shape parameter. The proposed plans can be used for inspection of
electronic product such as the computer devices, mobile devises, automobiles devices and
software. The present approach can be extended for some other lifetime distribution as a
future research. Developing of attribute repetitive plans using the cost model is fruitful
area for future research.
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ABSTRACT

Only twenty countries have impact factor journals in ‘Statistics and Probability’. In
this paper, we trace contributions of Pakistan Journal Statistics in publishing research
papers in comparison to other countries. The analysis is based on Journals Citation
Reports 2010 edition issued by the Thomson’s Institute of Scientific Information. The
paper provides country and publishing group level comparisons of the impact factors of
journals in this subject. Of 20 countries, only two Islamic countries i.e. Pakistan and
Turkey have one journal each in the ‘Statistics and Probability’ literature.

KEYWORDS
Journal Citation Reports, Impact Factor, Statistics and Probability, Pakistan.

1. INTRODUCTION

Pakistan Journal of Statistics (PJS) is now an Impact Factor (IF) journal. The years of
hard work and teamwork of the journal.officials’have finally received recognition from
the Institute of Scientific Information (I1S1), now owned by Thomson Reuter Corporation.
This institute maintains citation data basis like Science Citation Index (CSI) and Social
Science Citation Index (SSChHwilSI publishes several reports. Journal Citation Reports
(JCR) publishes annually and is an internationally recognized document widely used for
ranking of journals in various subject categories. The 2010 editions of JCR provide
citation information for 10,804 journals indexed in Thomson’s SCI and SSCI.

The JCR database _has been a regular source of generating information for analyzing
various interesting issues. For example some authors describe submission in a particular
journal from various parts of the world (Konradsen and Munk-Jgrgensen 2007) and
others evaluate contribution of different world regions in research production and quality
in particular field (Bliziotis et al. 2005; Sorrentino et al,. 2000) or make cross field
comparisons (Althouse et al,. 2009). Some other seems interested in studying the divide
between First and Third world (Wishart and Davies 1998). The basic purpose of the
paper is to highlight the contributions of Pakistan Journal of Statistics. It also describes
the contributions of various countries and publishing houses in the subject category of
“Statistics and Probability’. The analyses have been based on JCR 2010.

Different methods and approaches are used for making comparisons among journals
and countries. The critique in making comparisons of various methods and approaches in
the usual biblometric academic debates is beyond the scope of this paper. Providing a

“Published in Pak. J. Statist. (2012), Vol. 28(3).
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simple description of the subject category ‘Statistics and Probability’ and enabling the
statistical scientists to have an overview of the academic contributors in field, making
readily available list of IF journals along with courtiers of origin and publishers are also
aims of this study.

2. IMPACT FACTOR BY COUNTRIES

A list of the country originating IF journals is presented in Table 1, Only 20 countries
in the world have IF journals in the subject category of ‘Statistics and Probability’. There
are 110 journals in this category (Appendix A, B). An overwhelming majority (102) of
journals is in English language and the remaining eight journals are multi-language
journals. PJS, Pakistan is one of the journals that have also entered in the list of journals
having IF. There is only one other Islamic country i.e. Turkey in the list. Off the 110 IF
journals, 90 (about 82 per cent) originates from only four countries namely USA,
England, Netherland and Germany having 37, 27, 14 and 12 journals respectively.

Table 1
Country of Origin of the Journals and' Language
(JCR 2010-Statistics & Probabili

S# Country Language Total
of Origin English | Multi-Language \| No. %
1 | Australia 1 0 1 0.91
2 | Belgium 2 0 2 1.82
3 | Canada 1 1 2 1.82
4 | Colombia 1 0 1 0.91
5 | England 24 3 27 24.55
6 | France 0 1 1 0.91
7 | Germany 12 0 12 10.91
8 | India 1 0 1 0.91
9 | Japan 1 0 1 0.91
10 | Netherlands 13 1 14 12.73
11 | Pakistan 1 0 1 0.91
12 | Portugal 1 0 1 0.91
13 | Russia 1 0 1 0.91
14 | Singapore 2 0 2 1.82
15 | South Korea 1 0 1 0.91
16 | Spain 2 0 2 1.82
17 | Sweden 1 0 1 0.91
18 | Taiwan 1 0 1 0.91
19 | Turkey 1 0 1 0.91
20 | USA 35 2 37 33.64
Total 102 8 110 | 100.00

Figure 1 shows the number of journals for various countries. The countries having
only one journal are grouped together in ‘Other Countries’ category including ‘Islamic
countries’ (i.e. Pakistan and Turkey). There are only 7 journals originating from the
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countries of eastern hemisphere i.e. India, Japan, Pakistan, Russia, Singapore, South
Korea and Taiwan. All the remaining journals originate from the western nations. As
discussed above, in fact only 4 countries are dominant in this subject category. This
would be interesting to make such a comparison in all subjects of Science and Social
Sciences and see whether the position is similar to the subject of ‘Statistics and
Probability’. In the last part of this study this comparison is also reported.

37

Fig. 1: Number of Journals by Country of Origin
(JCR 2010-Statistics & Probability)

3. ANALYSIS OF JOURNALRANKING

There are several metrics to rank journals. This study is based on 3-year IF of
journals, which is the most widelydused metric, for evaluating the impact of peer-reviewed
journals. The metric is defined as ‘thefratio of citations in 1 calendar year to the number
of citable items published in'the previous 2‘years (Bankhead 2010). Garfield (1955), the
founder of IS, proposed the bibliographic system for scientific literature. This ratio was
then used to select 4he journals for inclusion in the SCI (Garfield, 1999). This
bibliometric measure is a leading indicator of measuring journal influence on the
academic literaturexThere has been strong criticism on the possible biases in calculating
IF (see for example,Dong et al., 2005). Impact factor, as a valid indicator of measuring
the quality of journals,shas been regularly discussed (Campanario 2011; Gomez-Sancho
& Mancebon-Torrubia, 2009; Rossner et al., 2008; and Yu et al. 2010). However, these
issues are beyond the scope of this paper.

Figure 2 shows the comparison of various countries/regions of the world in terms of
originating IF journal. The dominance of the 4 countries, with respect to journal IF, is
very much evident. The mean IF of the journals originating from England, USA,
Netherland and Germany are 1.28, 1.26, 0.88 and 0.66 respectively followed by Canada
(0.65), Spain (0.65) and Japan (0.64). The means IF for the 10 countries grouped as
‘Other Countries’ is 0.53. Mean IF for the Islamic Countries is only 0.28 i.e. the lowest
among all other rations. Islamic countries (Pakistan and Turkey) have recently entered
this list. The chances of reaching to the international audience have been very few for the
journals originating from these countries. This may be one of the possibilities for this low
IF. However, after a few years this would be more appropriate to analyze this point for a
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more rational finding of this explanation. For the time being this may be inferred that the
two journals originating from Islamic Countries are far less cited in ISI journals of the
world.

Belgium (2)

Canada (2)

England (27)
Germany (12)
Islamic Countries (2)
Netherlands (14)
Singapore (2)

Spain (2)

TUSA(3T)

Other Countries (10}

Fig. 2: Mean IF of Journals by Country of Origin
(JCR 2010-Statistics & Probability)

Publishing groups usually handle online availability, sales/marketing of the research
papers of various journals to the international audience: Each publisher prefers to have a
variety of journals on all important disciplines. Editing, an' academic journal is a
concentrated and time-consuming job thatpan editor could not pay attention to
professional handling of marketing of the journals. The publishing business like all other
businesses has become very competitive, dynamically changing, creative and capital
intensive. A journal published by<leading publishing house is likely to increase the
standardization, worth of the journahanddeach to'all parts of the world.

The cross-tabulation of the publishing group by country of origin of the journals in
‘Statistics and Probability’/is presented in Table 2. There are twelve publishing groups
that are publishing atsleast two IF journals in this discipline. The leading publishing
groups in this regard are Wiley-Blackwell, Springer, Taylors and Francis, Elsevier,
Institute of Mathematical Statistics, and American Statistical Association.

There may be several reasons for publishing groups to have publishing rights of large
number of journals. However, this may not be related to the mean IF of all journals of
that publisher. The top three publishers of ‘Statistics and Probability’ with highest mean
IF are Oxford University Press (2.30), Institute of Mathematical Statistics (1.65), and
American Statistical Association (1.50). This may be relevant to mention here that these
are academic organizations dedicated to Statistics rather than publishing groups. The top
four publishers in terms of the number of journals are Willey-Blackwell (20), Springer
(20), Taylor and Francis (14) and Elsevier (7). These are mainly publishing groups and
not statistical specific publishes. This may be interesting to note here that none of the
publishers with highest number of journals is included in the top three publishers in term
of mean IF. The complete comparative analysis is provided in Figure 3. There are 21
Publishing houses which publish only one IF journal. These are converged under the
heading ‘Other Publishers’.
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Table 2
Publishing Group and Country of Origin of the Journals
(JCR 2010-Statistics & Probability)

Country of Origin
Publishing clololzlog Bl 2
Group (IF) SHERLEER R S
8|58 23|5(5|” °3
1. American Statistical Association 5 5
2. Applied Probability Trust 2 2
3. Cambridge University Press 3 3
4. Elsevier 1 7 1 9
5. Institute of Mathematical 61 1 7
Statistics
6. Oxford University Press 2 2
7. Sage Publications Ltd 2 2
8. Springer 1 10 4 /3] 1 20
9. Taylor & Francis 511 8 14
10. University of Washington 2 2
11. Wiley-Blackwell 15| 1 1 2|1 20
12. World Scientific Publication
112 3
Company

Others (1 each) lop2 2 |1 1177 21
Total 2 | /24027012 | 2 |14|2 |2 (37| 10 | 110

American Statistical Association (5)
Applied Probability Trust (2)
Cambridge University Press{(3)
FElsevier (9)

Inst Mathematical Statistics (7)
Oxford University Press(2)

Sage Publications Ltd (2)

Springer (20)

Taylor & Francis (14)

University of Washington (2)
Wiley-Blackwell (20)

World Scientific Publication Company (3)
Others Publishers (21)

Fig. 3: Mean IF of Journals by Publishers

As discussed above that all IF journals in the discipline of ‘Statistics and Probability’
originates from only 20 countries. It would be interesting to compare the overall IF
journals originating from these countries in other Sciences and Social Sciences Subjects
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to that of ‘Statistics and Probability’. For subjects in Social Science, there are 2,731 IF
journals originating from 52 countries. About 91% (2,494) of these journals originates
from the 20 countries which originates IF journals in ‘Statistics and Probability’. For
subjects in Science, there are 8,073 IF journals originating from 84 countries. About 83%
(6,702) of these journals originates from the 20 countries. For both Social Sciences and
Sciences, there are 10,804 IF journals. About 85% (9,196) of these journals originates
from the 20 countries (Table 3).

Table 3
A Comparison of Contribution of the Twenty Countries in
‘Statistics and Probability’ and other Subject (JCR 2010)

Social Science All Statistics &
Countr Science Subjects . Probability
of Origi)rlw Subjects (SS) Subjects spy  |SPIss
Freq % Freq % Freq % Freq %

Australia 85 3.1 | 132 | 16 | 217 | 2.0 1 09 | 0.76
Belgium 8 0.3 21 0.3 29 0.3 2 1.8 | 9.52
Canada 26 1.0 94 12 | 120 | "2l 2 1.8 | 2.13
Colombia 6 0.2 15 0.2 21 0.2 1 09 | 6.67
England 720 | 26.4 | 1,570 19.4 | 2,290 | 21.2 | 27 | 246 | 172
France 25 09 | 189 | 23 | 214 | 2.0 1 0.9 | 0.53
Germany 110 | 40 | 545 | 68, | 655 .| 6.1 12 | 109 | 2.20
India 5 0.2 94 1.2 99 0.9 1 0.9 | 1.06
Japan 8 03 | 207..| 264 215 | 2.0 1 09 | 048
Netherlands 175 | 6.4 | 655 | 81| 830 | 7.7 14 | 127 | 2.14
Pakistan 0 0.0 11 0.1 11 0.1 1 0.9 | 9.09
Portugal 2 0 5 0.1 7 0.1 1 0.9 | 20.00
Russia 6 0.2 | 147|718 | 153 1.4 1 0.9 | 0.68
Singapore 5 0.2 51 0.6 56 0.5 2 1.8 | 3.92
South Korea 12 0.4 75 0.9 87 0.8 1 09 | 1.33
Spain 52 1.9 73 09 | 125 | 1.2 2 1.8 | 2.74
Sweden 5 0.2 14 0.2 19 0.2 1 09 | 7.14
Taiwan 3 0.1 31 0.4 34 0.3 1 09 | 3.23
Turkey 12 0.4 49 0.6 61 0.6 1 09 | 2.04
USA 1,229 | 45.0 | 2,724 | 33.7 | 3,953 | 36.6 | 37 | 33.6 | 1.36
Sub-Total 2,494 | 91.3 | 6,702 | 83.0 | 9,196 | 85.1 | 110 | 100 | 1.64

Other Countries| 237 | 8.7 |1,371| 17.0 | 1,608 | 14.9 - - -
Total 2,731| 100 |8,073| 100 |10,804| 100 | 110 | 100 | 1.02

The total IF journals in ‘Statistics and Probability’ are about 1.0 percent of IF journals
in all subjects of Social Sciences and Sciences (Table 3). The four countries (England,
Germany, Netherland and USA) producing highest number of IF journals in ‘Statistics
and Probability’, are also producing highest number of IF journals in other subjects. The
percentage of IF journals in ‘Statistics and Probability’ to the IF journals in Science
Subject for England, Germany, Netherland and USA are 1.72, 2.20, 2.14, and 1.36
respectively. Pakistan is contributing one journal out of the total 11 IF journals.
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Therefore, the percentage of IF journal in ‘Statistics and Probability’ originating from
Pakistan (9.09 %). This parentage is relatively better than the overall trend. This is due to
the sole effort of PJS that can be regarded as an achievement. This does not mean that
PJS has achieved its destination. A lot more organized effort is needed to take this journal
to a much higher position and gain more respect among the statistical scientists.

According to JCR 2010, PJS is one of the eleven IF journals originating from
Pakistan. The remaining 10 journals are related to subjects like Biology, Chemistry,
Medical and Agriculture (Appendix C). In the local context of Pakistan, these subjects
more popularly known as pre-medical group. Thus Pakistan seems to be academically
made a mark in this group of subjects. PJS is clearly a distinct subject from this group.
This might have been relatively difficult for PJS to produce an IF journal other than
academically established subjects.

4. CONCLUSIONS

Before, concluding remarks, this would be realistic to frankly reveal the limitations of
this study. More discussions on the results might have been expected. The paper is too
short for such a worldwide comparison, which actually. requires .more exhaustive
comparisons. However, confined by our scope i.e. to_highlight contributions of PJS, this
has been done intentionally. The results about some' of the countries showing a low
number of journals but high ratios should be cautiouslyscompared with other countries.
This may lead to distorted interpretations. The values/ of 9.09 for Pakistan and 20.2 for
Portugal (Table 3) are not readily comparable tothe values'of nations which cover a large
number of subject categories. The result may signal“a specialization, or a distinctive
competence in the field by the county., However, futures studies should include the
number of all subject categories per nationsfor. more realistic comparisons among various
countries of the world. The use of a'concentration measure, like Gini Index, with respect
to how the journals are distributed  ever countries/publishing house may also be
considered.

In the end this maybe proposed that, Islamic countries have to make a lot of effort to
make their academic importance felt in the academic world. Producing a high quality
work is required. Theulslamic. countries have to start collaborative researches with the
academically advanced nations. This will also improve their chances of participating in
fundamental research so, difficult to be successfully carried out in these countries due to
shortage of trained personals. This type of research often receives high citations.
Research organizations and universities should pool resources to access the digital
research data indispensably needed for a sound review of literature without which the
production of citable documents is out of question. This needs greater cooperation to
collaborate and co-ordinate the purchase, housing of and subscription to international
literature. PJS may particularly attempt to make international availability of the journal
possible through collaborating with leading publishing houses of the top statistical
association on one hand and help out other journals of the Islamic countries struggling for
even the first impact factor. Only these kinds of positivism by the journals like PJS
having a low IF will work for continuous improvement in its IF. Negative approaches like
unnecessary self citations and manipulation of the editorial policies to improve IF should
be avoided.
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APPENDIX A
List of Impact Factor Journals in Subject Category
‘Statistics and Probability’ (JCR 2010)
S# Full Name of Journals S-Tsar Country
1 |Advances in Applied Probability 0.72 England
2 |Advances in Data Analysis and Classification 0.58 | Germany
3 |American Statistician 0.98 USA
4 |Annals de L Institute Henri Poincare-Probabilites Et Statistiques | 0.76 France
5 |Annals of Applied Probability 1.12 USA
6 |Annals of Applied Statistics 1.75 USA
7 |Annals of Probability 1.47 USA
8 |Annals of Statistics 2.94 USA
9 |Annals of the Institute of Statistical Mathematics 0.97 Japan
10 |Applied Stochastic Models in Business and Industry 0.83 | England
11 |AStA-Advances in Statistical Analysis 0.69 | Germany
12 |Astin Bulletin 0.71 Belgium
13 |Australian and New Zealand Journal of Statistics 0.62 | Australia
14 |Bayesian Analysis 1.21 USA
15 |Bernoulli 1.00 |[Netherlands
16 |Biometrical Journal 1.44 | Germany
17 |Biometrics 1.76 USA
18 |Biometrika 1.83 England
19 |Biostatistics 2.77 England
20 |British Journal of Mathematical'and Statistical Psychology 1.42 England
21 |Canadian Journal of Statistics-Revue,Canadienne de Statistique | 0.69 USA
22 |Chemometrics and Intelligent Laboratory Systems 2.22 |Netherlands
23 |Combinatorics Probability and Computing 0.99 USA
24 |Communications in Statistics-Simulation and Computation 0.34 USA
25 |Communications.in Statistics-Theory and Methods 0.35 USA
26 |Computational Statistics 0.50 | Germany
27 |Computational Statistics and Data Analysis 1.09 |Netherlands
28 |Econometric Reviews 1.09 USA
29 |Econometric Theory 1.02 USA
30 |Econometrica 3.19 | England
31 |Econometrics Journal 0.69 | England
32 |Electronic Communications in Probability 0.56 USA
33 |Electronic Journal of Probability 0.95 USA
34 |Electronic Journal of Statistics 1.03 USA
35 |Environmental and Ecological Statistics 1.65 |Netherlands
36 |Environmetrics 0.75 | England
37 |Extremes 1.05 USA
38 |Finance and Stochastics 1.33 | Germany
39 |Fuzzy Sets and Systems 1.88 |Netherlands
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S# Full Name of Journals 3—\I(Fear Country
40 |Hacettepe Journal of Mathematics and Statistics 0.39 Turkey
a1 IE_E_E—ACM _Transactions on Computational Biology and 166 USA

Bioinformatics
42 ?;;)r:::tse Dimensional Analysis Quantum Probability and Related 0.57 | Singapore
43 |Insurance Mathematics and Economics 1.18 |Netherlands
44 |International Journal of Agricultural and Statistical Sciences 0.04 India
45 |International Journal of Game Theory 0.59 | Germany
46 |International Statistics Review 0.86 England
47 |Journal of Agricultural Biological and Environmental Statistics | 0.72 USA
48 |Journal of Applied Probability 0.77 England
49 |Journal of Applied Statistics 0.31 England
50 |Journal of Biopharmaceutical Statistics 1.07 USA
51 |Journal of Business and Economic Statistics 1.69 USA
52 |Journal of Chemometrics 1.38 England
53 |Journal of Computational and Graphical Statistics 1.21 USA
54 |Journal of Computational Biology 1.60 USA
55 |Journal of Multivariate Analysis 1.01 USA
56 |Journal of Nonparametric Statistics 0.46 England
57 |Journal of Official Statistics 0.49 Sweden
58 |Journal of Quality Technology 1.38 USA
59 |Journal of Statistical Computationiand, Simulation 0.47 | England
60 |Journal of Statistical Planning.and Inference 0.69 |Netherlands
61 |Journal of Statistical Software 2.65 USA
62 |Journal of the American Statistical Association 2.06 USA
63 |Journal of the Korean Statistical Society 0.33 |South Korea
64 Jour_nal of the Royal Statistical Society Series A-Statistics in 257 England
Society
65 Journal of the’'Raeyal Statistical Society Series B-Statistical 350 | England
Methodology
66 Jour_na_l of the Royal Statistical Society Series C-Applied 0.65 | England
Statistics
67 |Journal of Theoretical Probability 0.60 | Belgium
68 |Journal of Time Series Analysis 0.68 | England
69 |Lifetime Data Analysis 0.87 |Netherlands
70 |Mathematical Population Studies 0.59 USA
71 |Methodology and Computing in Applied Probability 0.77 USA
72 |Metrika 0.58 | Germany
73 |Multivariate Behavioral Research 1.29 USA
74 |Open Systems and Information Dynamics 1.57 |Netherlands
75 |Oxford Bulletin of Economics and Statistics 1.18 England
76 |Pakistan Journal of Statistics 0.16 | Pakistan
77 |Pharmaceutical Statistics 1.63 England
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S# Full Name of Journals 3—\I(Fear Country
78 |Probabilistic Engineering Mechanics 1.25 | England
79 |Probability in the Engineering and Informational Sciences 0.97 USA
80 |Probability Theory and Related Fields 1.59 | Germany
81 |Quality and Quantity 0.69 |[Netherlands
82 |Revista Colombiana de Estadistica 0.06 | Colombia
83 |REVSTAT-Statistical Journal 0.73 | Portugal
84 |Scandinavian Actuarial Journal 0.61 England
85 |Scandinavian Journal of Statistics 0.84 | England
86 |SORT-Statistics and Operations Research Transactions 0.25 Spain
87 |Stata Journal 2.00 USA
88 |Statistica Neerlandica 0.32 |Netherlands
89 |Statistica Sincia 0.96 Taiwan
90 |Statistical Applications in Genetics and Molecular Biology 1.84 USA
91 |Statistical Methods and Applications 0.37 | Germany
92 |Statistical Methods in Medical Research 1.77 England
93 |Statistical Modeling 0.71 England
94 |Statistical Papers 0.60 | Germany
95 |Statistical Science 2.48 USA
96 |Statistics 0.52 | Germany
97 |Statistics and Computing 1.85 |Netherlands
98 |Statistics and Probability Letters 0.44 |Netherlands
99 |Statistics in Medicine 2.33 England
100 |Stochastic Analysis and Applications 0.42 USA
101 |Stochastic Environmental Research’and Risk Assessment 1.78 | Germany
102 |Stochastic Models 0.45 USA
103 | Stochastic Processes and their Applications 0.95 |[Netherlands
104 |Stochastics and Dyhamics 0.71 | Singapore
105 Stochast!cs-An International:Journal of Probability and 037 England

Stochastic Processes
106 |Survey Methodalogy 0.55 Canada
107 | Technometrics 1.56 USA
108 |Test 1.04 Spain
109 | Theory of Probability and Its Applications 0.32 Russia
110 |Utilitas Mathematica 0.74 Canada
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APPENDIX B
Ranking of the Impact Factor Journals of the World
as per 2010 JCR Science Edition

Rank Full Name of Journals IF
1 |Journal of the Royal Statistical Society Series B-Statistical Methodology | 3.50
2 |Econometrica 3.19
3 |Annals of Statistics 2.94
4 |Biostatistics 2.77
5 |Journal of Statistical Software 2.65
6 |Journal of the Royal Statistical Society Series A-Statistics in Society 2.57
7 |Statistical Science 2.48
8 |Statistics in Medicine 2.33
9 |Chemometrics and Intelligent Laboratory Systems 2.22
10 |Journal of the American Statistical Association 2.06
11 |Stata Journal 2.00
12 |Fuzzy Sets and Systems 1.88
13 |Statistics and Computing 1.85
14 |Statistical Applications in Genetics and Molecular Biology 1.84
15 |Biometrika 1.83
16 |Stochastic Environmental Research and Risk Assessment 1.78
17 |Statistical Methods in Medical Research 1.77
18 |Biometrics 1.76
19 |Annals of Applied Statistics 1.75
20 |Journal of Business and Economig, Statistics 1.69
21 |IEEE-ACM Transactions on‘Computational Biology and Bioinformatics 1.66
22 |Environmental and Ecological, Statistics 1.65
23 |Pharmaceutical Statistics 1.63
24 |Journal of Computational Biology 1.60
25 |Probability Theory and Related Fields 1.59
26 |Open Systems and,Information Dynamics 1.57
27 |Technometrics 1.56
28 |Annals of Probability 1.47
29 |Biometrical Journal 1.44
30 |British Journal of Mathematical and Statistical Psychology 1.42
31 |Journal of Chemometrics 1.38
32 |Journal of Quality Technology 1.38
33 |Finance and Stochastics 1.33
34 |Multivariate Behavioral Research 1.29
35 |Probabilistic Engineering Mechanics 1.25
36 |Bayesian Analysis 1.21
37 |Journal of Computational and Graphical Statistics 1.21
38 |Oxford Bulletin of Economics and Statistics 1.18
39 |Insurance Mathematics and Economics 1.18
40 |Annals of Applied Probability 1.12
41 |Computational Statistics and Data Analysis 1.09
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Rank Full Name of Journals IF
42 |Econometric Reviews 1.09
43 |Journal of Biopharmaceutical Statistics 1.07
44  |Extremes 1.05
45 |Test 1.04
46 |Electronic Journal of Statistics 1.03
47 |Econometric Theory 1.02
48 |Journal of Multivariate Analysis 1.01
49 |Bernoulli 1.00
50 |Combinatorics Probability and Computing 0.99
51 |American Statistician 0.98
52 |Probability in the Engineering and Informational Sciences 0.97
53 |Annals of the Institute of Statistical Mathematics 0.97
54 |Statistica Sincia 0.96
55 |Stochastic Processes and their Applications 0.95
56 |Electronic Journal of Probability 0.95
57 |Lifetime Data Analysis 0.87
58 |International Statistics Review 0.86
59 |Scandinavian Journal of Statistics 0.84
60 |Applied Stochastic Models in Business and Industry 0.83
61 |Methodology and Computing in Applied Probability 0.77
62 |Journal of Applied Probability 0.77
63 |Annals de L Institute Henri Poincare-Probabilites,Et Statistiques 0.76
64 |Environmetrics 0.75
65 |Utilitas Mathematica 0.74
66 |REVSTAT-Statistical Journal 0.73
67 |Journal of Agricultural Biological and Environmental Statistics 0.72
68 |Advances in Applied Probability 0.72
69 |Statistical Modeling 0.71
70 |Stochastics and Dynamics 0.71
71 |Astin Bulletin 0.71
72 |Econometrics Journal 0.69
73 |Journal of Statistical Planning and Inference 0.69
74 |Canadian Journal of Statistics-Revue Canadienne de Statistique 0.69
75 |Quality and Quantity 0.69
76 |AStA-Advances in Statistical Analysis 0.69
77 |Journal of Time Series Analysis 0.68
78 |Journal of the Royal Statistical Society Series C-Applied Statistics 0.65
79 |Australian and New Zealand Journal of Statistics 0.62
80 |Scandinavian Actuarial Journal 0.61
81 |Journal of Theoretical Probability 0.60
82 |Statistical Papers 0.60
83 |International Journal of Game Theory 0.59
84 |Mathematical Population Studies 0.59
85 |Metrika 0.58
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Rank Full Name of Journals IF
86 |Advances in Data Analysis and Classification 0.58
87 |Infinite Dimensional Analysis Quantum Probability and Related Topics 0.57
88 |Electronic Communications in Probability 0.56
89 |Survey Methodology 0.55
90 |Statistics 0.52
91 |Computational Statistics 0.50
92 |Journal of Official Statistics 0.49
93 |Journal of Statistical Computation and Simulation 0.47
94 |Journal of Nonparametric Statistics 0.46
95 |Stochastic Models 0.45
96 |Statistics and Probability Letters 0.44
97 |Stochastic Analysis and Applications 0.42
98 |Hacettepe Journal of Mathematics and Statistics 0.39
99 |Stochastics-An International Journal of Probability and Stochastic Processes | 0.37
100 |Statistical Methods and Applications 0.37
101 |Communications in Statistics-Theory and Methods 0.35
102 |Communications in Statistics-Simulation and Computation 0.34
103 |Journal of the Korean Statistical Society 0.33
104 |Statistica Neerlandica 0.32
105 |Theory of Probability and Its Applications 0.32
106 |Journal of Applied Statistics 0.31
107 |SORT-Statistics and Operations Research Transactions 0.25
108 |Pakistan Journal of Statistics 0.16
109 |Revista Colombiana de Estadistica 0.06
110 |International Journal of Agricultural and Statistical Sciences 0.04

APPENDIX C

Ranking, of the.lmpact Factor Journals of Pakistan
as per 2010 JCR Science Edition

Rank Name of Journal S-Tsar
1 Pakistan Journal of Botany 0.947
2 Pakistan Journal of Pharmaceutical Sciences 0.728
3 Pakistan Veterinary Journal 0.707
4 JCPSP-Journal of the College of Physicians and Surgeons Pakistan 0.342
5 Journal of Animal and Veterinary Advances 0.292
6 Journal of Animal and Plant Sciences 0.250
7 Asian Journal of Animal and Veterinary Advances 0.235
8 Journal of the Chemical Society of Pakistan 0.194
9 Pakistan Journal of Medical Sciences 0.166
10 | Pakistan Journal of Statistics 0.156
11 | Pakistan Journal of Zoology 0.145
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ABSTRACT

This brief communications aims at sharing the list of impact factor journals of
‘Statistics & Probability’ as per the Journal Citation Report 2011 released by Institute of
Scientific Information. This would update the academia and practitioner on their
information about the ranking of the journals. The study makes country and regions wise
comparisons of the changes in no of journals and their mean impact factors reported in
the previous and current reports.

KEYWORDS
Journal Citation Reports, Impact Factor, Statistics and Probability, Pakistan.

Institute of Scientific Information (ISI) announced the firstdmpact factor (IF) of
Pakistan Journal of Statistics (PJS) in the Journal Citation Report (JCR) 2010. At that
event, PJS traced its contributions in comparison with the other courtiers (Qadeer&
Ahmad, 2012), the study includes a completelist of ‘220 IF journals for the subject
category of ‘Statistics & Probability’. The academic audience of PJS appreciated that
information very much. Many of them proposed that the list of IF journals may be
updated every year.

Now after the release of+#JE€R (2011) .this is high time to update the list. The
list of 3-year IF journals’ of in the ‘subject category ‘Statistics & Probability’ in
the Science Citation Index is now \being presented here (Appendix A). As per this
report there are 116 IF journals as_against 110 in the previous list. Therefore, 6 more
journals qualified to enter, the list. Two of these new entrants (Quality & Quantity
& Statistics in Biopharmaceutical Research) originate from USA; 1 each from Germany
(ALEA-Latin American Journal of Probability), Brazil (Brazilian Journal of Probability
and Statistics), France, (ESAIM-Probability and Statistics) and Taiwan (Quality
Engineering).

“Published in Pak. J. Statist. (2013), Vol. 29(2).
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Table 1
Impact Factor Change by Country of Origin: JCR 2010 VS 2011

comry | RSSO | | weane
Lower | Same | Higher | New 2010 | 2011 | Change
England 12 1 14 0 27 1.278 | 1.300 | 0.022
Germany 9 0 3 1 13 0.880 | 0.758 | (0.122)
Netherlands 6 0 8 0 14 1.171 | 1.097 | (0.074)
USA 20 0 17 2 39 1.263 | 1.275 | 0.013
Others (17) 8 1 11 3 23 | 0.548 | 0.490 | (0.059)
Total 55 2 53 6 116 | 1.083 | 1.046 | (0.037)

There are 21 countries now that have at least one IF Journal, please recall as per JCR
2010, there were 20 countries. The change in the number ofIF of the journals for the four
major countries is summarized in Table 1. As 6 journalsfare new, therefore the
comparison of IF of 110 journals can be made. Offsthe 110,:thedF of 55 journals is
relatively lower in JCR 2011 than JCR 2010, 53 journals have higher IF and the
remaining 2 journals have IF in the two reports. The mean IF ¢hange of the journals from
England and USA is positive, this change inymean IF of Netherland, Germany and 17
other countries is negative. This may also be noted from Table 1 that the mean IF change
of all the journals in this subject category is in negative direction.

Table 2
Impact Factor Change,by Regions/of the World: JCR 2010 VS 2011

coumry | REERENT |t | Mo
Lower) Same | Higher | New 2010 | 2011 | Change
Asia 3 0 5 1 9 0.514 | 0.524 | 0.010
Australia 1 0 0 0 1 0.618 | 0.436 | (0.182)
Europe 30 1 30 2 63 | 1.088 | 1.032 | (0.055)
N. America 21 0 18 2 41 | 1.231|1.239 | 0.008
S. America 0 1 0 1 2 0.056 | 0.158 | 0.102
Total 55 2 53 6 116 | 1.083 | 1.046 | (0.037)

The change in the number of IF of the journals for the five regions of the world
originating IF journals in the subject category of Statistics & Probability’ has been
summarized in Table 2. The mean IF change of the journals from Asia, N. America and
S. America is positive. This change in mean IF of Australia and Europe is negative.
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Table 3
Impact Factor Journals of Pakistan
) 2010[2011
St Name of Journal Subject Category 3-Year IE
Asian Journal of Animal and Veterinary . .
1 Advances Veterinary Sciences 0.24|0.87
2 In_ternatlonal Journal of Agriculture and Agriculture, Multidisciplinary| - | 0.94
Biology
3 | International Journal of Pharmacology | Pharmacology & Pharmacy - | 150
4 | Journal of Animal and Plant Sciences | Agriculture, Multidisciplinary| 0.25 | 0.59
Journal of Animal and Veterinary . .
5 Advances Veterinary Sciences 0.290.39
6 Journal of the Chemical Society of Chemistry, Multidisciplinary | 0.19 | 1.38
Pakistan
JCPSP-Journal of the College of -
7 Physicians and Surgeons Pakistan Medicine, General & Internal | 0.34 | 0.34
8 |Pakistan Journal of Botany Plant Sciences 0.95(0.91
9 | Pakistan Journal of Medical Sciences | Medicine, Generah& Internal | 0.17 | 0.16
Pakistan Journal of Pharmaceutical
10 Sciences Pharmacology & Pharmacy | 0.73|1.10
11 |Pakistan Journal of Statistics Statistics and Probability 0.16|0.29
12 | Pakistan Journal of Zoology Zoology 0.15(0.34
13 | Pakistan Veterinary Journal Veterinary Sciences 0.71|1.26

According to JCR 2011 there are 13 IEjournals of Pakistan (Table 3) as against 11 IF
journals as per JCR 2010. The mean IF change of all the journals from Pakistan is
positive except for the'two journals for which the change is in negative direction by a
very small number. Thesejjournalsifall in eight subject categories in the Science Citation
Index. For a realisticz:ecomparison, the details of the number of journals and the mean IFs
for these subject categories are presented in Table 4.

Table 4
Mean IF of Selected Subject Categories

S# Subject Category Journals Mean IF 2011
1 | Agriculture, Multidisciplinary 57 0.78
2 | Chemistry, Multidisciplinary 154 3.00
3 | Medicine, General & Internal 155 2.53
4 | Pharmacology & Pharmacy 261 5.71
5 | Plant Sciences 190 1.96
6 | Statistics and Probability 116 1.05
7 | Veterinary Sciences 145 0.94
8 | Zoology 146 1.30
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From Table 5, this may be noted that making comparison among various subjects is
not a realistic yard stick in ranking of the journals. For example there are 261 journals in
the subject category ‘Pharmacology & Pharmacy’ is 5.71, whereas such there are only 4
journals in ‘Statistics and Probability’ that has an IF more than 3. Therefore, we should
be cautious in making comparison among the journals falling in different subject
categorizers. A more realistic approach would be to compare the IF of a journal with the
mean IF journal of its own subject category. Future research may further analyze this
point.
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APPENDIX A
List of Impact Factor Journals in the Subject Category “Statistics and Probability’
3-Years
S# Name of Journal Impact Factor| Country
2010 | 2011

1 |Advances in Applied Probability* 0.72 | 0.68 England

2 | Advances in Data Analysis and Classification 0.58 | 0.56 | Germany

3 Qlaltié ;Zz:ga?rgteartliz?ir;s\lournal of Probability and i 038 | Germany

4 | American Statistician 0.98 | 0.96 USA

5 gr;zzﬁq%i ;_*Institute Henri Poincare-Probabilites Et 076 | 0.90 Erance

6 |Annals of Applied Probability 1.12 | 1.09 USA

7 | Annals of Applied Statistics 175 | 1.58 USA

8 | Annals of Probability 147 | 1.79 USA

9 | Annals of Statistics 294 143.03 USA
10 | Annals of The Institute of Statistical Mathematics 0.97 | 0.86 Japan
11 |Applied Stochastic Models in Business and Industry 0.83 | 0.69 England
12 | AStA-Advances in Statistical Analysis 0.69 | 0.44 | Germany
13 | Astin Bulletin 0.71 | 049 Belgium
14 |Australian & New Zealand Journal of Statistics 0.62 | 0.44 | Australia
15 |Bayesian Analysis 121 | 1.65 USA
16 |Bernoulli 1.00 | 1.05 |Netherlands
17 |Biometrical Journal 144 | 1.25 | Germany
18 |Biometrics* 1.76 | 1.83 USA
19 |Biometrika 183 | 1.91 England
20 |Biostatistics 2.77 | 2.15 England
21 |Brazilian Journal of Probability and Statistics - 0.26 Brazil
29 E;}i/tgﬂ:)ﬁggu;nal of Mathematical & Statistical 142 | 131 England
23 g;r;iasczilgEleurnal of Statistics-Revue Canadienne de 069 | 067 USA
24 | Chemometrics and Intelligent Laboratory Systems 2.22 | 1.92 | Netherlands
25 | Combinatorics Probability & Computing 0.99 | 0.78 USA
2 ggm;nug:;:;:ions in Statistics-Simulation and 034 | 0.39 USA
27 |Communications in Statistics-Theory and Methods 0.35 | 0.27 USA
28 | Computational Statistics 0.50 | 0.28 | Germany
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3-Years

S# Name of Journal Impact Factor| Country
2010 | 2011

29 | Computational Statistics & Data Analysis 1.09 | 1.03 |Netherlands

30 |Econometric Reviews 1.09 | 0.78 USA

31 |Econometric Theory 1.02 | 0.86 USA

32 |Econometrica 3.19 | 2.98 England

33 | Econometrics Journal 0.69 | 0.87 England

34 | Electronic Communications in Probability 0.56 | 0.53 USA

35 |Electronic Journal of Probability 095 | 0.71 USA

36 |Electronic Journal of Statistics 1.03 | 1.15 USA

37 |Environmental and Ecological Statistics 1.65 | 1.31 |Netherlands

38 |Environmetrics 075 | 1.06 England

39 |ESAIM-Probability and Statistics - 0.27 France

40 |Extremes 105 | 1026 USA

41 |Finance and Stochastics 1334 1.20 | Germany

42 |Fuzzy Sets and Systems 1.88 | 1.76 | Netherlands

43 | Hacettepe Journal of Mathematics and Statistics 0.39 | 0.35 Turkey

44 ;ﬁg%—;gicr:]]lc\gr;r:t?(s;ctions on Computational Biclogy 166 | 154 USA

45 ;r:}f(;nét:la?;r;?r?;?cnsal AnalysiscQuantum Probability 057 | 0.70 | Singapore

46 |Insurance Mathematics.& Economics™ 1.18 | 1.29 |Netherlands

47 ISr::tieerr?s;iSonal Journal of Agricultural'and Statistical 004 | 001 India

48 |International Journalhof GamesTheory 0.59 | 0.30 | Germany

49 |International Statistics Review* 0.86 | 0.54 England

50 JS(::trirslglcgf Agricultural Biological and Environmental 072 | 121 USA

51 |Journal of American Statistical Association 2.06 | 1.99 USA

52 |Journal of Applied Probability* 0.77 | 0.63 England

53 |Journal of Applied Statistics 031 | 041 England

54 |Journal of Biopharmaceutical Statistics 1.07 | 1.34 USA

55 |Journal of Business & Economic Statistics 169 | 1.78 USA

56 |Journal of Chemometrics 138 | 1.95 England

57 |Journal of Computational and Graphical Statistics 1.21 | 1.06 USA

58 |Journal of Computational Biology 1.60 | 1.55 USA

59 |Journal of Multivariate Analysis 1.01 | 0.88 USA
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3-Years

S# Name of Journal Impact Factor| Country
2010 | 2011

60 |Journal of Nonparametric Statistics 0.46 | 0.46 England

61 |Journal of Official Statistics 0.49 | 0.33 Sweden

62 |Journal of Quality Technology 1.38 | 1.56 USA

63 |Journal of Statistical Computation and Simulation 0.47 | 0.50 England

64 |Journal of Statistical Planning and Inference 0.69 | 0.72 | Netherlands

65 |Journal of Statistical Software 2.65 | 4.01 USA

66 |Journal of the Korean Statistical Society 0.33 | 0.47 IS<%LrI::2

67 JS?:tzr;gLZr mgtﬁgggllosgt;\tlstlcal Society Series B 350 | 365 England

68 JS?:tzzngt ;hgozicz;l Statistical Society Series A 557 | 211 England

69 f;;lr}ae:jo;t::?sséyal Statistical Society Series C- 065 | o83 England

70 [Journal of Theoretical Probability 0.60°| 0.68 Belgium

71 [Journal of Time Series Analysis 0.68 | 0.76 England

72 | Lifetime Data Analysis 0.87 | 0.92 |Netherlands

73 | Mathematical Population Studies 059 | 0.24 USA

74 | Methodology and Computing in Applied Probability 0.77 | 0.75 USA

75 | Metrika 0.58 | 0.67 | Germany

76 |Multivariate Behavioral’Research 129 | 141 USA

77 | Open Systems & Information Dynamics 1.57 | 1.17 |Netherlands

78 | Oxford Bulletin of Economics and Statistics 1.18 | 1.00 England

79 |Pakistan Journal of Statistics 0.16 | 0.29 Pakistan

80 |Pharmaceutical Statistics 1.63 | 2.07 England

81 |Probabilistic Engineering Mechanics 125 | 1.25 England

82 g(r:(i):r??eilsity in The Engineering and Informational 097 | 064 USA

83 | Probability Theory and Related Fields 159 | 153 | Germany

84 | Quality & Quantity 0.69 | 0.77 |Netherlands

85 |Quality Engineering - 0.75 USA

86 |Quality Technology and Quantitative Management - 0.28 Taiwan

87 |RevistaColombiana de Estadistica 0.06 | 0.06 | Colombia

88 |REVSTAT-Statistical Journal 0.73 | 0.13 Portugal

89 |Scandinavian Actuarial Journal 0.61 | 0.50 England
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3-Years
S# Name of Journal Impact Factor| Country
2010 | 2011
90 |Scandinavian Journal of Statistics 084 | 1.12 England
91 ?ﬁi;{i}zﬂztics and Operations Research 025 | 043 Spain
92 |Stata Journal 2.00 | 2.22 USA
93 | StatisticaNeerlandica 0.32 | 0.50 |Netherlands
94 | StatisticaSincia 0.96 | 1.02 Taiwan
95 gtiacl)tligg;al Applications in Genetics and Molecular 184 | 152 USA
96 | Statistical Methods and Applications 0.37 | 0.41 | Germany
97 | Statistical Methods in Medical Research 1.77 | 2.44 England
98 | Statistical Modeling 0.71 | 0.90 England
99 | Statistical Papers 0.60| 0.59 | Germany
100 | Statistical Science 248 | 3.04 USA
101 | Statistics 05241 0.72 | Germany
102 | Statistics & Probability Letters 0144 | 0.50 |Netherlands
103 | Statistics and Computing 1.85 | 1.43 | Netherlands
104 | Statistics in Biopharmaceutical Research - 0.54 USA
105 | Statistics in Medicine 233 | 188 England
106 | Stochastic Analysis and Applications 042 | 0.46 USA
107 it:scegzit]iecnltinvironmental Research andRisk 178 | 152 | Germany
108 | Stochastic Models 0.45 | 0.67 USA
109 | Stochastic Processesiand their?Applications 0.95 | 1.01 | Netherlands
110 | Stochastics‘and'Dynamics 0.71 | 0.75 | Singapore
111 grt](()jcg?séir::ass-ﬁcn;?;i;r;z;gisonal Journal of Probability 037 | 0.48 England
112 | Survey Methodology 0.55 | 0.93 Canada
113 | Technometrics 156 | 1.25 USA
114 | Tests 1.04 | 1.13 Spain
115 | Theory of Probability And Its Applications 0.32 | 0.40 Russia
116 | Utilitas Mathematica* 0.74 | 0.14 Canada

* A Multi-Language Journal (all other journals are in English Language)
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ABSTRACT

Despite wide recognition of the importance of relationship between HR professionals
and line managers (HR-line relationship) in strategic HRM literature, no measurement
construct is available that could grasp the complicated concept. We introduce a variable,
HR-line relationship quality and propose a measurement construct-for the variable. The
first dimension of the variable covers the traditional elements - often measured in
psychology and marketing. The second and third dimension covers HR specific elements
based on the attitudes of HR professionals towards the line managers and vice versa. The
proposed construct is validated through an empirical survey=from a sample of HRM
specialists and line managers. The paper coneludes that HR=line relationship quality can
be measured from a 34 item construct. This construct can be used to quantify HR-line
relationship quality, which would be helpful to_understand and manage the relationship
for the success of strategic HRM.

KEY WORDS

HR-Line Relationship Quality; Line Managers; Devolvement; SHRM; Measurement
Construct.

1. INTRODUCTION

The importance of HR-line relationship has been widely recognized in strategic HRM
literature (Qadeer et al., 2011a). However, the concept needs to be translated into
measurement construct. “Theoretically, the concept has passed the exploratory stages.
However, description of the concept particularly involving empirical work has rarely
been attempted in HRM literature. For developing a construct that could grasp the
concept of HR-line relationship, identification of its dimensions and elements is required.
This paper attempts to bridge this gap by developing a construct for measuring the quality
of HR-line relationship and then fine tuning the construct through an empirical survey.
There is a strong justification for carrying out this study, because, keeping an eye on the
development of new HRM constructs is ‘expected to remain the core concept in HRM
research’ (Dorenbosch & Veldhoven, 2006).

“Published in Pak. J. Statist. (2013), Vol. 29(2).
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The study introduces a variable HR-line relationship quality (HLRQ) that represents
the quality of relationship between HR professionals and line managers in an
organization. Before moving further, some questions needs to be answered here. What is
the operational meaning of HR-line relationship? Why it has become important in HRM?
What may be the possible dimensions and elements of HLRQ? Why HR specific attitudes
needs to be included in the measurement construct.

The first two issues are brief in nature and are discussed in this section. The third and
fourth questions are covered in the next section. The answers to all these questions would
help us identify the dimensions of the proposed construct for measuring HLRQ. For
validation of the proposed construct an empirical survey has been conducted form HRM
professionals and line managers.

HRM is different from personnel management in many ways. One of the major
difference between the two is that line manager plays a key role in HRM in coordinating
resources, which is not the case under personnel management (Legge, 1989). Similarly,
the transition from traditional HRM towards strategic HRM«brings many changes. In
order to keep the initiative of strategic HRM fast, proactive and_.integrated rather than
slow, reactive and fragmented as in case of HRM, one of the main changes is that, much
of the HRM responsibility devolves down to line mangers rather than to HR specialists
(Truss and Gratton, 1994; Mello, 2007). ‘The relationship that exists between HR
professionals and line managers in management oftemployees of an organization is
referred to as HR-line Relationship’ (Qadeer et al., 2011a).

HR-line relationship has been become important.in strategic HRM. Qadeer et al.
(2011a) discusses many reasons - like.the evolutionary trends in the field of HRM; the
transition towards SHRM; devolvement (line involvement in HRM); successful
implementation of HRM; an obvious requirement for fulfillment of other concepts in
HRM and in general management — that contributes in enhancing the importance of HR-
line relationship.

The nature of relationship between HR managers and line managers —along with other
contextual variables- are very:much dependent upon the attitudes and behaviors of the
two groups towards.each other. Therefore, some HR specific attitudes of both the parties
also need to be involved in measuring the quality of relationship between HR
professionals and line:managers. Relationship quality often measured in marketing and
psychology does not include HR specific attitudes. Thus a comprehensive concept is
required that not only include the traditional elements of relationship quality, but also HR
specific elements that covers the attitudes of both HR managers and line managers. The
measurement construct of HLRQ, therefore, should not only include the traditional
elements for measuring relationship quality but also include HRM specific elements that
are relevant in understanding the relations between HR specialists and line managers. The
next section focuses on the identification of the dimensions of HLRQ, this would help us
propose a construct for measuring this variable.
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2. LITERATURE REVIEW

Dimensions of HR-line relationship quality

Many expressions are available in literature for describing the nature of relationship
between HRM professional and line managers, for example consensual, conflictual,
collaborative, partnership, trade-off. However, these prefix lacks measurability aspect.
The concept of HLRQ represents the strength of the relationship which ultimately
depends upon the a) relationships quality and b) positive attitudes of HR managers and
line managers towards each other with reference to their perceived role and HRM
performance.

The strength of relationship can be measured on the basis of previous research in
psychology, marketing and general management research. For example, relationship
quality has been measured in research pertaining to leader-member relations (Scandura &
Graen, 1984), supervisor-worker relations (Game, 2008), and information inquirer-
information source relations (Tan & Zhao 2003). In addition, interpersonal relations
(Anderson & Williams 1996; Lewicki et al., 1998; Mcknight et al., 1998; Settoon &
Mossholde 2002; Murphy et al., 2003) and friendship research (Morrey & Kito 2009)
also involve this variable. In marketing literature relationship<quality is measured for
better management of firm-customer relationship (De Wolf et al.,<2001; Forrester &
Maute 2001; Beatson et al., 2008), exporters-importers relation<(Ural, 2007), buyers-
sellers relation (Chang 2005; Naude et al., 2007), ‘manufacturer-retailer relation (Kim
et al., 2004), and inter-firm relations (Arino et al., 2001; Johnson et al., 2004). It is also
the case with, inter-functional relation (Prinsllooret al., 2007) and owner- managers and
supervisors relationship (Chell & Tracey, 2005).

The traditional elements of relationship_quality are satisfaction, trust, commitment,
operational relations, role clarity, Stability and security (Arino et al., 2001; De Wolf et al.,
2001; Forrester and Maute 2001; Johnson et al., 2004; Kim et al., 2004; Chell and
Tracey, 2005; Beatson et/al., 2008; Game, 2008). The measures for different sub-
dimensions of relationshipquality are available and can be used with some modification
in the construct for measuring the first dimension i.e. ‘relationship quality’ of HLRQ.

However, forsthe second.dimension (i.e. positive attitudes of HR managers and line
managers towards each other with reference to their role in HRM), further sub-
dimensions needs to be. identified on the basis of the attitudes and behaviors of both HR
professional and line managers towards each other and HRM. Renwick (2000) concludes
that HR and line managers exercise their power, expertise and strategic positions to
engage in both conflictual and consensual relations, and are emerged in a dialogue on
reconfiguring HR work between them.

Attitudes of HR professionals towards line managers

Hyman and Cunningham (1996) observe that HR specialists are ‘sceptical’, point
deficiencies and have ‘serious doubts’ about abilities of line managers in HRM. They
frequently state that line managers try to avoid these tasks. There are complaints from HR
specialists that line managers either do not take advantage of preparatory training and
development opportunities or acquire general management skills rather than specialist
employee relations responsibilities. Papalexandris and Panayotopoulou (2005) find that
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HR managers fear that their influence in the organization may reduce; fear of
replacement; and there are difficulties for them to train line managers to HRM work

properly.

In the absence of HR professionals taking the initiative, an HR-line partnership is
unlikely to develop, as line managers are generally reluctant to ask HR professionals for
help (Bond & Wise 2003). Lack of HR focus of line managers makes it difficult for HR
professionals to collaborate with them. The belief that line managers do not give HRM
work the ‘priority” because they consider it amongst their other tasks and view HR work
as an ‘illegitimate’ part of their job (McGovern et al., 1997). However, there are
evidences that line managers are keen and serious, relatively happy in some HR work and
are considerate of employee needs and wishes (Renwick, 2003). The attitudes of HR
professionals about the HR focus of the line managers may shape their HR specific
attitudes.

Negative interpersonal affect renders task competence virtually irrelevant in a
person’s choice of a partner for task interactions but that pesitive interpersonal affect
increases a person’s reliance on competence as a criterion’ for choosing task partners,
facilitating access to organizational resources relevant to the task (Casciaro & Lobo,
2008). The efforts to improve multiple competencies of HR professionals or line
managers would not be effective until the two have a high ‘quality relationship. HR
professionals’ attitude of co-ordination towards line"managers-improves the chances of
high quality relationship. HR specialists may feel that line, managers pursue objectives
which are often incompatible with HR department,(Chimhanzi, 2004), act in isolation in
making HR related decisions (Ulrich, 1997) and are reluctant to approach them for help
(Kulik & Perry, 2008). This means«that\there is poor co-ordination between the two.
Similarly, HR professionals’ feeling thatrline ‘managers dislike monitoring from HR
(Larson & Brewster, 2003) and oftennargue over HR duties (Renwick, 2003) also shows
lack of co-ordination.

Lawler 111 and Mohrman (2003) find that the use of joint HR-line teams to develop
HR systems and policies strongly relates to HR being a strategic partner. Joint line/HR
task teams improve business understanding of HR professionals and combine their
expertise with the expertise.of.the line. In this way, knowledge barriers on both the sides
minimize. If HR professionals take line managers as their team partner then they are
likely to believe that the line managers are involved in a supportive relationship and
working ‘as a team’ with HR (Renwick, 2000; 2003). In such a situation HR’s
perceptions of their unit’s reputation among line managers is likely to be high. Good
team partners should have a positive image of each other.

Attitudes of line towards HRM and HR professionals

Line managers can serve as the central bridging mechanism reconciling the pressures
of external control and the requirement for internal motivation to sustain performance
(Harney & Jordan, 2008). Exploring line management behavior is a promising avenue for
more extensive research in the field of HRM. On the basis of line managers’ HR
experience in doing HR work, Renwick (2003) finds that they see HR as positive helpers
in HR work; are taking this responsibility and accountability; are already managing large
employees. It may be argued here that recognition of the contribution of HR professionals
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by the line managers helps improve their relationship. Extensive participation between
HR and line managers can create mutual benefit for both as they jointly contribute to
solve business problems (Gennard & Kelly, 1997). The value-adding contribution of HR
is through business partnership roles by providing strategic advice to line (Galang, 1999;
Gennard & Kelly, 1997; McConville & Holden, 1999). When in the opinion of line, HR
professionals are behaving exactly as per their expectations (Teo & Rodwell, 2007), co-
operating well to get the job done (Patterson et al., 2005) and offering the necessary
support and advice to tackle HR issues (Renwick, 2003); there is a recognition of HR
contribution and better mutual relations.

On the other hand, line managers may feel that HR managers do not understand the
real business of the organization and only serve to create a distraction rather than add
value to the bottom-line (Gubbins et al., 2006). Line managers do not want be distracted
particularly when they regard themselves competent in hard HRM- ‘common-sense
backed by experience’ (Hyman & Cunningham, 1996). They fail to understand the
importance of some basic HR activities. For example, Siddique (2004) finds that line
managers consider job analysis to be unnecessary paperwork.and employees present it as
a discrete performance evaluation mechanism that management might use as a
justification to get rid of certain employees. These views,are clearly detrimental to
developing a close partnership between line managers;iHR professionals and employees.
Bond and McCracken (2005) find that except for extraordinary situations there is a little
reference from line managers to HR specialists while making decisions about employee
requests for time-off at short notice. Even in‘absence of.these perceptions line managers
may believe that HR is fearful of losing influence ifthey do the HR work (Papalexandris
& Panayotopoulou, 2005).

The team partner dimensions discusseduin the attitudes of HR professionals is also
relevant in the discussions of attitudes of line managers. Mitsuhashi et al. (2000) finds
that line managers do not perceive HR to,be@ strategic partner.

On the basis of this review, we propose that the second dimension of HLRQ is positive-
ness of the perceptions of HR professional towards line managers and vice versa. The
positive feelings of HR managers about their line counterpart possesses HR focus, have co-
ordination and workingras:their team partner may improve the quality of their relationship.
Same would be the result of the positive feeling of line managers that HR professionals are
making contribution, working as a team partner and not creating distraction. In order to
develop a measurement construct HR-line relationship quality and ascertain the impact of
the above identified factors on it an empirical survey has been conducted.

3. METHODS AND MEASURES

Variables

The main variable of the study is HR-line relationship quality (HLRQ). This variable
has three dimensions a) relationship quality, b) positive-ness of HR towards line and c)
positive-ness of line towards HR. The fist dimension covers four sub-dimensions namely
satisfaction, trust, commitment, and operational relations. The second dimension
represents positive behavior or impression of HR professionals towards line managers.
This dimension covers three sub-dimensions namely HR focus, co-ordination and team
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partner. The third dimension represents positive behavior or impression of line managers
towards HRM and HR professionals is named as positive-ness of line towards HR. This
dimension further covers three sub-dimensions namely contribution, distraction and team
partner. This means that the sub-dimension of team partner is common for the two types
of positive-ness.

Measurements

For measuring HLRQ, a construct of 38 items is proposed. The present study adopts 16
items from the existing research (Arino et al., 2001; De Wolf et al., 2001; Chimhanzi, 2004;
Johnson et al., 2004; Kim et al., 2004; Chell and Tracey, 2005; and Beatson et al., 2008) to
measure relationship quality. In order to harmonize these items, suitable changes in
wording, order and style seems logical. Starting with a common statement, both HR
professionals and line managers rate their relations with their respective counterparts on
numeric scale of 1-7, for the two ends, strongly disagree - strongly agree respectively.

Positive-ness of HR towards line measures through 15 items rated by HR
professionals on the 1-7 numeric scale. These items (4-adopted and 11-fresh) are
outcome of review of the prevailing research (McGovern et ali;” 1997; Ulrich, 1997,
Renwick, 2000, 2003; Larson & Brewster, 2003; Chimhanziy2004; Watson et al., 2007;
and Kulik & Perry, 2008).

Positive-ness of line towards HR measures through L2:items rated by line managers
on 1-7 numeric scale. These items (3-adopted and 9-fresh) are also outcome of review of
the prevailing research (Gennard & Kelly, 1997;, Ulrich;71997; Renwick, 2000, 2003;
Chimhanzi, 2004; Papalexandris & Panayotopoulou;»2005; Patterson et al., 2005;
Gubbins et al., 2006; Teo & Rodwell2007; and Kulik & Perry, 2008).

In nutshell, 21 are common for,HR professionals and line managers; 10 are to be
responded by HR professionalszonly and 7 by line managers only. The responses of HR
professionals and line managers are combined to quantify HLRQ. Table 1 present the
summary.

Table 1
Measures of HR-line Relationship Quality
. . . . No of
Dimensions Sub-dimensions items Remarks
Satisfaction 3 13 adopted measures
Relationship Trust 3 with very minor
Quality Commitment 3 changes and 3 new
Operational relations 7 measures
Positive-ness HR Focus 5
of HR towards Coordination 5 4 ad d and
line Team Partner 5 adopted an
— — 18 new measures
Positive-ness Contribution 4 (5 are common)
of Line Distraction 3
towards HR Team Partner 5
. . . . 17 adopted and
Total Measures for HR-line relationship quality | 38 21 new measures
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The sample and Data Collection

Any effort to measure HR-line relationship quality is relevant in those organizations
which have formal HR departments. This criterion was applied to fifty-four higher
education institutes of Punjab-the largest province of Pakistan to select the sample of 8
universities that have a formal HR department. Head of academic departments (HODSs)
are the line managers because they are associated with the achievement of the primary
purpose of universities. Therefore, the term line managers have been replaced with HODs
in this survey.

A sample of 32 managers — 14 HR professionals and 18 HODs completed the
questionnaire. Two HR professional for each of the eight university including HR head
respond in this survey. HR head is indispensable to be part of this survey due to two
reasons. First, technically, she/he is the head of HRM and measurement of the HLRQ
requires his/her vital input. Second, the size of HR departments is small in the
universities; HR heads are dealing with HODs most of the time and are fully aware about
HRM of the organization.

Table 2
Number of Academic Departmentsiand Employees
Name of Academic Number of Employees
University | Departments | Faculty/ | Others | Total
U1 9 120 156 276
U2 6 124 200 324
u3 8 062 260 322
U4 5 041 100 141
us 6 150 540 690
0]¢) 10 289 823 1112
u7 7 080 60 140
us 13 110 370 480
Total 64 976 2509 3485

On the other hand, two HODs are randomly selected out of the 64 HODs, except U6
and U8 for which three HODs are selected randomly; this is due to relatively large
number of academic departments in the two universities as compared to the other
universities. For secrecy, universities have been renamed as U1, U2 and so on up-to U8.
Table 2 presents the summary of information about the number of academic departments
and number of employees in the eight universities.

The cross-sectional survey uses two instruments for the two types of respondents i.e.
for HR professionals and HoDs. The questionnaires have been reviewed several times. It
has been vetted or filled from experienced individuals of universities, experts of
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questionnaire making and fellow researchers. After distribution of the questionnaires to
HR professionals and to HoDs follow up were made directly by the authors and through
officials of HR departments nominated by the university, co-coordinators and volunteer
teachers.

4. ANALYSIS AND INTERPRETATIONS

The response rate for HR professionals is 87.5 % and that of HODs is 66.7 %. Over
all there are 78 % male respondents in the survey. The percentage of females representing
HR professionals is 36 % and the percentage of females representing HODs is only 11 %.
The mean working experience of HODs (7.17 years) is about twice of those of the HR
Professionals (3.39 years). In this sample HODs are experienced individuals, highly
qualified in their discipline, whereas HR professionals are relatively less qualified and
less experienced.

Keeping in view the purpose of the survey i.e. to validate the proposed construct for
measurement of HLRQ, items that show a low factor loadinghave to be eliminated for
fine tuning of a construct. Factor analysis (principal component analysis with varimax
rotation) is performed on all multiple scale items to determine item retention (Coyle-
Shapiro et al., 2004). The examination of the factor loadings for each of the construct
reveals that single factor emerges for most of the constructs. Forthe unidimensionality of
each construct, this study includes appropriate itemstthat-loaded at least 0.70 on their
respective component. De Wolf et al., (2001) also use similar method with the item
inclusion loading level of 0.65. The minimum eigen.valuetis 1 in all the factor analysis.

Out of 16 proposed items, there is.an elimination of 1 item for the sub-dimension
operational relations (Table 3). The factor loadings of each of items for the sub-
dimensions satisfaction, trust and commitment are in the acceptable range. Out of the 22
items there is an elimination.ofyl item of HR-focus and 2 items of co-ordination have
acceptable loadings. The factor loading for team partner, contribution and distraction
shows acceptable loadings. Therefore, 34 items now retains in the measurement construct
for HLRQ.

Reliability Analysis

The reliability ofan instrument is its ability to give nearly identical results in repeated
measurement under identical conditions. This study is conducted on multi-point numeric
scales, so the Chronnbach’s Alpha is used which is a suitable test for testing reliability of
the measure. The minimum acceptable Alpha in social science is 0.70 (Hair et al., 1998).
The reliability for all the scales after eliminating the items is within the acceptable range.
The Alpha value for satisfaction, trust, commitment, operational relations, HR focus,
co-ordination, team partner, contribution and distraction are 0.95, 0.89, 0.82, 0.94, 0.83,
0.75, 0.88, 0.90 and 0.73 respectively.
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Table 3
Factor Loadings for Sub-dimensions HR-line Relationship Quality
. . Sub- s . Factor
Dimensions Dimension Principal Components Analysis Loading
satisfaction with the relationship 0.963
Satisfaction happy W't.h the efforts they are making in this 0.963
relationship
satisfied with their method of support 0.943
have trustworthy impression 0.932
trust all kinds of information being provided 0.899
Trust - - — -
While making decisions they consider our welfare
i 0.892
as well as their own
committed to develop a quality relationship with 0.919
Relationshi us .
SR = ommitment [feel a strong attachment 0.915
Quality — —— ——
willing "to go the extra mile" to maintain good
i 0.737
relations
are quick to respond for operationaladjustments 0.782
Their behavior always matches with eur.original
. 0.903
expectations
Operational |Mutual conflicts are resolved amicably and fairly 0.866
Relations |Our relations are/stable 0.819
feel secure in maintainingithe relations 0.934
These relationships is quite steady 0.893
want changes/in.terms of our working relationship |(0.489)*
are keen totake part in doing HR work 0.776
are serious in doing HR work 0.777
feel secure in‘knowing that HR experts can be 0.818
HR Focus |called on if needed '
give. HR‘work the priority it needs 0.881
view work belonging to HR as an illegitimate part
L 0.623*
L. of their job
Positive- pursue objectives which are often incompatible 0.835
o?e;SR act in isolation in making HR related decisions 0.864
Co- dislike monitoring from HR professionals 0.776
towards o
Li ordination |often argue over (who or when to complete) HR "
ine duties 0.605
are reluctant to approach HR for help 0.622*
are involved in a supportive relationships 0.830
Team are working "as a team" with HR 0.871
Partner have a positive impression of the HR staff 0.851
view HR as a business partner 0.873
see HR staff as rigid and inflexible 0.713
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Dimensions Dimsgr?s_ion Principal Components Analysis LFoZCdtionrg
contribute to solve business problems 0.875
are behaving exactly as per my expectations 0.914
Contribution |co-operate well to get the job done 0.925
offer the necessary support and advice to tackle 0.778
HR issues '
fear of reduced influence if HR work is done by
. 0.716
Positive- me
ness Distraction only serve to create a distraction rather than add 0.907
of Line value '
towards HR do not understand the real business of the 0.805
organization :
involved in a supportive relationships 0.830
Team Wor.k_ing "as a team" With HR 0.871
Partner positive towards solving problems 0.851
behave like a business partner 0.873
are rigid and inflexible 0.713
* Items eliminated
CONCLUSION

Data has been collected from multiple sources,which“is always better than a single
informant approach. Keeping in view the uniquesnature of higher education sector, it is
not fully justified to generalize thecresults for the other sectors of Pakistan. Greater
numbers of respondents and survey in diversified sectors would have further strengthened
this research. Given these limitations; it may be concluded that HR-line relationship
quality may be measured fram 34 items forthe three dimensions: a) relationship quality,
b) positive-ness of HR towards line and ¢) positive-ness of line towards HR. Twenty of
the items are common . for bath HR professionals and line managers. These items measure
four sub-dimensions (i.e.\satisfaction, trust, commitment and operational relations) of
relationship qualitysand onexcommon sub-dimension (team partner) for positive-ness of
both HR professional and line'managers. Seven of the items are for HR professionals that
measure two sub-dimensions (i.e. HR focus and co-ordination) of their positive-ness
towards line managers. Moreover, 7 items are for line managers that measure two sub-
dimensions (i.e. contribution and distraction) of their positive-ness towards HR.

According to Qadeer et al. (2011b) the nature of ownership (public or private) of a
university does not make significant difference on the HRM patterns of Pakistan. And
HRM in universities are more influenced by the culture of the country. Therefore, the
above mentioned construct may also be used in any other university as well.

The paper contributes theoretically and empirically by further developing the concept
HR-line relationship quality, positive-ness of HR towards line managers and positive-
ness of line towards HR (Qadeer et al., 2011a). It identifies various dimensions and sub-
dimensions of all these variables. It proposes items as first step and collects data through
an empirical survey for fine-tuning of the constructs as the second step. Future research
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should test the construct for HLRQ in diversified sectors. The measurement and
validation of generic construct HR-line relationship quality require inclusion of many HR
professionals and line managers from various types of organizations. On the contrary, the
diagnosis of HR-line relationship quality in a particular organization to improve the
quality of relationship requires in depth analysis of that particular organization.
Therefore, conducting case studies may also be helpful in future.
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